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Mistakes

We would like you the report if you discover any mistakes in the lecture notes to Patrick
Meury by Email. The mistakes which are already known are published on the web on
http://www.math.ethz.ch/undergraduate/lectures/ws0304/math/numpdel/serien.

If you report a mistake, please include the precise location and description of the
mistake and (if possible) the correct version as well. Please do not send in any
attachments!

Example 0.1 (Report of a Mistake).

From: Thomas Wihler <twihler@math.ethz.ch>
To: Patrick Meury <meury@sam.math.ethz.ch>
Subject: Mistake in the lecture notes, p. 25
Hi,

I found a mistake on page 25 of the lecture notes. In equation (0.12)
it says

a=1
and the correct version would be
a=2

Regards
Thomas Wihler

Every reported mistake is noted on the web page along with the reporting date and
(if already done) the date of the correction. The date of the correction refers to the date
of a printed release. If the date of a known mistake is younger than the date of your
lecture notes, then the mistake is known but not yet corrected in your release.

Version

This release was printed on March 17, 2004.
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1 Abstract Linear Variational Problems

This chapter establishes an abstract framework for the analysis of an important class
of numerical schemes for the discretization of boundary value problems for partial differ-
ential equations. This framework heavily relies on tools provided by modern functional
analysis. The study of functional analysis is strongly recommended to anyone who wants
to specialize in the numerics of partial differential eqautions.

1.1 Fundamental concepts

From linear algebra we recall the abstract definition of a vector space over a field
K. Throughout, we will only consider real vector spaces, i.e. K = R. The results can
easily be extended to complex vector spaces, i. e. the case K = C. For the remainder of
this section the symbols V' and W will denote real vector spaces. Please keep in mind
that R can also be regarded as a real vector space.

More precisely, the relevant vector spaces will be function spaces. The underlying
sets contain functions €2 — R, where € is a subset of R", or equivalence classes of such
functions. Addition and scalar multiplication are defined in a pointwise sense.

Example 1.1. Well known are the function spaces C"™(I) of m-times continuously
differentiable functions, m € N, on an interval I C R.

Another example, known from elementary measure theory, is the space L?(2) of square
integrable functions (w.r.t. to Lebesgue measure d§) on a “domain”  C R™. In this
case the elements of the function space are equivalence classes of functions that agree
dz-almost everywhere in ). A generalization are the function spaces LP(2), 1 < p < oo,
see [26, Ch. 3], and the space L>(£2) of essentially bounded functions on 2.

A subset of a vector space, which is closed with respect to addition and scalar multi-
plication is called a subspace.

A key role in the theory of vector spaces is played by the associated homomorphisms,
which are called linear mappings in this particular context.

Definition 1.2. Let V, W be real vector spaces. A mapping

o T:V — W is called a (linear) operator, if T(Av + pw) =AXTv+ puTw for all
vaweV, A ueR. IfW =R, then T is a linear form.
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e b:V XV — R is called a bilinear form, if for every w € V both v — b(w,v)
and v — b(v,w) are linear forms on V.

Obviously linear operators V — W and bilinear forms V' x V' +— R form vector spaces
themselves.

Notation: Symbols for operators and bilinear forms will be set in sans serif fonts.

Terminology distinguishes a few special linear operators

Definition 1.3. A linear operator P : V +— V on a vector space V is called a pro-
jection, if P* = P.

Definition 1.4. If U is a subspace of a vector space V', then the operator |y : U — V
defined by ly(u) = u for allu € U is called the (canonical) injection.

We will need to measure the “size” of an element v of a vector space V. To this end,
we introduce a norm on V.

Definition 1.5 (Norm on a function space). 4 mapping ||.||,, : V — Ry :={¢ €
R, £ > 0} is a norm on the vector space V, if it satisfies

[olly =0<=0v=0, (N1)
|Av]ly, = |A|v]ly, YAER (orAeC), YoeV, (N2)
lw +vlly < lully + llofly, - Vw,0eV. (N3)

Notation: Usually, the norm on a vector space X will be denoted by ||-|| -
The property (NI is called definiteness, (N2)) is known as homogeneity, and (N3) is
the so-called triangle inequality. One readily concludes the inverse triangle inequality

Holly = lwlly| < llo—wlly,  Vo,weV. (1.1)

If V is equipped with a norm ||-||,,, it is referred to as a normed vector space (V. ||-||;/)-
Every subspace of a normed vector space is understood as a normed vector space with
the same norm.

Example 1.6. For the particular function spaces introduced above suitable norms
are

m

ull gy Z
I

el oy = ( / \u<x>|2ds)% | (13)

lull oy = ( / \u<x>|pd5)" Cl<peso (1.4)
oy = sup s £0) (15)

e

, (1.2)

dwk
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The norm ||-||;, induces a metric in which the basic operations of addition and scalar
multiplications are continuous, and, thus, V' becomes a topological vector space, see
[33, Ch. 1]. This makes it possible to define the convergence of a sequence {v;}22, C V:

vy —— v & lim |luy —v|,, =0,
k—o0 k—o00

and closed subsets of (V. ||-]],,):

Definition 1.7. A subset X, C V is closed, if every sequence {uy,}r-, C Xy which
converges in 'V has its limit in Xg:

u, —— U —  u € Xp.
k—o0

The topological structure also implies a notion of continuity.

Definition 1.8. A linear operator T : V +— W on normed vector spaces V., W is called
continous or bounded, if

>0 |Tolly <Allvlly, YoeV.

Then, the operator norm of T is given by

[T vl
||T||VHW ‘= Ssup .
veV\{0} ||U||v

A bilinear form b :V x V — R is continuous, if
37> 00 blo,w)] <ol llol, Vowe V.

The operator norm of b is defined by

b
Ibllysyrm = sup |b(v, w)|

— Yo,weV
v,weV\{0} HUHV ||w||v

The operator norm is sub-multiplicative in the sense that, if U, V, W are normed vector
spaces and S: U — V| T : V +— W bounded linear operators, then

Using the operator norms of Def. [ the vector spaces of linear operators T : V +— W
and bilinear forms b : V' x V +— R become normed vector spaces themselves. For them
we write L(V, W) and L(V x V,R), respectively.

Linear forms play a crucial role in our investigations of variational problems:

Definition 1.9. The dual V* of a normed vector space V' is the normed vector space
L(V,R) of continuous linear forms on V.
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Notation: For f € V* we will usually write (f, v),., instead of f(v), v € V (“duality
pairing”). The notation (-, -) is reserved for the Euklidean inner product in R" and | - |
will designate the Euklidean norm.

Example 1.10. Some well-known dual spaces of function spaces on 2 C R", for which
the duality pairing is based on the Lebesgue integral:

e for 1 < p < oo we have (LP(Q))" = LY(Q), with p~' + ¢~ =1, see [26, § 19].
o (L'()" = L=(Q).
e (C°(£2))" is the space of regular complex Borel measures on (2, see [34, Ch. 6].
We can also consider the dual V** of V*. In particular we find that
N { Vo U
v {gEVT = (g, V)t

defines a continuous linear operator.

(1.6)

Definition 1.11. A normed vector space V is called reflexive, if the mapping ¢
defined in ([LH) satisfies
(V)y=V*" and |u(v)

Example 1.12. From Ex. [[T0 we see that the space LP(S) is reflexive for any 1 <
p < oo. However, L°°(Q2) and L'(Q) are not reflexive.

yee = ol VveVv.

Exercise 1.1. Show that for a reflexive normed space V'

, U *
[v]ly = sup {9 0)v-sv] (1.7)
geV=\{0} HQHV

Definition 1.13. For a linear operator T : 'V +— W on vector real spaces V,W we
introduce its adjoint operator T* by

W* — V*

T : b V —» R
vo—= (AT

Example 1.14. Linear operators RY — RM N M € N, can be expressed through
M x N-matrices. Furthermore, the dual space of RY has the same dimension N and,
thus, can be identified with RY. The duality pairing is supplied by the usual Euklidean
inner product

(€ 1) vy xr = &p= 25:1 Gope VE= (&, &) = (a, . uy)T ERY L

If T € R™Y is the matrix belonging to a linear operator T : RY +— RM  then the
transposed matrix T will describe the adjoint operator T*:

<£, T/J/>(RN)*XR = <€; T”’>(RN)*><R - <TT€7 /"l’>(RN)*><R = <T*€7 N)(RN)*X]R :
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Exercise 1.2. Let U, V, W be reflexive normed vector spaces and S € L(U,V), T €
L(V,W). Then the following holds true:

1. (TS) " =S-T"

2. if T is surjective, then T™ is injective.

3. if T is an isomorphism with bounded inverse T~', then this also holds for T* and
we have (T_1)>k = (T"!

ATy ow = 1T ey

Definition 1.15. A normed vector space V' is complete, if every Cauchy sequence
{ve}r €V has a limit v in V. A complete normed vector space is called a Banach

space.

Example 1.16. The function spaces LP(2), 1 < p < oo, and C™(2), m € Ny, are
Banach spaces.

It is known that for Banach spaces V, W also L(V,W) and L(V x V,R) will become
Banach spaces.

Bibliographical notes.  Further information can be found in any textbook about
functional analysis, e.g. in [26, Ch. 2|, [23, Ch. 2], and A1, Chs. 1&2]. An advanced,

but excellent, discussion of duality is given in [33, Ch. 4].

1.2 Generic theory

Throughout this section V' will stand for a reflexive Banach space with norm |||,
and b will designate a continous bilinear form on V, that is b € L(V x V|R).
Given some f € V* a linear variational problem seeks u € V' such that

b(u,v) = (f, V) ey YV EV. (LVP)
Theorem 1.17. The following statements are equivalent:

(1) For all f € V* the linear variational problem (LNP)) has a unique solution uy € V
that satisfies

(1.8)

1
luglly, < — I1flly s
’f’v ’Ys’ 1%

with v, > 0 independent of f.
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(ii) The bilinear form b satisfies the inf-sup conditions

b
Iy, >0: sup Iblw, v)}| > s |lwll,, YweV, (IS1)
vervioy  [Ivlly
b
sup blv, w)] >0 VYweV\{0}. (IS2)

veV\{0} HUHV

Proof. (i) = (ii): Fix some w € V and denote by g, € V* the continuous functional
v — b(w,v). Let u, € V be the unique solution of

b(tg, V) = (Gus V) yeyy YVEV = u,=w,
from which we conclude ([Sl) by (LS

1 b(w,
Ly b

Vs veV\{0} ||U||v

|| ||V ” ||V < ! || ’
w u — ||Gw
I Vs

By the reflexivity of V' and (1)

)y b(u,, 1 Ib(u,
fully = sup K0 vl o el L bl

geVv+\{0} ||9||v geVv*\{0} HQHV T Vs uev Hu”v
where (LX) has been used in the final step. This amounts to ([S2).

(ii) = (i): Let uj,us € V be two solutions of (VP for the same f € V*. Then
b(u; —ug,v) = 0 for all v € V', and from ([S]]) we immediately infer u; = up. This shows
uniqueness of uy.

To prove existence of solutions of (LVP)) we define the following subspace of V*:

Vi={geV*: JweV:bw,v)={(g0v)p,y YeV}.

Let {gr}32, be a Cauchy-sequence in V;*. Since V* is complete, it will converge to some
g € V*. By definition

VEeN: Fw,eV: bwkv)= (k) YVEV. (1.10)
Thanks to the inf-sup condition ([S1l), we have for any k,m € N

1 }<gk _gmva)V*xV} 1
[wr — wmlly < — sup = — llgk = gmlly~ -
v Vs veV\{0} H'U”V Vs v

Hence, {wy}32, is a Cauchy-sequence, too, and will converge to some w € V. The
continuity of b and of the duality pairing makes it possible to pass to the limit on both

sides of (ILI0)
b(w,v) = (g,V) ey YW EV,



1 Abstract Linear Variational Problems

which reveals that g € V;*. Recall Def. [ to see that V" is a closed subspace of V*.

Now, assume that V" # V*. As V;* C V* is closed, a corollary of the Hahn-Banach
theorem, see [33, Thm. 3.5], confirms the existence of z € V** =V (V reflexive!) such
that

<9>Z>V*><V =0 Vge Vb* .

By definition of V;* this means b(v, z) = 0 for all v € V' and contradicts ([S2)).
Eventually, (L8) is a simple consequence of ([S]l), of the definition of uys, and of the

definition of the norm on V*. O
The estimate (CY) instantly confirms that the inf-sup conditions ([S1l) and ([[S2) in-

volve
b(v, w
sup blv, w)] > v |lwlly -
veV\{0} ||U||v

Remark 1.18. In order to verify the inf-sup condition ([SIl) we can either tackle

b b
sup MZ’}/SHUJHV YVweV or  sup blv, w)|

> |lw|l, YweV.
veV\{0} HUHV veV\{0} ||U||v

Then one fixes an arbitrary w € V' and strives to find a “candidate” v = v(w) € V such
that, for v1,7v > 0

2
b(w,v) =7 [Jwlly and [vfly, <72 flwlly .

This will imply ([S1)) with v, > 7175 . Of course the corresponding inf-sup condition

([[S2)) needs to be verified as well, but usually this is very easy.

Remark 1.19. The assertion (i) of Thm. [TA amounts to the statement that (CYE))
is well posed in the sense that a unique solution exists and depends continuously on the
data of the problem. The right hand side functional f is regarded as input data.

Obviously, for fixed w € V the mapping v — b(w,v) belongs to V*. Hence we can
define a mapping B : V' +— V* associated with b by

(Bw,v)yruyy :=b(w,v) Yo,weV. (1.11)
Exercise 1.3. The B from ([LIII) provides a linear continuous operator with norm
1Bllyy = bl v - (1.12)
Using this operator B associated with b we can concisely state (LVD) as
ueV: Bu=f. (1.13)

The equation (CI3) is called the operator notation for (LVP). Thm. [CT7 asserts that
the inf-sup condition ([SI) and ([S2) guarantee that B is an isomorphism and that

By <25
There is a simple sufficient condition for the inf-sup conditions of Thm. [CT%
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Definition 1.20. A continuous bilinear form b on a normed space V' is called V -
elliptic with ellipticity constant v, > 0, if

Ib(v,v)| > 7. v]l} YoeV.

It is evident that a V-ellipticity of the bilinear form implies both inf-sup conditions

([ST) and ([S2) with 75 = ve.

Exercise 1.4. On the Banach space C°([0,1]) (equipped with the supremum norm)
consider the bilinear form

Show that the inf-sup condition ([S]]) is not satisfied.
Exercise 1.5. First of all let Q :=| — 7, [, then show that the following holds true:
(i) Define the subspace U C L?(Q) by
U:={uel*Q); ulx)=u(-z) VYzecQ}.

Show that V := U x U is a closed subspace of L?(Q) x L?(Q).

(ii) The bilinear form

b((u, ), (v.q)) == / u(a)o(z) dé + / sin(a)p(z)o(x) dé — / sin(a)u(x)q(z) de

is continuous on the Banach space V. Show that a variational problem based on
this bilinear form will in general fail to possess a unique solution.

Bibliographical notes.  For further information and details the reader is referred to
[22, Sect. 6.5] or to [36, Sect. 1.3].
1.3 Symmetric positive definite variational problems
Definition 1.21. A bilinear form b on a vector space V' is called symmetric, if
b(v,w) = b(w,v) VYv,weV.

A special class of symmetric bilinear forms often occurs in practical variational prob-
lems:
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Figure 1.1: Angle a(&,n).

Definition 1.22. A bilinear form b on a real vector space is positive definite, if
forallveV

b(v,v) >0 & v#0.
A symmetric and positive definite bilinear form is called an inner product.

In the sequel V' will stand for a Banach space with norm ||-[|,,. We also adopt the
symbol a for a generic inner product on V.

First, observe that every V-elliptic bilinear form is positive definite. Second, recall
that an inner product a induces a norm through

o], :==a(v,v)? veV.
The fundamental Cauchy-Schwarz-inequality
a(v,w) < vl [[w]l, Vv,weV (CSI)

ensures that a will always be continuous with norm 1 with respect to the energy norm.
Moreover, we have Pythagoras’ theorem

2 2 2
aw,w) =0 < o, +llwll, = llo+wl, -

In the context of elliptic partial differential equations a norm that can be derived
from a V-elliptic bilinear form is often dubbed energy norm. Vector spaces that yield
Banach spaces when endowed with an energy norm offer rich structure.

Definition 1.23. A Hilbert space is a Banach space whose norm is induced by an
mmner product.

Exercise 1.6. If an inner product a is V-elliptic and continuous in Banach space V
then (V, [|-]|,) is a Hilbert space.

Notation: In the sequel, the symbol H is reserved for Hilbert spaces. When H is a
Hilbert space, we often write (-, )y to designate its inner product.

10



1 Abstract Linear Variational Problems

Example 1.24. Let H = R? be the set of all vectors in the plane. H is a Hilbert
space with the Euclidean norm

1
€l, = (+8)" for g e R?
and the inner product

(&, m) =&m +&mna

For £, m € R?, the angle a(€,n) between € and n (cf. Figure [T)) is given by

~({&n)
oS (&) = e )

This can be used as a general definition of an angle between elements of a Hilbert space.

Example 1.25. Another well known Hilbert space is L?(Q2), @ C RY, with inner
product

(u,v) := /Qu(:v) v(r)d¢, u,v e L*Q).

This is the definition for real-valued u,v. In the case of complex valued functions,
complex conjugation has to be applied to v.

Based on a continuous bilinear form, we can always indentify a normed vector space
with a subspace of its dual space. If we deal with a Hilbert space and this identifica-
tion is based on the inner product, it becomes an isomorphism, the so-called Riesz-
isomorphism.

Theorem 1.26. For a Hilbert space H the mapping H — H*, v — {w — (v,w)y},
is a norm-preserving isomorphism (Riesz-isomorphism,).

This means that we need not distinguish H and H* for Hilbert spaces. However, often

it is wise to keep the distinction between “functions” and “linear functionals” though
L(H — H*”.

Corollary 1.27. All Hilbert spaces are reflexive.

A Hilbert space framework permits us to generalize numerous geometric notions from
Euklidean space:

Definition 1.28. If H is a Hilbert space we call two subspaces V,W C H orthogonal,
and write V-L W, if (v,w)yg =0 for allv € V, w € W. A linear operator P : H — H
is an orthogonal projection, if P> = P and Ker(P) 1. P(H).

11
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Next, we consider the following variational problem on a Hilbert space H with inner
product a(+, ) and induced norm ||| : for f € H* seek u € H such that

a(u,v) = (f,v) oy Yv€EH. (1.14)
Thanks to Thm. [LT7 this variational problem has a unique solution for all f € H*.

Exercise 1.7. The unique solution w of ([LT4) satisfies ||ul||, = || f]

H*-

There is an intimate relationship of ([LI4)) with minimization problems for a coercive
quadratic functional. Remember that a mapping J : H — R, a so-called functional, is

coercive, if lim  ||v||' J(v) = 400 uniformly in ||v| ;-
[0l fr—o00

Theorem 1.29. The solution u € H of (LIA) can be characterized by

u:argrréigJ(U) with  J(v) = 3a(v,0) = (f,0) gresr -

Proof. If u denotes the solution of (L)), a simple calculation shows
J() = J(u) =3 v—ulp YweH. (1.15)

This shows that u will be the unique global minimizer of J.
It is easy to establish that J is strictly convex and coercive, which implies existence
and uniqueness of a global minimizer u. Now, consider the function

ho(t) :==J(u+71v) TER, vEH.

h is smooth and, since u is a global minimizer

d
—h, (T =0,
which is equivalent to ([LI4), since any v can be chosen. O

Exercise 1.8. Show that the functional J from Thm. is coercive on H.

1.4 Discrete variational problems

A first step towards finding a practical algorithm for the approximate solution of (VD))
is to convert it into a discrete variational problem. We use the attribute “discrete” in
the sense that the solution can be characterized by a finite number of real (or complex)
numbers.

Given a real Banach space V' with norm ||-||,, and a bilinear form b € L(V x V,R) we
pursue a Galerkin discretization of ([L\P)). Its gist is to replace V in (LNB) by finite
dimensional subspaces. The most general approach relies on two subspaces of V:

12
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Figure 1.2: b-Orthogonality of the error e, = u — u,, with respect to V,,, if b is an inner
product

W, Cc V. “trial space”, dimW, =N

V,CV . “test space”, dimV, =N , NVeN.

Notation: Throughout a subscript n will be used to label “discrete entities” like the
above finite dimensional trial and test spaces, and their elements. Often we will consider
sequences of such spaces; in this case n will assume the role of an index.

Given the two spaces W,, and V,, and some f € V* the discrete variational problem
corresponding to (LVP) reads: seek u,, € W, such that

b(tn, vn) = (f, Vn)yexy Yoo € V. (DVP)

This most general approach, where W,, # V,, is admitted, is often referred to as Petrov-
Galerkin method. In common parlance, the classical Galerkin discretization implies
that trial and test space agree. If, moreover, b provides an inner product on V', the
method is known as Ritz-Galerkin scheme.

If, for given b and f both (NP) and (DYP]) have unique solutions u € V' and u,, € W,,
respectively, then a simple subtraction reveals

b(u — up,v,) =0 Yu, €V, . (1.16)

Abusing terminology, this property is called Galerkin orthogonality, though the term
orthogonality is only appropriate, if b is an inner product on V. Sloppily speaking, the
discretization error ¢, := u — u, is “orthogonal” to the test space V,,, see Fig.

Theorem 1.30. Let V' be a Banach space and b € L(V x V,R) satisfy the inf-sup
conditions ([[S1)) and ([SQ) from Thm.[I.13 Further, assume that

b(vn, wy

> Yy |lwally,  Yw, € W, . (DIS)
vnev\(0)  Nlonlly

Then, for every [ € V* the discrete variational problem (DYP)) has a unique solution

13
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u, that satisfies

1 L f(w)
Upll, < — ., = — su , 1.17
lually < = fll; = = sup o (1.17)
b
= gl < (1+””2ﬂ) il lu—w,]y (1.18)

where u € V' solves ([LB)).

Proof. Tt is clear that (DIS) implies the uniqueness of u,. Since dim V;, = dim W,,, in
the finite dimensional setting this implies existence of wu,,.
The remainder of the proof combines the triangle inequality and (ILT7):

lu = unlly < llu—wally + llwn = unlly

b n - - Uny Un
|b(wy, — v+ u — Uy, vy)| Vi, € W, .

1
< ||lu—wyl|ly, + — sup
v Tn v,eV\{0} ||Un||v

Eventually, use the Galerkin orthogonality (LI6) and the continuity of b to finish the
proof. O

Remark 1.31. One can not conclude (DIS) from ([[S1l) and ([[SJ) because the supre-

mum is taken over a much smaller set.

Remark 1.32. It goes without saying that for a V-elliptic bilinear form b, c¢f. Def.
.20, the assumptions of Thm. [[30 are trivially satisfied. Moreover, we can choose 7,
equal to the ellipticity constant «. in this case.

Thm. [L30 provides an a-priori estimate for the norm of the discretization error e,,.
It reveals that the Galerkin solution will be quasi-optimal, that is, for arbitrary f the
norm of the discretization can be bounded by a constant times the best approximation
error

pinf lu = vally

of the exact solution u w.r.t. W,,. It is all important that this constant must not depend

on f.

Remark 1.33. Many of our efforts will target asymptotic a-priori estimates that
involve sequences {V,,}°°,, {W,,}22; of test and trial spaces. Then it will be the principal
objective to ensure that the constant -, is bounded away from zero uniformly in n. This
will guarantee asymptotic quasi-optimality of the Galerkin solution: the estimate
(CTD) will hold with a constant independent of n. Notice that the norm of b that also
enters ([LI¥) does not depend on the finite dimensional trial and test spaces.

14
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In the sequel we will take for granted that b and V,,, W,, meet the requirements of
Thm. [C30 The “Galerkin orthogonality” (CTH) suggests that we examine the so-called
Galerkin projection P, : V — W,, defined by

b(P,w,v,) = b(w,v,) Vv, €V, . (1.19)

Proposition 1.34. Under the assumption of Thm. [[.30, the equation (LIY) defines
a continuous projection Py, : V — V with norm ||Py|ly_v <t IIblly xvr-

Proof. As a consequence of Thm. [L30, P, is well defined. Its linearity is straightfor-
ward and the norm bound can be inferred from ([CI7). Also P2 = P,, is immediate from
the definition. O

The Galerkin projection connects the two solutions u and w,, of (NP)) and (DXD),
respectively, through

u, = Ppu . (1.20)

Proposition 1.35. If € L(V x V| R) is an inner product on V' and the assumptions of
Thm. are satisfied, then the Galerkin projection associated with b is an orthogonal
projection with respect to the inner product b.

Proof. According to Def. and the previous proposition, we only have to check
that Ker(P,) L W,. This is clear from (L20) and the Galerkin orthogonality ([CI6),
because

veKer(P,) © Pv=0<«< (Id-P,)v=v & velm(ld—P,).

]
As in the previous section, we can cast (DVP)) into operator form by introducing
B, : W, s V*, fu € V* through

<Bn wn7vn>vrt><vn - b(w?%Un) vwn E Wnavn E Vn ) <fn7vn>vrt><vn - <f7 /Un>v*><v
Using these operators, we can rewrite (DY) as

B, u, = fn . (1.21)

Exercise 1.9. There is a canonical embedding V* C V* and the estimate || f,||;. <

| f]ly« holds true.

Exercise 1.10. Let I, := Iy, : V,, — V stand for the canonical injection, cf. Def. [[4]
Then we have

Vi

B, =1"0Bol, . (1.22)

15
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Now, let us consider the special case that V' is a Hilbert space. To hint at this, we

write H instead of V. It is surprising that under exactly the same assumptions on b,
W,, and V,, as have been stated in Thm. [[30, the mere fact that the norm of V = H
arises from an inner product, permits us to get a stronger a-priori error estimate [44].

Theorem 1.36. IfV s a Hilbert space we obtain the sharper a-priori error estimate

b
fu—ually < v g (123

if the assumptions of Thm. are satisfied.
The proof of this result requires a lemma due to Kato [27]:

Lemma 1.37. Let H be a Hilbert space. If P € L(H, H) is a non-trivial projection,
i.e. Id# P =P?#£0, then

||P||Hn—>H - ||Id_ PHHHH :

Proof. (i) First we consider the case dim H = 2, that is H = R? after a choice of
an orthonormal basis. Then both P and Id — P have rank 1, so that they possess a
representation

PI/:<ﬁ,y>a /87G7V€R27
(Id—P)v = (8, v)~y 6&,v,v cR*.

Since P? = P and (Id — P)? = (Id — P) we conclude that
(a,3) =1 and (§,7)=1.
Now, observe that
v=Pv+(Id—Plv=(B,v)a+ (§,v)y.
Setting v = 3,4 and forming the inner product with o, «, respectively, we see

1 - ‘a|2 |ﬂ‘2 + <67/6> <77a> )
1=(B,8) (e,) + [y’ |6,

which implies |a |3| = |7v||d]. Note that

1Pl = sup LB gy 1BV

vAo |V vio V]

= |al 18],

and similarly for Id — P. This proves the assertion for dim H = 2.

16
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(ii) For the general case, take into account that for any v € H the space U :=
span{v, Pv} is an invariant w.r.t. both P and Id — P. dim U = 1 boils down to Pv =0
or Pv=v. As ||P|| ;5 =1 and ||Id — P/, > 1 we immediately conclude

I(7d = P)olly < APllgep vl s [IPolly < [10d =P)llgp [lolly -

If dimU = 2, we can apply the result of (i) and get

I(1d =P)olly < l1d = Plly_y [lvlly = [IPlyey 0ly < IPlgem vl
IPolly < IPlyy lvlly = [1d =Pl llolly < Id =Pllg_ g llvlly

Combining these estimates yields the assertion. U
Proof (of Thm.[L3d). Using (L20) we can appeal to the previous lemma to estimate

[ = unlly = [[(Id = Pp)ully = [|(Id = Py)(u — wn)lly,

< |Id— PnHVHV |u — wn”v = ||Pn||VHV |u — wn“v )

where w,, € W, is arbitrary. From

‘b(in>Un)‘ < Hb||V><V»—>]R ||w||

1
Hin”V < —sup

Yovo  [[onlly n Y

we conclude [|Pullvov < ¥t 10lly g, Which finishes the proof. O

The other special case is that of Ritz-Galerkin discretization aimed at a symmetric,
positive definite bilinear form b. Then the Ritz-Galerkin method will furnish an optimal
solution in the sense that wu, is the best approximation of u in V/,.

Corollary 1.38. If b is an inner product in V', with which V' becomes a Hilbert space
H, andV,, =W, then (DXD) will have a unique solution u, for any f € H*. It satisfies

o= ually < inf Jfu=all,

where |||, is the energy norm derived from b.

Proof. Existence and uniqueness are straightforward. It is worth noting that the
estimate can be obtained in a simple fashion from Galerkin orhtogonality (ILI6) and the
Cauchy-Schwarz inequality

[u _unHi = b(u — up, u—vn) < [[u—upll, lu = vall,

for any v, € V,,. OJ
Bibliographical notes. We refer to [21], Sects. 8.1 & 8.2] and [36], Sect. 2.3].
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1.5 The algebraic setting

The variational problem (DVP]) may be discrete, but it is by no means amenable
to straightforward computer implementation, because an abstract concept like a finite
dimensional vector space has no algorithmic representation. In short, a computer can
only handle vectors (arrays) of finite length and little else.

We adopt the setting of Sect. [l The trick to convert (DVP]) into a problem that
can be solved on a computer is to introduce ordered bases

By = {pL,....p)} of V,, L Ry
By = {q}””"qn} of W, . N :=dimV, =dimW, .

Remember that a basis of a finite dimensional vector space is a maximal set of linearly
indepedent vectors. By indexing the basis vectors with consecutive integers we indicate
that the order of the basis vectors will matter.

Lemma 1.39. The following is equivalent:
(i) The discrete variational problem (DNP) has a unique solution u, € W,,.

(ii) The linear system of equations

Bu=¢ (LSE)

with
B = (b(t, 1)), € R™Y, (1.24)
o= ({(FP)yy)_ €RY, (1.25)

has a unique solution p = (ug)y_, € RY.

Then

N
Un = > kgl
k=1

Proof. Due to the basis property we can set

N N
k k
Uy = E LGy 5 Up = E UkDp, M, Vk €ER,
k=1

k=1

n (DVP). Hence, (DVP) becomes: seek pi1, ..., uy such that

oY mas Y ) = (1Y )

18
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for all v1,..., vy € R. We can now exploit the linearity of b and f:
N N N
SN T mvib(ah ) = v (£ P ey (1.26)
j=1 k=1 j=1

Next, plug in special test vectors given by (v1,...,vn) =€, € {1,..., N}, where ¢ is

the [-th unit vector in RY. This gives us

N
> pub(ah ph) = (fih)yey s 1=1,...,N. (1.27)

k=1

As the special test vectors span all of RY and thanks to the basis property, we conclude
that (C20) and (C27) are equivalent. On the other hand, (C27) corresponds to (LSE),
as is clear by recalling the rules of matrixxvector multiplication. O

Note that in ([C24) j is the row index, whereas k is the column index. Consequently,
the element in the j-th row and k-th column of the matrix B in (LSE) is given by
b(gy, P})-

Notation:  Throughout, bold greek symbols will be used for vectors in some Euk-
lidean vector space R™, n € N, whereas bold capital roman font will designate matrices.
The entries of a matrix M will either be written in small roman letters tagged by two
subscripts: m;; or will be denoted by (M);;.

Corollary 1.40. If and only if the bilinear form b and trial/test space W, /V,, satisfy
the assumptions of .30, then the matriz B of (LSE) will be regular.

Thus, we have arrived at the final “algebraic problem” ([LSE]) through the two stage
process outlined in Fig. It is important to realize that the choice of basis does not
affect the discretization error at all: the latter solely depends on the choice of trial and
test spaces. Also, Cor. [L40 teaches that some properties of B will only depend on V,,,
too.

However, the choice of basis may have a big impact on other properties of the resulting

matrix B in (CSH).

Example 1.41. If b induces an inner product on V,, = W,,, then a theorem from
linear algebra (Gram-Schmidt-orthogonalisation) tells us that we can always find a b-
orthonormal basis of V,,. Evidently, with respect to this basis the matrix associated with
b according to (CZ4) will be the N x N identity matrix I.

Lemma 1.42. Consider a fized bilinear form b and finite dimensional trial/test space
W, = V, for the discrete variational problem (DNP). We choose two different bases

B o= {pt, .. .Y} and B = {p.,....pN} of W, = V,,, for which

N
Po= Z sjkpr with S = (Sjk>§\,[k:1 c RMY regular.
k=1
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(Continuous) variational problem (LVP)): Bu = f

—~———

[ Choose finite dimensional trial and test spaces W,, and V,,. J

—~——

Discrete variational problem (DVP): B,u, = f, I

[ Choose bases of W,, and V,, J

(

Algebraic problem (LSEl): Bu = ¢

L

Figure 1.3: Overview of stages involved in the complete Galerkin discretization of an
abstract variational problem

Relying on these bases we convert (DNP) into two linear systems of equations Bu = ¢
and ﬁﬁ = @, respectively.

If the discrete variational problem (DVP)) possesses a unique solution, then the two
linear systems and their respective solutions are related by

B=SBS” ., =S¢ , p=S"u. (1.28)

Proof. Using ([L24) and the linearity of b we get

N N N N
b = B 7,) = D0 D smib (0, ph)sts = (D sty ) st = (SBS Y
k=1 j=1 k=1 j=1
—_——
(SB)ix

which gives the relationship between B and B. The other relationships are as straight-
forward. O

Remark 1.43. The lemma reveals that all possible Galerkin matrices B from ([LSEH)
that we can obtain for a given discrete variational problem (DVDP) form a congruence
class of matrices. It is exactly the invariants of congruence classes that are invariants of
Galerkin matrices: symmetry, regularity, positive definiteness, and the total dimensions
of eigenspaces belonging to positive, negative, and zero eigenvalues.
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Exercise 1.11. For the case By = By, discuss the impact of reshuffling the basis
vectors in By on the matrix B of (LSEH).

Exercise 1.12. The linear system of equations ([LSE]) has been built using the bases
By =By = {p1,...,pn}. How will the matrix B be affected, when we switch to scaled
bases

%v:%wz{a1p17...,aNpN}, O./ZGR\{O},Z:L,N(?

Exercise 1.13. Let V be a Banach space and f € V*. Let V,, C V be a finite
dimensional subspace of dim V;, = n. Now let B,, := {pi,...,p,} be a basis of V,,. Find
a basis B,,* of V¥ such that the coefficient vector of f in V;} is given by ({f, pk>V*><V)::1‘

Exercise 1.14. The right hand side of ([DMYP)) is mapped to the vector ¢ in (LSE).
Which basis of V* renders ¢ according to ([CZH) the coefficient vector of f,.

Remark 1.44. The constant v, in ([DIJ) is independent of the choice of bases. Nev-
ertheless, its computation for concrete W,,, V,, has to employ bases of W,, and V,.

Let us assume that V' is a Hilbert space with inner product (-,-)y. After endowing
W, V,, with bases By 1= {qt,....pN}, By = {pl,...,pY} we can express

oall2 = u™Myp , [wa])} = €TMp€,

where

N N

§ k § k
Un - /’Lkpn 9 wTL - é-kpn Y

k=1 k=1

. N ; N
My = ((oh, ph)v), o €RYY 0 M= ((an, dh)v),,,_, € BTV
Reusing (C24]) we can convert ([DIS) into

‘.U/TB€| T 1 N
sup 2L > o (6TM€): VE € RV (1.29)
perM\ (0} (LT My p)>

Since My and My are symmetric and positive definite, there are “square roots” Xy, Xy €
RN of My, My such that, e.g., X3 = My and Xy is s.p.d. itself. Thus, in (CZ9) we
can replace

peXple o & XyE,
and we end up with

T X—le—l
o 7K BXG g

> Yl€] VEERY. (1.30)
peERN\{0} W\
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From numerical linear algebra we recall the singular value decomposition
X,'BX,/ = UDV" |

where U,V € RM¥ are orthogonal matrices and D € RV is diagonal. The diagonal
entries of D = diag(oy,...,0n), 0 > 0, are called the singular values of Xy BXjyy. Since

multiplication with orthogonal matrices leaves the Euklidean norm of a vector invariant
and UTU = VTV =1, the replacement

p—Up , &< VE

gives the equivalent inequality

|p"DE|

> 7,/¢] VEERY.
peERN\{0} | ]

Hence, the smallest singular value of X By, X is the largest possible value for ~,,.

If b is symmetric and By, = By, then the singular values of Xy BXy, agree with
the eigenvalues of this matrix. These can be determined by solving the generalized
eigenvalue problem

EA0NER: BE = \My£.

For the remainder of this section we assume that trial and test spaces and their re-
spective bases agree. Any choice of basis B := {pl, ... p~} for V,, spawns a coefficient
isomorphism C, : RY — V,, by

N
Cott =Y ppl
k=1

It can be used to link the operator form (IL21I) of the discrete variational problem and
the associated linear system of equations (LSEl) w.r.t. 9B.
Lemma 1.45. We have
B=C 0B,0C,,

where By, : V,, — V* is the operator related to the bilinear form b on V,,, cf. (LZ), and
B is the coefficient matriz for b w.r.t. the basis B of V,.

Proof. Pick any pu,& € RY and remember that R is its own dual with the duality
pairing given by the Euklidean inner product, that is

(1, &) mryexmy = pe.
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Owing to Def. and ([C24) we find

.u’TB€ = b(Cnfa Cn.u') = <Bn Cn€> Cn”’)v; XV — <Cn* Bn Cn€> .u'>(]RN)*><RN = H’T(Cn* Bn Cn)€ .

O
An important property of a regular matrix M € R¥Y N € N, is its spectral con-
dition number

)

k(M) = M| [M™!

where, by default, R is equipped with the Euklidean vector norm, and |M| will always
stand for the operator norm associated with the Euklidean vector norm.

Lemma 1.46. If B is a matriz according to ((L2Z4) based on a bilinear form b and a
trial/test space V,, (equipped with basis B) that satisfy the assumptions of Thm. 30,
then

1lly v

1112
HVnHRN Y

K(B) < ||Cullzwy [[Co S

where C,, is the coefficient isomorphism belonging to basis B, and v, is the if-sup constant
from (DIS).
Proof. By the definition of the operator norm, cf. Def. [[§,

b(w,, v
1By wnlly. = sup b(wn, v)

> Y lwnlly,  Vw, €V,

which means
o |[By fully < 1l

By Lemma [L48 we have

ve VheEV] = HB;l‘

< -1
ViV, — Tn -

B=C 0B,oC, , B'=C"'oB'o(C)™".
Then the submultiplicativity of operator norms and ([LIZ) finish the proof. O

Exercise 1.15. Assume that b induces an inner product on V', which renders V a
Hilbert space. Given a finite dimensional subspace V,, C V denote by C,, the coefficient
isomorphism associated with a basis 8 of V,,. Then

_1p2
Amax(B) = ”CTLH]?{NI—)V , Amin(B) = chlen,_)RN )
where, for some matrix M € RV

Amax(M) :=max{|\|, A is eigenvalue of M} ,
Amin(M) :=min{ ||, A is eigenvalue of M} .
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Exercise 1.16. Let b be a bilinear form on V' and V},, Vg be two nested subspaces
of V, that is Vg C V. Equip both V, and Vg with bases B,, By and write Cj :
R" — Vj, n:=dimV}, and Cy : RY — Vg, N := dim Vy, for the associated coefficient
isomorphisms.

(i) Based on €}, and Cg determine the matrix representations of the inclusion map-
pings I : Vi — Vj, and (I%)* : V* +— V};, when dual bases are used for the dual
spaces.

(i) How can the matrix By € RM" associated with b w.r.t. 85 be computed from

the matrix B;, € R™" that we get as representation of b w.r.t. 26,7

Exercise 1.17. Given a finite dimensional subspace V,, C V, N := dim V,,, endowed
with a basis B, let C,, be the associated coefficient isomorphism.

(i) Give a bound for the norm of the “matrix” M := C:C, : RY - RY.
(ii) We can view C, also as a mapping C, : RN — V into V. What is Ker(C},)?

Exercise 1.18. Consider the quadratic functional on L?(]0, 1[)

J(v) = / (v(z) — exp(x)) de .

(i) Formulate the linear variational problem related to the minimization of this func-
tional. Discuss existence and uniqueness of solutions.

(ii) This variational problem is to be discretized in a Ritz-Galerkin fashion based on
the following choices of trial/test spaces

a) V, =span{z* k=0,...,n— 1},

b) V,, = span{sin(knz), k =1,...,n},

c) V, = span{x[uﬁ], k=1,...,n}, xs the characteristic function of the inter-
val I, t

where n € N is the discretization parameter that serves as index for a family of
trial/test spaces and also tells us dim V;,. The characteristic function of an interval

is defined as
1 ifx €la,b],
X]a’b[(x) N {O elsewhere .

Compute the resulting linear systems of equations that correspond to this trial /test
spaces, when the functions occurring in the above definitions are used as bases.
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(iii) Compute the condition numbers of the coefficient matrices of the linear systems of
equations from the sub-task (ii) for the schemes (b) and (c).

(iv) For the scheme (a) compute the condition numbers of the linear systems of equa-
tions from the sub-task (ii) with the use of MATLAB.

(v) For scheme (c) compute the L?(]0, 1[)-norm of the discretization error as a function
of the discretization parameter V.

Exercise 1.19. Consider the bilinear form a(u,v) := [} u(z)v(z)d¢ on L*(]0,1[).
Test and trial spaces V,,, W,, are indexed by n € N and specified through their bases

By ={x—s" k=0 ....n-1V |, By = Xt oty K =1,...,n},

where t;, = k/n and xj,_, «,.[ denotes the characteristic function of |t,_y, ¢4, see Ex. [LT8
Write a MATLAB code that computes the inf-sup constant -, in (DIS) for this choice
of b, V,,, and W, for a certain range of n.
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2 Elliptic Boundary Value Problems

In this chapter we study a few elliptic boundary value problems on bounded domains.
The focus will be on weak formulations, which fit the framework presented in the pre-
ceeding chapter. To this end we have to introduce appropriate function spaces that are
known as Sobolev spaces.

2.1 Domains

We consider the partial differential equations of interest on bounded, connected, and
open subsets of (the affine space) R, d = 1,2, 3. These are called the (spatial) domains
of related boundary value problem and will be denoted by €. The topological closure
of  will be compact and this is also true of its boundary T' := 99 := Q\ Q. A domain
has an unbounded open complement ' := R?\ .

Example 2.1. For d = 1 admissible domains will be open intervals |a, b[, a > b, and
I' = {a,b}.

Meaningful boundary values for solutions of partial differential equations can only
be imposed if we make addition assumptions on I'. First, we recall that a function
f:U CRY— R™, d,m €N, is Lipschitz continuous, if there is a v > 0 such that

(&) — f(m)] <HlE—m| VE&meR.

Definition 2.2. A domain Q C R is called a Lipschitz domain, if for every v € I’
we can find an open neighborhood U in R? such that there is a bijective mapping

®=(0,...,0)" U= R:={€cR? |&| <1},
which satisfies
1. Both ® and ® ' are Lipschitz continuous.
2.8(UNT)={£€R: & =0}.
3. ®UNQY) ={£€R: & <0}
4. ®UNY)={E€R: & >0}
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If ® can be chosen to be k-times continuously differentiable, k € N, then €2 is said to
be of class C*.

The reader should be aware that there are a few examples of simple domains that do
not qualify as Lipschitz domains.

Figure 2.1: Domains that are not Lipschitz: slit domain (left), cusp domain (middle),
crossing edges (right)

A profound result from measure theory asserts that a Lipschitz continuous function

with values in R is differentiable almost everywhere with partial derivatives in L.
Therefore we can be define the exterior unit vectorfield n : I' — R¢ by

(2(0), - 22(e))”
CrET

n(&) = ‘ for almost all £ € I, (2.1)

where @4 is the d-th components of a ® from Def. that belongs to a neighborhood
of €.

In almost all numerical computations only a special type of Lipschitz domains will
be relevant, namely domains that can be described in the widely used CAD software
packages.

Definition 2.3. In the case d = 2 a connected domain ) is called a curvilinear
Lipschitz polygon, if Q) is a Lipschitz domain, and there are open subsets I'), C T,
k=1,...,P, P €N, such that

Fizfluu'Ufp s FkﬂFl:®sz:7él,
and for each k € {1,..., P} there is a C'-diffeomorphism ®;, : [0,1] — T},.

The boundary segments are called edges, their endpoints are the vertices of 2. A
tangential direction can be defined for all points of an edge including the endpoints,
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Figure 2.2: Curvilinear polygon with added angles at vertices

which gives rise to the concept of an angle at a vertex, see Fig. The mappings @y,
can be regarded as smooth parametrizations of the edges. An analoguous notion exists
in three dimensions. To give a rigorous definition we appeal to the intuitive concept
of a closed polyhedron in R?, which can be obtained as a finite union of convex hulls
of finitely many points in R3. The surface of a polyhedron can be split into flat faces.
Moreover, it is clear what is meant by “edges” and “vertices”.

Definition 2.4. A connected domain Q2 C R? is called a curved Lipschitz polyhe-
dron, if

1. Q is a Lipschitz domain.

2. there is a continuous bijective mapping ® : OIl — I' , where I1 is a polyhedron with
flat faces Fy, ..., Fp, P € N.

3. ®: Fy— ®(F}) is a C*-diffeomorphism for every k =1,...,P.

We call ®(F},) the (open) face I'y of 2. Further, ® takes edges and vertices of II to
edges and vertices of €.

Based on the parametrization we can introduce the surface measure dS and define
integrals of measurable functions on I’

-~ -~ o~

[roase = [ @@ /lcwe@roe@)|E. 2
r M=l =1 (ry)

where d€ is the d — 1-dimensional Lebesgue measure on the flat face Fj = ® 1(T'}).
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Definition 2.5. A subset Q C R? is called a computational domain if it is of class
Ck, kE>1, or

— a bounded connected interval for d = 1.
— a curvilinear Lipschitz polygon for d = 2.
— a curved Lipschitz polyhedron for d = 3.

Bibliographical notes. More information about classes of domains and their definition
can be found in [43, § 2|, [19, Ch. 1], and [B6, Sect. A.1].

2.2 Linear differential operators
Let a € N¢ be a multi-index, 4. e. , a vector of d non-negative integers:
a=(a,...,0q) €Np.

Set |a| := a3 + - - - + a,, and denote by

o o

0% = —— ...
o0& OEam

the partial derivative of order |e|. Remember that for sufficiently smooth functions
all partial derivatives commute. Provided that the derivatives exist, the gradient of a
function f : Q C R? +— R is the column vector

of of )
erad /€)= (G (€) o 5L0) . gen.
The divergence of a vector field f = (fy,..., fg) : Q@ C R — R is the function
. afk
div f(& eN.
iv Z 5 Sk

The differential operator A := div o grad is known as Laplacian. In the case d = 3 the
rotation of a vectorfield f : Q C R?® — R? is given by

Ofs 0fs
95,8~ 8—53(5)
curl f(£) — ‘2—2( - gg’(g) Q.
O py 0N
o6, &)~ 56,
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2 Elliptic Boundary Value Problems

Notation: Bold roman typeface will be used for vector-valued functions, whereas plain
print tags R(C)-valued functions. For the k-th component of a vector valued function f
we write fi or, in order to avoid ambiguity, (f)g.

For twice continuously differentiable functions/vectorfields we have

curlograd =0 |, divocurl=0. (2.3)

Transformations of vectorfields and functions under a change of variables will play a
key role in both theory and implementation of numerical methods for partial differential
equations. From another perspective, a change of variables can also be regarded as a
transformation to another domain, but these points of view are perfectly dual.

The right transformation of a function crucially depends on the kind of differential
operator that will act on the function in the actual model equations. The reason is that
functions and vectorfields occur as mere representatives of certain tensors, which have
their distinct transformation rules.

Pullback % :=u o

Figure 2.3: Mapping of the domain

Let us assume a diffeomorphic mapping P : Q— Q, (AZ, Q c R The transformation
of a potential type (scalar) function u : Q — R is a straighforward pullback

FTou =uo®: 0 —R. (FT)

Notation: It it is clear from the context, what the underlying change of variables
is, we will write u := w o ®. In contrast to (1)) this does not really designate the
transformation of a O-tensor, but merely a plain change of variables (for functions and
vectorfields alike).

A second class of functions are so-called densities v :  — R, whose transformation
has to ensure that "mass”, that is, the integral of v over a part of € is conserved. As
a consequence of the transformation theorem for integrals, we find the correct transfor-
mation

DTgv = |det DB|(vo ®). (DT)

Here, D® : Q — R4 stands for the Jacobi matrix of ®.
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Another important class of functions comprises gradient type vectorfields u :  — R,
For them the appropriate transformation reads

GTau:=D® (uo®). (GT)
The next result underscores that ([(GTJ) is the correct transformation of gradients.
Lemma 2.6. For any continuously differentiable function u : 2 — R
GTs(gradu) = grad(FTeu) |
where g/rz;1 indicates that the gradient is computed w.r.t. the ~variables.

Proof. A straightforward application of the chain rules confirms

0 - ~ 0P
—u(®(&)) = <grad u(®(€), — > ,
O}, &k
which amounts to the assertion of the lemma written componentwise. [l

Moreover, the transformation ((GIJ) leaves path integrals invariant:

Lemma 2.7. Let v be a piecewise smooth oriented curve in Q. Then

/GT@U'dSZ/ u-ds
¥ ®(v)

for all continuous vectorfields u € (C°(Q))?.
Proof. Assume a piecewise smooth continuous parameterization 7 : [0, 1] — y(t) € €.
Then, by the definition of the path integral,
1

[ 6Teu-da= [ (D2 u(@0(). G0 dr

- / (u(@r). G@ o) ar= [ uds,
O

Notation: The symbol -ds is used to indicate the path integral of vector field along a
piecewise smooth curve with respect to the arclength measure. Similarly, we use -ndS to
refer the integration of the (exterior) normal component of a vectorfield over an oriented
piecewise smooth surface (d — 1-dimensional manifold)

Another type of vector fields that we will often come across are fluxr fields. Their
behavior under a change of variables is governed by the Piola transformation

PTeu:=|det D®|DP ' (uo ). (PT)

Of course the transformation of a flux field should leave the total flux through any
oriented surface invariant:
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Lemma 2.8. Let S be an oriented piecewise smooth d — 1-dimensional submanifold
(“surface”) in Q and ¥ C Q its image under ®. Then

/PT¢u-nd§:/u-ndS
s b

for any continuous vectorfield u € (CO(Q))<.

Taking the divergence of a flux field produces a density, which is reflected by the
following commuting diagram:

Lemma 2.9. For any continuously differentiable vectorfield u on € we have
DTa(divu) = div(PTs u) .

Proof. Pick some bounded subdomain U C Q with smooth boundary. Thanks to
Lemma -8 applying Gauss’ theorem (Thm. 2T in Sect. E4]) twice shows

/dTV(PTq,u)dZ:/PTq,u-ndéz/u-ndS:/divudgz/DTq)(divu)dZ,
0 oU U O

U oU

where U = <I>([7 ) C Q. Since, U is arbitrary and u continuously differentiable, the
assertion follows immediately. 0

For d = 3, the transformations GTg and PTg fit the curl-operator in the sense of the
following commuting diagram:

Lemma 2.10. For any u € (C*(Q))? holds true
PTe(curlu) = al?l(GTq, u) .

Proof. Let 5 C Q denote some smooth oriented two-dimensional submanifold of Q.
Let ¥ be its image under the transformation ®. Recall Stokes’ theorem

/u-d.s:/curlu-ndS vue C(Q),
9% b

where 90X bears the induced orientation.
Similar to the proof of Lemma -9 can exploit Lemmas 28 and 7

/JI?I(GTQU)-ndS'\:/GT@u-dS :/u-ds
g E) 2
= /curlu~ndS:/PT@(curlu) -ndS.
D S

The “test surface” X being arbitrary, the assertion is proved, because u has been assumed
to be smooth. 0
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2.3 Second-order boundary value problems

Second order boundary value problems (BVPs) provide the most important class of
models for stationary (equilibrium) phenomena: on a bounded Lipschitz domain  C R¢,
d=1,2,3, we consider the partial differential equations

j=—A(€) gradu (FL)
divij=f—c(&)u. (EL)

The scalar function u : {2 — R is called a potential, whereas we refer to the vectorfield
j: Q+— R?as flux. The function f : Q — R plays the role of a source term and
will represent one of the input data of the problem. The first equation may be labelled
a flux law, while the second is the mathematical way to express an equilibrium or
conservation law.

Remark 2.11. Boundary value problems for (ETJ) and (EI) are pervasive in science
and engineering. They are used in various models of stationary equilibrium states.

e Heat conduction: u — temperature [u] = 1K
j — heat flux ] = 1%
f — heat source/sink [f] = lrilﬂg
In this case A represents the heat conductivity tensor and ¢ = 0. The equation
(ET]) is known as Fourier’s law, while ([EL]) ensures the conservation of energy.

e Electrostatics: u — electric potential [u] =1V
j — displacement current (D) [j] = 143
f — charge density (p) f] = 1%

Here, A stands for the dielectric tensor, which is usually designated by €, whereas
¢ = 0. The relationship (EILl) is Gauss’ law, and (ELJ) arises from Faraday’s law
curl E = 0 and the linear constitutive law D = €E.

e Stationary electric currents:  u — electric potential [u] = 1V
j — electric current  [j] =14
In this case, the source term f usually vanishes and excitation is solely provided by
non-homogeneous boundary conditions. The tensor A represents the conductivity

and ¢ = 0. In this context (EI]) can be regarded as Ohm’s law and (EL) is a
consequence of the conservation of charge.

e Molecular diffusion: u — concentration [u] = 1%
j — flux il = 1:1111_21
f — production/consumption rate [f] = 12

Here A stands for the diffusion constant and, if non-zero, ¢ denotes a so-called
reaction coefficient. The equation ([ELl) guarantees the conservation of total mass
of the relevant species.
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2 Elliptic Boundary Value Problems

e Linear elasticity: u — vertical displacement [u] = 1m
j — stress il =15
f — external load [f1=1%

For d = 2, the equations ([EL]) and ([EL]) provide a reduced model for computing the
shape of an elastic membrane under small external forces. This model arises from
the fundamental equations of elasticity after linearization and reduction to two
dimensions. Then, A is a tensor describing the elastic properties of the membrane
and ¢ will usually vanish.

Aware of these physical models and the laws of thermodynamics, we make the following
natural assumptions on the coefficient functions A : Q — R%¢ c: Q +— R:

e The d x d-matrix A (&) is symmetric almost everywhere in €2, and features entries
in L>(€2). Moreover, there are to be constants 0 <y <% < oo such that

1\u|2 < plAp <F|p* Vu € R and almost all £ € Q). (UPD)
In words, A is supposed to be uniformly positive definite and bounded on §2.
e The function ¢ belongs to L>(€2) and ¢ > 0 almost everywhere in (2.

Without loss of generality we may even restrict ourselves to coefficient functions A
and ¢ that are piecewise smooth with respect to a partition of €2 into a few sub-intervals
(d = 1), Lipschitz polygons (d = 2), or Lipschitz polyhedra (d = 3). This corresponds
to the widely encountered case of a computational domain filled with different materials
that themselves are fairly homogeneous.

Notation: For the sake of brevity we will often supress the dependence of coefficient
functions from the spatial variable £ € €, that is we write A and ¢ instead of A(§) and
c(&), respectively. However, unless mentioned explicitly, the coefficient functions must
not be assumed to be constant.

The partial differential equations ([EL]) and ([EIJ) have to be supplemented with bound-
ary conditions. We distinguish several types of them:

e Dirichlet boundary conditions. They amount to fixing the value of u on (a
part I'p of) the boundary I' := 0f2.

e Neumann boundary conditions. They prescribe the normal flux (j,n) on (a
part I'y of) T

e Robin boundary conditions. They impose a linear relationship between the
normal flux and the values of the potentials on (a part I'g of) I':

(j,n) = qu almost everywhere on I'g ,

where ¢ € L*°(I") is uniformly positive almost everywhere on I
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Mixed boundary conditions prevail, if different types of the above boundary con-
ditions are prescribed on different parts of I'. The most general situation assumes that I'
is partitioned into a Dirichlet, Neumann, and Robin part: ' = Tp Ul yUTx, IT'p, Iy, [
mutually disjoint, where both I'y and I'p, have non-zero measure. In this case the mixed
boundary conditions read

u=g onlp , —@{n)=h onl'y , (jyn)=qgu onTg,
with suitable functions g, h,q: T +— R.

Remark 2.12. For the particular physical models listed in Remark EZT1] the different
boundary conditions have the following meaning:

e Heat conduction: Dirichlet boundary conditions model a prescribed temperature,
Neumann boundary conditions a fixed heat flux through I'y. Robin boundary
conditions amount to “cooling conditions” for which the heat flux is proportional
to a temperature difference.

e Electrostatics and stationary currents: On I'p the potential is prescribed, whereas
the current density through I'y is fixed. Robin boundary conditions are known as
impedance boundary conditions.

e Molecular diffusion: The concentration is kept constant at I'p (for instance, on
the surface of a sediment layer), whereas release/absorption of the compound at a
constant rate occurs at I'y.

e Linear elasticity: The displacement of the membrane is enforced on I'p. On I'y
we usually have (j,n) = 0, which describes an edge of the membrane, on which no
force is exerted.

Definition 2.13. Assume that A and ¢ are bounded and continuously differentiable
on Q. Ifu e CHQ)NC'Q), je (CHN))IN(CO(Q))? satisfy [EDD), (ED) in a pointwise
sense, and the prescribed boundary conditions, then these functions are called a classical
solution of the boundary value problem.

Remark 2.14. In general it is impossible to establish existence and uniqueness of
classical solutions. This can be achieved for constant coefficients and pure Dirichlet or
Neumann boundary conditions, see [I3, Vol. I].

Remark 2.15. Boundary value problems that are closely related to ([E]) and (EI)
arise in electromagnetism in the context of the eddy current model. Then the various
quantities have the following meaning

curlu=-Aj, (FAL)
curlj=f+Cu. (AML)
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u — electric field (E) u] =1¥
j — magnetic field (H) [j] = 1§1
f — “generator current” [f] = 1Am ™2

Here, A is the tensor of the magnetic permeability, whereas C designates the conduc-
tivityll. Both satisfy the assumptions on A made for ([ET) and (EL).

The boundary value problem is posed for d = 3 and the following boundary conditions
are appropriate:

e Dirichlet/Neumann boundary conditions. They prescribe the tangential
components of either u or j on (parts of) I". For instance, this can be expressed by

uxn=g onl.

In contrast to (L) and (EL), in the case of (EAT]) and (AMIJ) u and j are com-

pletely symmetric. A distinction between Dirichlet and Neumann boundary con-
ditions is no longer possible.

e Impedance boundary conditions. This counterpart of the Robin boundary
conditions reads

(mnxu)xn=¢(jxn) onl.

Of course, mixed boundary conditions that impose the tangential components of either
u or j on different parts of I' are also possible.

So far, we have written the boundary value problems as first-order systems of
partial differential equations. By various elimination strategies, they can be converted
into equations involving second-order differential operators.

Plugging (EL)) into (EL) and the boundary conditions, we get the following primal
version of a general scalar second-order elliptic boundary value problem with the un-
derlying differential operator written in divergence form

—div(Agradu) +cu = f inQ,
u = g onlp,
(Agradu,n) = h onIly, (E2P)
(Agradu,n) +qu = 0 onlg.

Here we take for granted an underlying partition I' = ', UT y U T of the boundary I
However, if ¢ is unformly positive almost everywhere on €2, then u can be eliminated
from ([ETJ), which leads to the dual version of the second-order elliptic boundary value

IMore precisely, the equations are related to the eddy current model in frequency domain, for which
c is the conductivity scaled by a purely imaginary factor.
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problem
—grad(ctdivj) + A7) = —grad(c'f) inQ,
cldivi—f) = —g onI'p,
(jyn) = —h on 'y, (E2D)
¢ (j,n)+qdivy = qf onTp.

Remark 2.16. Similar manipulations can be aimed at (EAT]) and ([(AMI) and will
yield the partial differential equations

curlA'curlu+Cu = —f inQ,
curlC 'curlj+ Aj = curl(C'f) inQ.

—
S

It is clear how to incorporate the tangential boundary conditions.

2.4 Integration by parts

The boundary conditions proposed in the previous section have a clear physical sig-
nificance. c¢f. Remark The mathematical link between the boundary conditions
and the differential operators is provided by integration by parts formulas.

Below we assume that Q € RY, d = 1,2, 3, is bounded and an interval for d = 1, a
Lipschitz polygon for d = 2, and a Lipschitz polyhedron for d = 3. Throughout we adopt
the notation n = (nq,...,nq)? for the exterior unit normal vectorfield that is defined
almost everywhere on I' := 9§, see Sect. BTl

Integration by parts formulas have their roots in the calculus of differential forms [T,
but here we will pursue a classical treatment that sets out from Gauss’ theorem.

Theorem 2.17 (Gauss’ theorem). If f € (C1(Q))? N (C°())¢, then

/Qdivfdgz/r<f,n> ds .

Proof. Please consult [I5, § 15] and [28§]. O
By the product rule

div(uf) = u divf + (grad u, f)
for u € CY(Q), f € (C1(N))?, we deduce the first Green formula

/ (f,grad u) + divfu d€ = / (f,n) udS (FGF)
Q r

for all f € (C1(Q))4 N (C°(Q))¢ and all u € CH(Q) N C°(Q). Plugging in the special
f=fex, k=1,...,d, € the k-th unit vector, we get

/fagk ud€ = /funde (IPF)
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for f,u € C1(Q2) N C°(Q). We may also plug f = grad v into (EGH), which yields
/ (grad v, grad u) + Avud€ = / (gradv,n) udS (2.6)
Q r

for all v € C%(Q) N CL(Q),
In three dimensions, d
vector product)

u € CHQ)NCOQ).
= 3, another product rule (x stands for the antisymmetric

div(u x f) = (curlu, f) — (u, curlf)

for continuously differentiable vectorfields u, f € (C'(€))? can be combined with Gauss’
theorem, and we arrive at

/Q<curlu,f) — (u,curlf) d¢§ = /1“ (uxf,n)dsS (CGF)

Remark 2.18. For d = 1 Gauss’ theorem boils down to the fundamental theorem of
calculus, and ([EGH) becomes the ordinary integration by parts formula.

Exercise 2.1. Show that for f € (C*(Q))? N (C°(Q))?

/curlfdfz/fxndS.
Q r

Applying suitable integration by parts formulas reveals the canonical boundary con-
ditions associated with a linear partial differential operator. Let £ be a general p x p
(p € N) system of linear partial differential operators acting on p real valued functions.

Setting u = (uq,...,u,)", we multiply Lu by v = (vy,...,v,)", u, vx € C(Q), and
integrate over Q. By successive application of ([PE) all derivations are shifted onto v,
which yields

/ (Lu,v) —(u,L'v) d€ = /{boundary terms} dsS . (2.7)
Q r

Here, £* is the so-called adjoint differential operator, and the boundary terms will tell
us the boundary conditions pertinent to £: they are composed of bilinear pairings (of
derivatives) of components of u and v. Sloppily speaking, the pairings will always
comprise a Dirichlet and a Neumann boundary value.

Example 2.19. The system (L) and (EILl) can be rewritten as

¢ (o) =G =) 6)=(5)

38



2 Elliptic Boundary Value Problems

T

Let us set u = (j,u)T, v = (q,v)T and carry out formal integration by parts using (FGH)

/ (Lu,v) d€ = / <A_1j,q> + (grad u,q) —divjv — cuv d€
) Q
— / (j,A7'q) — (u,divq) + (j, grad v) — cuv d€
Q
—l—/ru (q,n) — (j,n) vdS .

This shows that in this case £L = £* and that the Dirichlet and Neumann boundary
conditions introduced above fit the first order system of partial differential equations.

Example 2.20. We investigate the formal procedure in the case of scalar second-
order differential operators in divergence form: if £ = —div(A(&) grad) then we have

to apply formula (EGH) twice:
/Euvdﬁz/ (A grad u, grad v) d£—/(Agradu,n> vdS
Q Q r
:/uﬁvdg—/<Agradu,n> v—u (Agradv,n) dS .
Q r

Pairings of the Dirichlet and Neumann boundary conditions imposed in problem (E2P))
constitute the boundary terms.

Exercise 2.2. Determine the formal adjoint and boundary terms for the second order
differential operator of (24I).

Exercise 2.3. The Stokes system in d dimensions reads

(a1 6)= )

where u is a vectorfield with d components (velocity) and p a real valued function (pres-
sure). The symbol A means the Laplacian applied to the components of a vector field.
Find the formal adjoint of the Stokes operator and the associated boundary conditions.

2.5 Formal weak formulations

We retain setting and notations of the previous section. In order to determine the
formal adjoint acording to (271) we moved all derivatives onto the test function v. The
formal weak formulation emerges by carrying this procedure half way through. We call
it formal, because we are going to take for granted that all functions occurring in the
various expressions are sufficiently smooth to render them well defined.
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The derivation of the formal weak formulation is best explained in the case of second
order operator, because in this case the construction of the formal adjoint already in-
volves two similar steps, one of which can simply be omitted. Consider a second order
scalar partial differential equation in divergence form, ¢f. ([E2P]) and Ex. 220,

Lu=—div(Agradu)+cu=f inQ.
Multiplying by a test function v € C*(2) N C°(Q) and applying the first Green formula
(EGH) leads to
/ (A grad u, grad v) + cuv d§ — / (Agradu,n) vdS = / fod€ (FWP)
Q r Q

for all v € C1(2) N CO(Q).
The same approach also succeeds with the partial differential equation from ([E2D)
Lj=—grad(c 'divj)+ A 'j=f inQ,

that is related to (E20)), and gives us

/ Ldivj divg + <A 3, q> d§ — / “tdivj (q,n) dS = / (FWD)
Q

for all g € (C*(Q))? N (C°(Q2))<.

Exercise 2.4. Derive the formal variational problem for the partial differential equa-
tion

curl A'curlu+ Cu=—f inQ.

In the case of the first order system comprised of (L) and ([EL]) the derivation of the
formal weak formulation is more subtle. The idea is to test both equations with smooth
vectorfields, for ([EI]), and functions, for ([EII), respectively, and integrate over 2, but
apply integration by parts to only one of the two equations: this equation is said to be
cast in weak form, whereas the other is retained in strong form.

We restrict ourselves to the case ¢ = 0. If we cast (EL) in weak form and use the
strong form of ([EL]) we get

/<j,q> i - —/<Agradu,q> & vq.
Q Q

—/Q<j,gradv)+/r<j,n>vd5 = /vadﬁ Yo .

Obviously, we can merge both equations, and the result will coincide with ([FEWP)). This
formal weak formulation is called primal.

(2.8)
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The alternative is to cast (ET)) in weak form and keep ([EI]) strongly, which results in
the dual formal weak formulation:

—/<A_1j,q>—|—u divqd¢ = /u(q,n} dS  Vq,
Q r

/Qdivjvdg = /vadg Yo .

Here, elimination of w is not possible, which leaves us with a so-called saddle point
problem. We will examine these more closely in Sect. B2

The above variational problems (EWP), (EWD), [23), and [Z9) are by no means
satisfactory, because they elude any attempt to establish well-posedness if considered in
spaces of continuously differentiable functions. First of all these spaces are not reflexive,
so that they fail to provide the framework supplied in Ch. [l Secondly, any attempt to
establish an inf-sup condition like ([S1l) will be doomed:

(2.9)

Example 2.21. Consider §2 =] — 1, 1] and the bilinear form

1

a(u,v) := /u’v'—l—uvd§

-1

on the Banach space C*([—1,1]), ¢f. Example [L8 Based on the family of functions

1
q(;(f):(S_lW, £€Q,0>0,

3

we choose u;(§) :== [~ ¢5(7) d7. By simple calculations

1 1

Jrulde=4n . [luslag = 4.

-1 -1

On the other hand [lus||c1q) = 6~ We conclude

|a(us, v)

1
wp < [+ s = 7 < ol
)
el

veC (Q)\{0} ||U”c~1(sz

Letting 6 — 0 rules out ([STI).
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2.6 The Dirichlet principle

Consider the homogeneous Neumann boundary value problem for (E2P)), i.e. Ty =T
and h = 0, and assume that c is strictly positive. Then the boundary term in (EXWPI)
can be dropped and we get the variational problem: seek u € C''(€) such that

/ (A gradu,gradv) + cuvd€ = / fvdé Yo e CHQ)NCOQ). (2.10)
0 Q

Evidently, its associated bilinear form is symmetric positive definite. The argument in
the proof of Thm. [L29 shows that a solution of (2I0) will be a global minimizer of the
energy functional

J:CHQ)—R , J) ::/<Agradv,gradv>+c]v|2d§—/fvd§.
0 0

This hints at the general fact that

selfadjoint elliptic boundary value problems are closely related to minimization
problems for convex functionals on a function space.

This accounts for their prevasive presence in mathematical models, because the state
of many physical systems is characterized by some quantity (energy, entropy) achieving
a minimum.

Let us try to elaborate the connection for second-order scalar elliptic boundary value
problems. As in Sect. let T' := 99 be partitioned into I'p (Dirichlet boundary), T'y
(Neumann boundary), and I'g, with [['p| > 0. For g € C°(T) define the affine subset of
CHQ)NCY Q)

X, ={uel(Q)nNC’(Q): u=gonTlp}.

Consider the strictly convex functional J : X; — R

1 1
J(v) ::§/Q< gradv,gradv)+c|u|2d£—/ﬂfvd£+5/F qudS—/F hvdS .

A necessary and sufficient criterium for u to be a global minimum of J, is

d
—J(u + Tv) =0 YveX,
dr |7=0

which is equivalent to the linear variational problem: seek u € X, such that

/(Agradu,gradv> +cuvd§+/
Q

Tr

quv:/fvd£+/ hvdS Vv e Xq. (2.11)
Q Iy
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Remark 2.22. Strictly speaking, (2I1)) does not match the definition (LVP) of a
linear variational problem, because the unknown is sought in an affine space rather than
a vector space. Yet, (2I0) can easily be converted into the form (VP by using an
extension u, € C1(Q) N C°(Q) of the Dirichlet data, that is, u, = g on I'p, and plugging
u := uy+0u into (Z1T]), where, now, the offset 0u € X assumes the role of the unknown
function and u, will show up in an extra contribution to the right hand side functional.

Assuming extra smoothness of u, more precisely, that u € C?(Q) N C1(2), we can
resort to (EGH) and arrive at

/(— div(A grad u) + cu) vd€ + / ((Agradu,n) — h)vdS
Q

I'n

+/FR(<Agradu,n>—|—QU)vdS:/QfUd§ (2.12)

for all v € Xy. Notice that contributions to the boundary terms from I'p turn out to be
zero, because vjr = 0. Of course, in (ZI2) we can use a test function that is compactly
supported in 2, i.e., vjr = 0. Then we conclude

—div(Agradu) +cu=f in Q.

This implies that (2.12) can be condensed into

/((Agradu,n>—h)vd5+/ ((Agradu,n) +qu)vdS =0 Yve Xy,

I'n Tr

from which we infer the boundary conditions
(Agradu,nm)=h only , (Agradu,n)=—qu onTlg.

Summing up, by these formal manipulations we have discovered that a smooth minimizer
of J will solve the second order elliptic boundary value problem ([E2P)). Moreover, we
derived the PDE via the variational problem (2I1I), which emerges as the link between
the PDE and the minimization problem, see Fig. Z4l Therefore, numerical methods for
variational problems are also suitable for solving a certain class of optimization problems.

BVP for Symmetric, Minimization
selfadjoint — positive definite & of strictly convex
elliptic PDE variational problem (energy) functional

Figure 2.4: Relationship between minimization problems, variational problems, and el-
liptic boundary value problems

Another important hint about the proper variational formulations of elliptic BVPs is
offered by the connection with minimization problems. From the above considerations
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we instantly see how to incorporate Dirichlet boundary conditions into a variational
formulation of (E2P)): they have to be imposed on the trial space, whereas the test
functions have to vanish on I'p. Conversely, Neumann boundary conditions show up
neither in the test nor in the trial space, but are taken into account by an extra term on
the right hand side of the variational problem. Eventually, Robin boundary condition
affect the bilinear form.

This motivates the following distinction of boundary conditions with respect to a
variational formulation of a boundary value problem:

Essential boundary conditions : boundary conditions that involve a constraint
on trial and test functions

Natural boundary conditions : boundary conditions that are reflected in the
variational equation.

The classification clearly hinges on the variational formulation. Consider the boundary
value problem (E2DI) with T'y = I'. This will be related to the global minimization of
the functional

1

J(v) = 5/90‘1\divv\2—|—A‘1|v\2d§—/gc_1fdivvd§

over the space
X, :={ve(CYN))*N(C°(Q))?, (v,n) =h}.

This gives rise to the variational problem: find j € X_j such that
/ cHdivj divv + (A7, v) dé = / clfdivvdé Vv eX,. (FVD)
Q Q

Obviously, the Neumann boundary conditions turn out to be essential boundary condi-
tions in this case. Dirichlet boundary conditions will become natural boundary condi-
tions.

Exercise 2.5. Consider (E2D) in the case I' = T'p, find the related minimization
problem and derive the associated formal variational problem

However, recasting the boundary value problems as minimization problems does not
cure the fundamental problems inherent in the use of the spaces C™(€2): in general it is
not possible to establish existence of minimizing functions in these spaces.

2.7 Sobolev spaces

Example 2.23. Consider heat conduction in a plane wall composed of two layers of
equal thickness and with heat conductivity coefficients x; and k5. The inside of the wall
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is kept at temperature u = uy, the outside at v = 0. Provided that the width and the
height of the wall are much greater than its thickness, a one-dimensional model can be
used. After spatial scaling it boils down to
4 d d .
j=—k(¢)—u |, d_éj:O , uw(0)=0, wu(l)=uy, (2.13)
where
& for0<é&<3,
K(§) =
& forg<&<1.
An obvious “physical solution” that guarantees the continuity of the heat flux is

ATBINS

o for0 <& <3,

N 2.14

u(€) Zum(€ =D L forlce<t o
K1+ Ko 1 i |

Evidently, this solution is not differentiable and can not be a “classical solution”.

The concept of classical solutions sought in spaces of continuously differentiable
functions and satisfying the partial differential equations in a pointwise sense is
inadequate for elliptic boundary value problems describing physical phenomena.
The right approach is to reinterpret the boundary value problem in terms of
a suitable variational formulation or of an underlying minimization problem,
respectively.

Once we have accepted that the variational problem is the principal problem, the issue
of suitable function spaces is turned upside down.

The function spaces that offer the framework for considering the variational
problems are chosen to fit the variational problem in the sense that (for linear
variational problems) the bilinear form is continuous and, if possible, satisfies
certain inf-sup conditions.

2.7.1 Distributional derivatives

If we want to invoke the variational framework to investigate the elliptic boundary
value problem from Example we still need a concept of the derivative u’ of u from
(214)). To this end we introduce the space of test functions

CyP(Q2) :={veC™(): suppv:={£€Q: v() #£0} CQ}

on an open domain Q C RY.
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Definition 2.24. Let v € L*(Q) and o € NJ. A function w € L*(Q) is called the
weak derivative or distributional derivative 0“u (of order |a|) of u, if

/wvd£ = (—1)l /u@avdﬁ Yo e C5°(Q) .
Q

Q

Based on this definition, all linear differential operators introduced in Sect. can be
given a weak/distributional interpretation. For example, the “weak” gradient grad u of
a function u € L*() will be vectorfield w € (L?*(€2))¢ with

/Q<W,v> dé = —/Qu divvde Vv e (C(Q)) . (2.15)

This can be directly concluded from ([EGE]). The same is true of the “weak divergence”
w € L*(9) of a vectorfield u € (L?(2))?

/wvd£ = —/ (u,gradv) d¢ Vv € C5°(Q) . (2.16)
Q Q

Exercise 2.6. Provide a definition of the “weak” curl analoguous to (Z1H).

The term “weak derivatives” is justified, because this concept is a genuine generaliza-
tion of the classical derviative.

Theorem 2.25. If u € C™(Q), then all weak derivatives of order < m agree in L*(Q)
with the corresponding classical derviatives.

Proof. Clear by a straightforward application of ([PH). O

Hence, without changing notations, all derivatives will be understood as weak deriva-
tives in the sequel. Straight from the definition we also infer that all linear differential
operators in weak sense commute.

Remark 2.26. If u has a continuous m-th classical derivative, m € Ny, in ) except
on a piecewise smooth g-dimensional submanifold, ¢ < d, of 2, and u has a weak m-
th derivative in 2, then the latter agrees with the pointwise classical derivative almost
everywhere in ).

The following lemmata settle when “piecewise derivatives” of piecewise smooth func-
tions can be regarded as their weak derivative.

Lemma 2.27. Let Q C R? be bounded with Lipschitz boundary and assume a partition
Q=0UQ, Q2 NQ =0, where both sub-domains are supposed to have a Lipschitz
boundary, too. Assume that the restriction of the function u € L*(Q) to O, | = 1,2,
belongs to C* () and that ujg, can be extended to a function in C*(SY).

Then u possesses weak derivatives a%, k=1,...,d, if and only if u € C°(Q). In this
case
a .
ou 26, W if €€y,
g = 2.17
) .17

a .
e U0 if €€y .
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Proof. Using lcoally supported test functions in the definition of the weak derivative,
it is clear that (ZI7) supplies the only meaningful candidate for the weak derivative of
u. Then we appeal to (EGEH) and the fact that any crossing direction ny, of the interface
Y = 0Q; N 0y will be parallel to the exterior unit normal of one sub-domain, and
anti-parallel to that of the other. Thus, we get the identity

by

/Ql (grad, u, v) d£+/92 (grad, u,v) d€ = —/Qudivvd§ —l—/ [uly, (v,ny) -ndS ,

where [u]y, € C°(X) stands for the jump of u across ¥ and grad,, denotes the “classical
gradient” of a sufficiently smooth function. Thanks to the assumptions on « this will be
a continuous function on . As

/[U]E (v.ns) ndS—=0 WveC®Q) o [ul,=0,

the assertion of the lemma follows from the definition of the weak gradient. 0J

Example 2.28. The weak derivative of the temperature distribution from Exam-
ple is given by

ul(f) . 2u1/<52(f£1 + K/Q)_l if 0 < 5 < % ,
) 2uik (kg + Re) 7Y if1<g<1.

Exercise 2.7. For Q =|0; 1[? give an example of a function u € C''(Q) that does not
possess a gradient in L?(2).

Corollary 2.29. Under the geometric assumptions of the previous lemma let wq,
belong to C™ () with possible extension to C™1(Q;). Then

O*uc L*(Q) VaeN |aj<m & wuweC™'(Q).

Lemma 2.30. We retain the assumptions of Lemma [2.27 with the exception that u
is replaced by a vectorfield u € (L*(Q))* with restrictions wjg, € (C*(y))* that can be
extended to continuously differentiable functions on Q, | =1,2.

Then u has a weak divergence divu € L*(Q), if and only if the normal component of u
s continuous across X = 02 N0y, Its divergence agrees with the classical divergence
on the sub-domains.

If d = 3, u has a weak rotation curlu € (L*(2))3, if and only if the tangential
components of u are continuous across X. The combined rotations on the sub-domains
yield the weak rotation.

Exercise 2.8. Prove Lemma
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Remark 2.31. A meaningful divergence marks vectorfields of flux type, cf. Sect.
Hence the tangential continuity asserted in Lemma 30 just reflects that such a vec-
torfields must have meaningful flux through a surface that is only slightly affected by
minute perturbations of the surface.

Exercise 2.9. Specify a vectorfield u € L*(] — 1; 1[?) with divu = 0, |u| = 1 almost

everywhere in | — 1/2,1/2[ and supp u = [—1/2, 1/2]. Define
v Ov.\r
1 = (- —
eurlo v = (=3¢, 7g,

and find v € L*(] — 1;1[?) such that u = curlyp v.

Bibliographical notes.  Weak derivatives can be motivated through the theory of
distributions. For details the reader is referred to [33, Ch. 6].

2.7.2 Definition of Sobolev spaces

In Sect. we learned that the formal variational problem associated with the pure
homogeneous Neumann problem for ([E2P) is: seek u : Q +— R such that

/(Agradu,gradv>+cuvd§:/fvd§ Yo . (2.18)
Q Q

We already know that grad has to be used in distributional sense. The concrete spaces
have deliberately been omitted in (ZI8), because we want to heed the guideline formu-
lated in the context of Example and set out from (EZI8) and design the “ideal” space.
It goes without saying that the investigation of (ZI8) is easiest, when the underlying
Banach space V' features the energy norm

ol = | (A grado.grad) + clof dg (2.19)

as its norm. So we arrive at the preliminary “definition”
Vi={v:Q+— R: energy norm ([ZI9) of v < oo} .

This has led us straight to a pivotal concept in the modern theory of elliptic boundary
value problems.

Definition 2.32. For m € Ny and Q C R? we define the Sobolev space of order m
as

H™Q) :={ve L*(Q): 0% € L*(Q), ¥|a| <m},
equipped with the norm

1
2 2
lollim = (3 16%0la)) "

la|<m

A wector field is said to belong to H™(SY), if this is true of each of its components.
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Notation: For all m € Ny and 2 C R?
o 12 %
Ol = (22 10%00320))
|a|l=m

denotes a semi-norm on H™((2).
The Sobolev spaces are a promising framework for variational problems; see [43, Thm. 3.1]:

Theorem 2.33. The Sobolev spaces H™(S2), m € Ny, are Hilbert spaces with the inner
product

(U, V) gy = Z (0%, 0%0) 12(q)  w,v € H™(Q).

la[<m

The above Sobolev spaces are based on all partial derivatives up to a fixed order. We
can as well rely on some partial derivatives or any linear differential operator in the
definition of a Sobolev-type space.

Definition 2.34. If D : (C*(Q))! — (C>*(Q))*, I,k € N, is a linear differential

operator of order m, m € N, we write
H(D;Q) == {ue (H" ()" : Due (L*(Q)"},

where the corresponding norm on this space is given by

Il oy = (Ialms@) + 1D ulFe) -
The kernel of D in H(D; Q) will be denoted by
HDO0;Q):={uec HD;Q): Du=0}.
An analogue of Thm. holds true for such spaces H(D; ).

Example 2.35. The most important representatives of spaces covered by Def. P234]
are

H(div; Q) := {u € (L*(Q))?: divu e L*(Q)}, (2.20)
H(curl; Q) := {u e (L*(Q))?: curlu € (L*(Q))%}, (2.21)
H(AQ):={ve H(Q): Aue L*(Q)}. (2.22)

and, derived from them, H(div 0;2) and H(curl0;2).

Exercise 2.10. Show that H(D0; () is a closed subspace of H(D;2).
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Remark 2.36. On an intersection of Hilbert spaces we use the product norm:
2 2 2
ullyaw = llully +llully, . weVWw. (2.23)
For instance, this can be used to introduce the Hilbert space H(div; Q) N H (curl; §2).

>From now we confine Q C R? to the class of computational domains according to
Def. from Sect. Il We recall a definition from functional analysis

Definition 2.37. A subspace U of a normed space V' is called dense, if
Ve>0,veV: FuelU: |v—ul,<Le.

This means that elements of a dense subspace can arbitrarily well approximate ele-
ments of a normed vector space.
Then we can state a key result in the theory of Sobolev spaces, the famous Meyers-

Serrin theorem, whose proof is way beyond the scope of these lecture notes, see [43,
Thm. 3.6]:

Theorem 2.38. The space C®(S)) is a dense subspace of H™(Q) for all m € Ny.
Moreover, the space (C*(Q))¢ is a dense subspace of H(div;Q) and H(curl;Q) (d =3
in the latter case).

The first fundamental insight gleaned from this theorem is that, putting it bluntly,

the Sobolev spaces H™(S2), H(div; (), and H(curl; Q) themselves are immate-
rial. It is only their norms that matter.

How can we make such a bold claim. The answer is offered by the procedure of
completion, by which for every normed space one can construct a Banach space, of
which the original space will become a dense subspace, see [26, Thm. 2.3]. In addition,
the completion of a normed space is unique, which means that the completion of a space
is completely determined by the normed space itself: the procedure of completion adds
no extra particular properties.

Owing to Thm. we can give an alternative definition of the Sobolev spaces.

Corollary 2.39. The spaces H™(Q2), H(div;?), and H(curl;Q) (for d = 3) can be
obtained by the completion of spaces of smooth functions with respect to the corresponding
norms.

All assertions about Sobolev spaces will be assertions about properties and
relationships of their norms.
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Remark 2.40. Thm. also paves the way for an important technique of proving
relationships between norms. If we have an assertion that boils down to and (in)equality
of the form

A(u) < B(u) or A(u) = B(u) (2.24)

claimed for all functions u of a Sobolev space and involving continuous expressions A, B,
then it suffices to prove (Z224)) for the dense subspace of smooth functions.

Exercise 2.11. Show that there is a 7 > 0 independent of u and ¢ such that

lgull o) <7 laller lull ey Ve e CH (), uec H'().
Give a bound for 7.

Example 2.41. For Q := {& : [£] < 1} the function s, : Q — R, s,(&) := |€]%,
a € R, belongs belongs to L*(Q) if and only if @ > —d/2, because

1
/|§‘2a d¢ = |B1(0)| /r2a+(d_1)dr<oo & 2a+d—1>-1,
Q
0

where |B;(0)] is the volume of the unit sphere in d dimensions. Hence,
S € H"(Q) & a>—-d24+4m or aeNj.

This example shows that Sobolev norms are a good probe for the strenght of singu-
larities. By a singularity we mean the behavior of a function or of some of its derivatives
to become unbounded on a lower dimensional submanifold of €.

Example 2.42. For the function s; :]0;1[— R, si(z) = sin(knz), k € N, trivially
holds

sk HHW(}O;I[)

||3k||L2(}0;1[) - %\/5 ) ”SkHHm(]o;l[) = (km)™ %\/5 = (km)™ .

sk HLQ(}O;I[)

This demonstrates that ratios of Sobolev norms of different order can be used to
gauge the smoothness of a function. The role of Sobolev norms as a very versatile tool
is summarized in Fig. 228

2.7.3 Embeddings

If two Banach spaces V and W both contain U as a dense subspace, and the norm of
W is stronger than that of V on U, i.e.,

I >0: ully <vllully Vuel,
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Sobolev norms I

Provide frame- Control singularities Help to assess
work for wvariational of functions smoothness of func-
problems related tions

to boundary value
problems for PDEs

Figure 2.5: Use of Sobolev norms

then W can be regarded as a subspace of V', because both arise as completions of U.
To begin with, it is straightforward that

m<n = ulgmg < [l Yue Q).

Following Remark 2240 this amounts to the continuous embedding H"(2) into H™(£2),
that is, the canonical injection is continuous.

Exercise 2.12. Can H'(2) be regarded as a closed subspace of L*(Q)?

Example 2.43. Functions from Sobolev spaces do not necessarily take finite values
in all points & € Q). Consider

u(€) = e = 37" e 12(0;1]),

but u(3)

Q.

Example 2.44. A computation of the norm in polar coordinates shows that the
function u(&) = log [log(|€| /e)| belongs to H*({& : |&] < 1}). Obviously, this function is
not bounded. In other words, for d = 2 the space H'(2) is not continuously embedded
in CO(Q).

Example 2.45. We consider d = 1 and use Q =|0; 1[. Then we apply the trick from

Remark we pick an arbitrary u € C*°(£2) and find, by the fundamental theorem of
calculus and the Cauchy-Schwarz inequality in L?(]0; 1[),

S ,
< (/1(17)2 (/(u'(T))QdT)Q < 1&—nl* el 2qoup -
n n

\wa—umnzkjwvnh
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By another application of the Cauchy-Schwarz inequality,

u(§)

1 1 1
1
/U(i) — u(n) +u(n) dn < /\5 =12 [|v/]| 120 d”*/“(m dry
0 0 0
<Nl z2qoap + lull L2qoap < V2 lell g2 gouapy

we conclude that
HUHOO(]o;l[) < \/§”U||H1(]o;1[) Vu € C([0;1]) . (2.25)

Thanks to Thm. 38, for any w € H'(Q2) we can find a sequence {uy}2, C C*°(Q) such
that o, +=%, 4, in H'(Q). Since {uz}g2, is a Cauchy sequence in H'(Q), [Z23) tells
us that it will also be a Cauchy sequence in C°(Q). By completeness of C°(Q) its limit
will be a continuous function. Uniqueness of the limit confirms that w will agree with a
continuous functions almost everywhere. Further, the estimate (22H) will extend to w.
Summing up, we infer the continuous embedding H'(2) C C°(Q) for d = 1.

Exercise 2.13. Determine a (reasonably small) bound for the norm of the canonical
injection H'(Q) — C°(Q) for Q =], 8], o, B ER, a < .

These examples fit a general pattern, see A3, Thm. 6.2].
Theorem 2.46. If and only ifd/2 < m, m € N, then H™(2) is continuously embedded
in C°(Q).

2.7.4 Extensions and traces

Again, we suppose that Q C R? is a computational domain. We call a function
u € L*(R?) an extension of u € L*(Q), if Ujg = u in L*(Q2). Here, the restriction has to
be read in the sense of distributions, that is,

/ﬂgvdﬁz/ﬂvdﬁ Yo e C5°(9) .
0 Q

An extension operator is a linear operator that maps functions from a subspace of
L?(2) into a subspace of L*(R%). It is a non-trivial task to establish the existence of
extension operators that are continuous in certain Sobolev norms, ¢f. [43, Thm. 5.4].

Theorem 2.47. For every m € N there is a continuous extension operator E,, :

H™(Q) — H™(R?).
Similar extension theorems remain true for H(div;2) and H (curl; §2).

Exercise 2.14. Give an explicit construction of E; in the case Q =]0; 1].
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In order to give a meaning to essential boundary conditions in the context of Sobolev
spaces, we have to investigate “restrictions” of their functions onto I' or parts of it. By
a trace operator R, on a Sobolev space H™(f)) we mean linear mapping from H"™ ()
into a subspace of L*(T'), " := 99, such that

(Rpu)(€) =u(g) VEeT, VueC®0Q).

In a sense, a trace operator is the extension to H™(€2) of the plain pointwise restriction
ujr of a smooth function u onto I'. It is by no means obvious that such trace operators
exist (as continuous mappings H™(Q) — L*(T")).

Example 2.48. For u € L*() a continuous trace operator cannot be defined. In
particular, a trace inequality of the form

Eh/t >0 HU|FHL2(F) < Mt ||u||L2(Q) Vu € Coo(ﬁ) (226>
remains elusive. Indeed, let 2 =]0; 1[*> and, for 0 < h < 1, define

0 ifth<6<1,0<86 <1,
U(é):: 1 & -

Then we can compute

1 2
| = /O [0(0, &) déa < [loir|[2 0y -

and

1 1
2 _ _é y=51/n N2 e — h
ol = [ (1= 5 ae "2 n [ =Py =,

If ([228) were true, there would exists a constant 7, > 0 such that 1 < $yh. For h — 0
we obtain a contradiction.

A continuous trace operator can only be found, if we have control of derivatives of the
argument functions:

Theorem 2.49. The trace operator Ry is continous from H'(Q) into L*(T'), that is,
EI’Yt >0: HU|FHL2(I‘) < Tt HuHHl(Q) Vu € Coo(ﬁ) :

More precisely, the following multiplicative trace inequality holds true:

Q) > 05 R ullZaqy < 9O el ooy {1l ooy + lgradulg } Vu e HY(Q).
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Figure 2.6: Distances t;.

Notation: Writing v(€2) we hint that the “constant” v may only depend on the domain
Q.

Proof. The proof will be presented for a convex polygon € only: denote by & the
center of the largest d—dimensional ball inscribed into {2 and by pq its radius. Without
loss of generality, we suppose that & is the origin of the coordinate system. We start
from the following relation

/ v*€-ndS = / div(v?¢)d¢, ve HY(Q). (2.27)
o9
Let n; be the outer unit normal to €2 on the edge I';, 7 € S. Then
(€,n,) = |€llny| cosa = ¢ cosa = t;, E€Ty, j €S, (2.28)
where ¢; is the distance from £ to I';, see Figure Obviously,
t;>po Vj€ES (2.29)

From (Z28) and ([(ZZ9) we have
/ v2€-ndS = Z/ v*¢ -n;dS = Zt/vdS

Jjes jeSs

>PQZ/ v dS = pallvllizaa)-

jeSs

(2.30)
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Moreover,

/div(vzﬁ) d¢ = / vidivE + <£,grad(v2)>d£
@ @ (2.31)
—d [ vdg 2 [ vlggrade) d < ol +2 [ Jo(6 gradv)]| de

With the Cauchy inequality the second term in the right hand side of (231]) is estimated
as

{/W@gﬂwﬂﬁé2?yﬂ/WMWMM%S2%Whmwmmy (2.32)
Q € Q

Then ho/po < Cy, (22), (230), (3T) and E32) give

1
lolsom < - [2holloll vl +dlvlise)
p (2.33)
S P e

which yields the destined inequality with C' = 'y max {2, dhgl}. U

Corollary 2.50. The Neumann trace u — (gradu,n)g, u € CYQ) can be ex-
tended to a continuous mapping H*(Q)) — L*(T).

Notation: The trace operator Ry is often suppressed in expressions like fr v...dS,
when it is clear that the restriction of the function v € H'(€) to a boundary T is used.

If Ty denotes a part of I’ with positive measure, we can restrict Ry u, v € H'(Q), to
Iy, write Rp, for the resulting operator, and trivially have the continuity

3500 (Regull gy <7l Ve H'(Q).

Given the continuity of the trace operator, we can introduce the following closed subspace
of H'(Q).

Definition 2.51. For m € N and any part Iy of the boundary ' of Q with |To| > 0
we define

H(Q) == {ve H(Q): Ry, (0%) =0 in L*(Ty), Va € N§, |a| <m} .
If Ty = T we write Hi*(2) = HE! (€2).

Obviously, the spaces Hp, (Q2) are closed subspaces of H'(2). Another important
density result holds true, see 43, Thm. 3.7].

Theorem 2.52. The functions in C*(2) whose support does not intersect I'y form a
dense subspace of H{?(2), m € N. In particular, C§°(S2) is a dense subspace of Hi*(2).
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By Thm. the trace operator R; maps continuosly into L?(T'). This raises the
issue, whether it is also onto. The answer is negative.

Example 2.53. On Q =|0; 1[* consider the functions

sinh(k7&s)

sinh(km) ’ FeN.

u(&) = sin(km&y)

Its restriction to the upper boundary segment T', := {(&, 1), 0 < & < 1} is v (&) =
sin(k7&;) and a straightforward calculation ylelds

U /cosh(kmés)
L2(Q)

Since, Aug = 0 the function wuy, is that extension of vy with minimal H'(Q)-seminorm
and zero boundary condition on IV :=T"\ T,.
Next consider the series

e
a&l 2

which converges in L?*(]0;1[). The extension of vy to Hy /() with minimal H'(Q)-
seminorm is given by

al inh(km&s
un(§) = Z % Sin(k‘ﬂfl)%

k=1
However, this series diverges in H'(Q).
The question is, how we can characterize the range of the trace operator R;. Let

I' temporarily stand for a connected component of the boundary of 2. We start by
introducing a norm

[0l gr2ry = f{[lw]l ) = w € C*(Q), wir = v} (2.34)

on the space of restrictions of smooth functions to I'. Tt is highly desirable that this
norm is intrinsic to I', that is, switching to another domain €2, for which I' is also a
connected component of the boundary, and using (34 produces an equivalent norm.
It turns out that this is true as a consequence of the extension theorem Thm. E247

Exercise 2.15. Show that (2234]) defines a norm on C'*° (ﬁ)\r that arises from an inner
product.

Exercise 2.16. Assume that {2 is a computational domain with connected boundary.
Create another computational domain 2 C € by punching out a hole of the interior of
2. Show that (2234) spawns equivalent norms for Q and (2.
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Definition 2.54. The completion of C’O"(ﬁ)‘F with respect to the norm ||| gy 4s
designated by H'?(T).

The next theorem shows that the definition of the H"?(I')-norm is really intrinsic, see
43, § 3].

Theorem 2.55. The space H'/*(T') is a Hilbert space and can be equipped with the
(equivalent) Sobolev-Slobodeckij-norm

o]y = / / %dswdsw

Exercise 2.17. For I' := {£ € R?: |[€] = 1} show that the Sobolev-Slobodeckij-norm
IRl HY2(D) of the function

1 foré& >0,

g:T'—=R | 9(5)2={0 for &, < 0.

is not bounded. This means that this functions does not belong to H7?(T").

Theorem 2.56. The trace operator Ry : H'(Q) — H'*(T') is continuous and surjec-
tive and has a bounded right inverse Fy : H*(T') — H'(Q), ie., RioF, = Id.

Exercise 2.18. Show the following Hardy inequality in one dimension

/1 u(é)

2.7.5 Dual spaces

2
d€ <2 [ulfgeny  Yu € Hy(J0;1]) -

It is easy to verify that

uv d€
[l = sup 2%

(2.35)
veHL(Q)\{0} HUHHl(Q)

defines a norm on L?(Q). Thanks to the density theorem Thm. we have the equiv-
alent definition

uv d€
[ull g1y == sup 7&2 :
veCs® (2)\{0} HUHHl(Q)

It can be shown that this norm arises from some inner product on L?(€2).

Definition 2.57. The completion of L?(Q) with respect to the norm given by [2.33 is
called H=1(Q).
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2 Elliptic Boundary Value Problems

Lemma 2.58. The space H=(Q) is a Hilbert space, which is isometrically isomorphic
to (Hy ()"

Proof. For any u € L*(Q) the mapping f, : v € Hj(Q) — [,uvd€ is a continuous
functional on H}(€) with norm

<fuav>(H1(Q))*><H1(Q) f uv d§

0 0 Q

Hfu||(H5(Q))*— Sup vl SHup HUHH
veHL(Q) H(Q) vEH;(Q) L)

= ||u||H*1(Q) - (2.36)

This establishes an isometric imbedding of L?(Q) into (HZ(€2))". Hence, L*(f2) can be
regarded as a subspace of (H(Q))". If it was not dense (see Def. EZ37) than the Hahn-
Banach theorem would guarantee the existence of a non-zero w € Hg(Q) = (H}(Q))™,
such that

<fww>(H3(Q))*ng(Q) = /Quwdg =0 VYueL*Q).

This cannot hold for w # 0 and provides the desired contradiction. By the uniqueness
of completion and (Z36) we get the assertion. O

Remark 2.59. By construction we have the continuous and dense embeddings
H™H(Q) = (Hy ()" C LX(Q) € Hy(Q) .
Sometimes, such an arrangement is called a Gelfand triple.

Notation: Often the integral [, ...d& is used to denote the duality pairing of H~'()
and Hg(Q).

Exercise 2.19. By the Riesz respresentation theorem Thm. (H}(£2))" can be
identified with Hj(£2). On the other hand it can also be identified with H (). Regard
a function u € L*(Q) as an element of H'(Q2) and formulate a boundary value prob-
lem, whose solution will yield the function from H;(f2) that the Riesz-isomorphism will
associate with wu.

Exercise 2.20. For Q =]0; 1] find a functional in H~(2) that does not belong to
(H'(Q)".

The same considerations that above targeted H}(€2) can be applied to HY*(T') on a
surface without boundary. This will yield the Hilbert space H~"?(T"), which contains
L*(T) and is (isometrically isomorphic to the) dual to HY?(I'). As before, the integral
fr ...dS is often used to indicate the corresponding duality pairing.

Exercise 2.21. Show that for fixed £ € I' the functional d : C’O"(ﬁ)‘F — R, d(u) =
u(€), does not belong to H~7?(T").
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2 Elliptic Boundary Value Problems

Dual space play a crucial role when it comes to defining traces of vectorfields.

Lemma 2.60. The normal components trace R, foru € (C*(Q))?, defined by Ry u(§) :=
(u(&),n(&)) for all & € T, can be extended to a continuous and surjective operator

Ry @ H(div; Q) — H=72(T).

Proof. Pick some u € (C*(Q))?. By (EGH) and the Cauchy-Schwarz inequality in
L2(Q2) we find

(u,n)vdS
o)y = swp  Artwn)vdS
veHY2(T)\{0} ||U||H1/2(r)
1
= sup — / (u,grad Fyv) +divu Fyvd€
ve HY/2(T)\{0} HU||H1/2(F) Q
IF1 0]l g1
= Tl Il iy < IFUl ey mio) 10l a@ivo) -

where v := F;v, which means that Ry v = v, see Thm. Z58. Applying the principle
explained in Remark 240 shows the continuity of R, asserted in the Lemma.

To confirm that R, is onto H~7/?(T'), we rely on the symmetric positive definite linear
variational problem: seek u € H'(2) such that

/ (grad u, grad v) + uv d€ = /h RivdS Vve HY(Q). (2.37)
Q r

Here, h is an arbitrary function from H~"2(T') and, clearly, the boundary integral has to
be understood in the sense of a duality pairing. By the results of Ch. [l the variational
problem (237) has a unique solution in H*(2).

Testing with v € C§°(£2) and recalling the definition of weak derivatives, see Def. [Z24]
we find that

—div(gradu) +u =0 in L*(Q).

Note that div has to be understood as differential operator in the sense of distributions
according to (ZIH). This shows div(grad u) € L?(Q), which allows to apply (EGEH) to

B.37):

/(—div(gradu)+u> vd£+/<gradu,n) RlvdS:/h RivdS
Vv - F

~ r

=0

for all v € C=(£2). By a density argument, this amounts to h = (grad u,n) in H~7*(T")
U

Based on this trace theorem, we can introduce the following closed subspace of H (div; Q2)

Ho(div; Q) :={v € H(div;Q2) : R,v=0}.

60



2 Elliptic Boundary Value Problems

Moreover, the trace theorems for H'(€) and H (div; ) enable us to apply the argument
elaborated in Remark 2240 to (EGE]). Hence this integration by parts formula is seen to
hold for all f € H(div; ) and u € H'(Q):

/ (F, grad u) + div fudé — / (f.n) udS VE € H(div:Q),u€ HY(Q). (FGF)
Q T
Exercise 2.22. Show that

Ho(div0: Q) = {v € (L2(Q))° - /Q<v,gradw> de =0 vwe HY(Q) ).

Exercise 2.23. Show that for d = 3 the tangential trace Ry, for u € C°°(Q) defined
by (Ryu)(§) := u(§) x n(§), &€ € T', can be extended to a continuous operator Ry :

H(curl; Q) — (H~*(I"))?, where (H~"?(T"))? is understood as the dual of (H"*(I"))>.

2.8 Weak variational formulations

With Sobolev spaces on hands, we are ultimately in a position to put the variational
problems derived in Sects. and 20l into the framework of Ch. [1
The considerations of the two previous sections show that

e the Dirichlet data g have to be a restriction of a function from H"?(T') to I'p.

e the Neumann data h on I'y must be chosen such that their extension by zero to
all of T belongs to H~*(T").

First, we examine (ZI1) for ' = (). We take the cue from Remark and aim
to implement the “offset policy” to get a problem of the form ([VP)): we appeal to
Thm. to introduce u, := F; g € HY(Q), whence § € H*(T') is a suitable extension
of the Dirichlet data g. Then the “rigorous” formulation of (ZTT]) reads: seek u € H}: (€2)
such that

/ (A grad(u + u,), gradv) + ¢ (u+ u,)vd€ = / fod€+ / hvdS (EVP)
Q Q 'n

for all v € H}_(€2). The surface integral over I'y has to be viewed as a duality pairing
on H=2(T") x HY*(T') after an extension of h by zero.

Evidently, ([EVD)) is a linear variational problem on the Hilbert space V := H} ().
The bilinear form associated with (EVDP]) is

a(u,v) := / (A grad(u + u,), gradv) + ¢ (u+ug)vd€ w,ve H (Q).  (PBF)
0
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2 Elliptic Boundary Value Problems

The right hand side functional is given by

(fo0)yery = [ fodé+ [ hwdS wve HE (Q).
[ree]

By virtue of the boundedness of the coefficient functions A and ¢, see (UPDI), the
continuity of a is an immediate consequence of the Cauchy-Schwarz inequality ([CSI) in
L?(2). The continuity of the right hand side functional can be concluded from ([CSI])
and the trace theorem Thm. Thus, the setting of Sect. is established.

If ¢(€) > 7. > 0 for almost all & € Q existence and uniqueness of solutions of ([EVD)
is immediate, because, by virtue of the assumption ([UPD]) on A, the associated bilinear
form is H%D (Q)-elliptic. If ¢ = 0, the case is settled by the following key lemma.

Lemma 2.61 (Poincaré-Friedrichs inequality). IfI'p C I' with positive measure,
then there is vp = vp(2, T'p) such that

[ull o) < vF lulgrq) Yu € Hy, () .
IfT' =Tp, then vg > 0 may only depend on the diameter
diam(Q) :=inf{r >0: I eRLveR, jy|=1: 0<((—&v) <72VE€ Q).

Proof. We will only tackle the case I'p = I'. Remembering Remark 2,40 we need only
establish the estimate for u € C§°(12).
We can choose a Cartesian coordinate system such that

Qc{ecR 0< & <ri:=diam(Q)} .

Moreover, as u is supported inside €2 we can extend all integrations to a tensor product
domain §2'x]0,r[ that contains €. Below, whenever integration over €2 is performed,
the reader is well advised to replace it by such a tensor product domain in order to
understand the manipulations.

Then, by the fundamental theorem of calculus and setting & := (£1,...,&51)7

&a ou

u(§) = i agd(€ ;M) dng -

Thus, a simple application of the Cauchy-Schwarz inequality accomplishes the proof:

Jurae=[|] ds</fd/§d
//‘8& (& m) T

a0
For the case I'p # I' the proof has to employ compactness arguments, see 43, § 7]. O

&aq au
5 na) dnq d77d dg

6§ fﬁd

dﬂd d¢ <r? (5) dg .
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Exercise 2.24. Show that the solution u + u, of (EXDPJ) is indenpedent of ug, that is,
the concrete extension of the boundary data is immaterial.

The statement of the Poincaré-Friedrichs inequality carries over to higher degree
Sobolev spaces.

Lemma 2.62. With vp = vr(Q,Ty) from the previous lemma, we have for m € N
i@y < (L d7d + 2+ -+ A3 ul gy Y € HE(Q)

Proof. Applying Lemma E.6T] to derivatives we obtain

d
ey = D 10%ullagy < Y D 0%l g,

|a|=m—1 |a|l=m—1 k=1
2 2
< dvi Z 10%ul 720y = A [ulgmqy -
la|=m
From this the assertion follows by simple induction. U

Corollary 2.63. If |I'p| > 0 or ¢ uniformly positive almost everywhere in ), then
[END) has a unique solution u € Hy () that satisfies

b

where § € HY*(T') is a suitable extension of g, and he H="*(T) an extension of h by
zero.

By =908 Nulliey < {1 e + 1y + [,

Next, we assume ¢ = 0 and examine the pure Neumann problem, ie. I' = I'y. First
we point out to a compatibility conditions inherent in the equations (E2P): as a
consequence of Gauss’ theorem Thm. 217

divj=f inQ -
PRSI ODF} N /Qfdg_/ths (NCC)

After the considerations of Sect. 21, ¢f. (EMWD)), one is lead to the weak formulation:
seek u € H'(Q) such that

/(Agradu,gradv> d¢ = / fvd§+/hv dS Vv e H'Y(Q). (NVP)
Q Q r

However, it is easy to see that we cannot expect a unique solutions, because constant
functions will belong to the kernel of the bilinear form underlying (NVP]). Besides,
testing with constants in (NVP), we recover (NCO) as a necessary condition for the
existence of solutions.
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2 Elliptic Boundary Value Problems

To weed out the constants we can switch to the subspace

HY(Q) = {v e H'(Q) : /deg —0)

On this subspace we have an analogue of the Poincaré-Friedrichs inequality of Lemma
.61, which can be inferred from the next lemma.

Lemma 2.64. There is a constant v = v(2) such that

Proof. The proof is based on compactness arguments that will be elaborated in
Sect. Il Summing up, they guarantee that any bounded sequence in H'(Q) will have
a subsequence that converges in L?(12).

This can be used for an indirect proof: assume that the assertion of the lemma was
false. Then, for any n € N we can find u,, € H'(Q), [tnll g1y = 1 such that

0l 2 ] f 0] + ki | 239

Owing to the above compactness result we may assume that {u,} - converges in L*(Q)
with limit w € L?(Q2). By ([238), necessarily

Jwdg=0 md fulpg =0 = fullae =1,
Q

which is an obvious contradiction. 0

Thus, the bilinear form from (NYPI) will be elliptic on H!(Q), which is the proper
space for the variational formulation corresponding to the pure Neumann boundary
value problem problem. Existence of a unique solution v € H!() follows.

Remark 2.65. One is tempted to ensure uniqueness of solutions of (NYPI) by de-
manding u(&,) = 0 for some &, € 2. However, this approach is flawed, because the
mapping u — u(&,) is unbounded on H'(Q), see Example 2224

Therefore, such a strategy may lead to severely ill-conditioned linear systems of equa-
tions when employed in the context of a Galerkin discretization.

The general rule is that in order to impose constraints one has to resort to
functionals/operators/mappings that are continuous on the relevant function
spaces.

Exercise 2.25. Show that H!(Q) is a Hilbert space.
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2 Elliptic Boundary Value Problems

Exercise 2.26. Give an indirect proof of Lemma 61l following the strategy of the
proof of Lemma 264

Exercise 2.27. The variational problem (NYP|) when posed on H!(f2) always pos-
sesses a unique solution. How can this be reconciled with the compatibility condition
(NCC)?

Different Sobolev spaces have to be employed for a rigorous statement of the dual

variational problem (EVD) with I'y = I': now we employ an extension j, € H(div; Q)
of h € H=*(T") and get: find j € Hy(div; Q) with

/c—ldiv(j+jh) divv + (A7 +jn), v) dg:/c—lfdivvdg (VPD)
Q Q

for all v € Hy(div;2). The assumptions on the coefficient functions instantly involve
the H(div; Q)-ellipticity of the underlying bilinear form.

Exercise 2.28. Derive the variational formulation in Sobolev spaces of the pure
Dirichlet problem (I' = I'p) for the dual formulation (E2DJ) of the second-order elliptic
boundary value problem. Are the Dirichlet boundary conditions essential or natural in
this case?

Existence and uniqueness of solutions of ([EVP]) and of (VP do not necessarily mean
that we will recover weak solutions of (ELJ)) and (EL). Fortunately, this is the case:

Proposition 2.66. Let u € Hy (Q) be the solution of ([END). Then u € L*() and
ji=—Agrad(u+u,) € L*(Q) are distributional solutions of (EL)) and (EL]). Moreover,
u+ug is a distributional solution of (E2B)) (with Tr =10).

Proof. The equation ([ETJ) is satisfied by virtue of the defintion of j. Next, ([ELl) can
be established by using test functions v € C§°(2). This is an immediate consequence of
the definition (EZ10) of the distributional divergence.

Thus, the functions are regular enought to allow integration by parts according to

(EGH). This will give
—/(j,n) vdS :/ hwdS YveC®Q), vr, =0 = (j,n)=—hin H A(T).
I I'n

Obviously, this implies the Neumann and Robin boundary conditions, c¢f. the arguments
in Sect. O
A similar proposition can be formulated for (VPD).

Example 2.67. We consider the homogeneous Dirichlet boundary value problem for
the biharmonic operator

A%y f in 2,
u =0 onl, (BIH)
(gradu,m) = 0 onl,
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2 Elliptic Boundary Value Problems

Figure 2.7: Clamped plate (cross section) whose vertical deflection u is described by

(BIH)

on a computational domain € C R2. This equation provides a mathematical model for
small transversal deflections of a thin clamped plate.
First we derive the formal weak formulation by applying ([FGH) twice

/AqudE :—/ (grad(Au), grad v) d§+/<gradAu>vdS
Q Q r

= / AuAvd€ + / (grad Au)v — (grad v,n) AudS ,
Q

r

which gives us

/AuAvd&—}-/(gradAu)v—(gradv,n> AudS:/fvdg Yo
Q r

We see that the boundary conditions are essential (the homogeneous boundary conditions
make sense for the test function) and arrive at the variational problem in Sobolev spaces:

seek u € HZ(Q) such that

/AuAvdgz/fvdg Vv € HF(R) . (2.39)
@ Q

The continuity of the bilinear form and right hand side from (EZ39) is immediate. In
order to demonstrate the ellipticity of the bilinear form, we first recall the density result
of Thm. BL52 Tt hints that for proving ellipticity we can restrict ourselves to functions

in C§°(9).
Next, we use the integration by parts formula ([PE]) and see that
Pu  *u
dg = 2 d§ = / d§
0 08 08 (951 352 352 01082 352351
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2 Elliptic Boundary Value Problems

for any smooth compactly supported function. This means that

[ 1 ag = [

Appealing to Lemma 262 we infer H?(Q)-ellipticity, and, in turns, existence and unique-
ness of solutions of (Z39).

2

0*u
A€ > 2 [uffyaqq -

€3

0%
&}

2 N 282u . d%u N
o 08
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3 Primal Finite Element Methods

In Chapter [l we saw that the Galerkin discretization of a linear variational problem
([CLYP) posed on a Banach space V entails finding suitable finite dimensional trial and
test spaces W,,,V,, C V. In this context, “suitable” means that some discrete inf-sup-
conditions have to be satisfied, see Thm.

In this chapter we only consider linear variational problems that arise from the primal
weak formulation of boundary value problems as discussed in Sect. 8 see (EXP),
(NVPI), and (VPDI). These variational problems are set in Sobolev spaces and feature
elliptic bilinear forms according to Def. Hence, if trial and test space agree, which
will be the case throughout this chapter, stability of the discrete variational problem is
not an issue, ¢f. Remark [C32

In this setting, the construction of V,, has to address two major issues

1. In light of Thm. V,, must be able to approximate the solution u € V of the
linear variational problem well in the norm of V.

2. The space V,, must possess a basis By that allows for efficient assembly of a
stiffness matrix with desirable properties (e.g. well conditioned and/or sparse, cf.

Sect. [LH).

The finite element methods tries to achieve these goals by employing
e spaces of functions that are piecewise smooth and “simple” and

e locally supported basis function of these spaces.

3.1 Meshes

For the remainder of this section let Q C RY, d = 1,2, 3, stand for a computational
domain according to Def. 223

Definition 3.1. A mesh M of Q) is a collection {Ki}?il, M = ti./\/lﬁ, of connected
open subsets K; C € such that

4 denotes the cardinality of a finite set
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e the closure of each K; is the C*°-diffeomorphic image of a closed d-dimensional
polytope (that is, the convex hull of d + 1 points in RY),

o JKi=Qand KinK; =0 ifi#j,i,j€{l,..., M},

The K; are called cells of the mesh.

Remark 3.2. Sometimes the smoothness requirement on the diffeomorphism is re-
laxed and mapping that are continuous but only piecewise C'*° are admitted.

Following the terminology of Sect. Bl each cell is an interval (d = 1), a Lipschitz
polygon (d = 2), or a Lipschitz polyhedron (d = 3). Therefore, we can refer to vertices,
edges (d > 1), and faces (d = 3) of a cell appealing to the geometric meaning of the
terms. Meshes are a crucial building block in the design of the finite dimensional trial
and test spaces used in the finite element method.

Already contained in the definition of a mesh is the notion of reference cells. By
them we mean a finite set K7y,..., Kp, P € N, of d-dimensional polytopes such that all
cells of the mesh can be obtained from one of the K; under a suitable diffeomorphism.

We recall that a mapping

& R'—RY ¢€—Fe&+1, FecR¥regular, T eR? (AFF)
represents a bijective affine mapping of d-dimensional Euklidean space.

Definition 3.3. A mesh M of Q C R? is called affine equivalent, if all its cells
arise as affine images of a single d-dimensional (reference) polytope.

A family of meshes { My}, oy s affine equivalent, if this is true for each of its members
and if the same reference polytope can be chosen for all M,,, n € N.

Definition 3.4. For d = 3 the set of (topological) faces of a mesh M is given by
F(M) := {interior(K; N K;), 1 <i < j < §M} U{(geometric) faces C 00} ,
the set of (topological) edges of M is defined as
E(M) = {interior(F N F"), F,F' € F(M),F # F'} |
whereas the set of (topological) nodes is
NM):={ENFE, E,E'€cEM),E+E'} .

Similarly, we can define sets of edges and nodes for d = 2, and the set of nodes for
d = 1. Often the term face is used for components of a mesh of dimension d — 1, that

18, for faces in three dimensions, edges in two dimensions, and nodes in one dimension.
We still write F(M) for the set of these (generalized) faces.
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Figure 3.1: Two-dimensional mesh and the sets of edges (red) and nodes (blue)

Remark 3.5. The “is contained in the closure of” incidence relations N (M) x
E(M) — {true, false}, E(M) x F(M) — {true, false}, etc., describe the topology
of a mesh. The locations of nodes and shape of cells are features connected wity the
geometry of the mesh.

Definition 3.6. A mesh M = {Ki}f\il of Q is called a triangulation, if K; N K,
1 <i<j <M, agrees with a geometric face/edge/verter of K; or K;. The cells of a
triangulation are sometimes called elements.

/

Figure 3.2: A mesh that is not a triangulation. The arrow points at the culprit.

An important concept is that of the orientation of the geometric objects of a trian-
gulation.

Definition 3.7. The (inner) orientation of a node is always set to +1. Orienting
an edge amounts to prescribing a direction. The orientation of a cell for d = 2 or a face

for d =3 can be fixed by specifying an ordering of the edges along its boundary. Finally,
in the case d = 3 the orientation of a cell is given by “inside” and “outside”.

We point out that the orientation of a face for d = 3 can also be imposed by fixing
a crossing direction (outer orientation). If all geoemetric objects of a triangulation are
equipped with an orientation, we will call it an oriented triangulation.

Definition 3.8. A triangulation M := {Ki}?il of Q is called conforming, if K,NK ;,
1 <i<j<M, isa (geometric) face of both K; and K.
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3 Primal Finite Element Methods

Unless clearly stated otherwise we will tacitly assume that all meshes that will be
used for the construction of finite element spaces in the remainder of this chapter are
conforming.

AN

/

Figure 3.3: A triangulation that is not conforming and possesses two hanging nodes.

Definition 3.9. A node of a mesh M that is located in the interior of a geometric
face of one of its cells is known as hanging (dangling) node.

In the case of triangulations we can distinguish special classes:

e simplicial triangulations that entirely consist of triangles (d = 2) or tetrahedra
(d = 3), whose edges/faces might be curved, nevertheless.

e quadrilateral (d = 2) and hexahedral (d = 3) triangulations, which only com-
prise cells of these shapes. Curved edges or faces are admitted, again.

Exercise 3.1. Let vy,...,v, € R3 stand for the coordinate vectors of the four ver-
tices of a tetrahedron K. Determine the affine mapping ([(AFH) that takes the “unit
tetrahedron”

R 0 1 0 0
K := convex O),10]),(1],(0
0 0 0 1

to K. When will the the matrix F of this affine mapping be regular?
Corollary 3.10. Any family of simplicial triangulations is affine equivalent.

Example 3.11. In the case of a conforming simplicial triangulation the orientation
of all geometric objects can be fixed by sorting the vertices. This will induce an ordering
of the vertices of all cells, edges, and faces, which, in turns, defines their orientation.

Remark 3.12. A quadrilaterial triangulation need not be affine equivalent, because,
for instance, there is no affine map taking a square to general trapezoid.
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Exercise 3.2. Let vy,...,v, € R? denote the coordinate vectors belonging to the
four vertices of a quadrilateral K in the plane. Determine an analytic description of a
simple smooth mapping ® : R? — R? from the “reference square”

Remamec{(0). (3. (). ()}

to K. Compute the Jacobian D® and its determinant.

Figure 3.4: Examples of triangular and quadrilateral meshes in two dimensions

The term grid is often used as a synonym for triangulation, but we will reserve it for
meshes with a locally translation invariant structure. These can be tensor product
grids, that is meshes whose cells are quadrilaterals (d = 2) or hexahedra (d = 3) with
parallel sides. Images of such meshes under a C!-diffeomorphism will also be called
(parametric) grids. Meshes that lack the regular structure of a grid are often dubbed
unstructured grids, really an oxymoron.

Figure 3.5: Example of triangular and quadrilateral grids in two dimensions
Automatic mesh generation is a challenging subject, which deals with the design of

algorithms that create a mesh starting from a description of €2. Such a description can
be given
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e in terms of geometric primitives (ball, brick, etc.) whose unions or intersections

constitute 2.

e by means of a parameterization of the faces of €.

e through a function f : RY — R, whose sign indicates whether a point is located
inside Q2 or outside.

e by a mesh covering the surface of €2 and a direction of the exterior unit normal.

Various strategies can be employed for automatic grid generation:

e advancing front method that build cells starting from the boundary.

e Delaunay refinement techniques that can create a mesh starting from a mesh for

00 or a “cloud” of points covering 2.

e the quadtree (d = 2) or octree (d = 3) approach, which fills Q with squares/cubes

of different sizes supplemented by special measures for resolving the boundary.

e mapping techniques that split Q into sub-domains of “simple” shape (curved tri-
angles, parallelograms, bricks), endow those with parametric grids and glue these

together.

Remark 3.13. Traditional codes for the solution of boundary value problems based
on the finite element method usually read the geometry from a file describing the topolgy
and geometry of the underlying mesh. Then an approximate solution is computed and
written to file in order to be read by post-processing tools like visualization software,

see Fig. B.G

Parameters

—~———

Mesh generator

-

Finite element
solver
(computational
kernel)

-

Post-processor
(e.g. visualization)

Figure 3.6: Flow of data in traditional finite element simulations

73




3 Primal Finite Element Methods

Remark 3.14. A typical file format for a mesh of a simplicial conforming triangulation
of a two-dimensional polygonal domain is the following:

# Two-dimensional simplicial mesh

N eN # Number of nodes

&1 m # Coordinates of first node

& Mo # Coordinates of second node

ENNN # Coordinates of N-th node (3.1)
MeN # Number of triangles

ninyny X # Indices of nodes of first triangle

n?nin: X, # Indices of nodes of second triangle

nM nd nd' X, # Indices of nodes of M-th triangle

Here, X;, ¢ = 1,..., M, is an additional piece of information that may, for instance,
describe what kind of material properties prevail in triangle #:. In this case X; may
be an integer index into a look-up table of material properties or the actual value of a
coefficient function inside the triangle.

Additional information about edges located on 0§2 may be provided in the following
form:

KeN # Number of edges on Of)
nind Y,  # Indices of endpoints of first edge

n?n3 Y, # Indices of endpoints of second edge (3.2)

nf nl Yy # Indices of endpoints of K-th edge

where Yy, k= 1,..., K, provides extra information about the type of boundary condi-
tions to be imposed on edge #k. Some file formats even list all edges of the mesh in the
format (B2).

Please note that the ordering of the nodes in the above file formats implies an orien-
tation of triangles and edges.

Exercise 3.3. Write a program (in the programming language of your choice) that
reads in the description of a 2D mesh in the format (Bl (without comments and extra
information) and outputs an extended format containing a list of all edges according to
[B3). The ordering of the nodes of the edges can be arbitrary.
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Exercise 3.4. Consider Q) := {¢ € R?, |€| < 1} and the point set
P = (QNAZ*) U (02N ((hZ x R) U (R x hZ))),

where h > 0. Use the delaunay-Funktion of MATLAB in order to create triangular mesh
M with N'(M) = P. Plot this mesh. Can it be regarded as a mesh of €.

Bibliographical notes. For a comprehensive account on mesh generation see [I7]. An
interesting algorithm for Delaunay meshing is described in [35, B7]. Also the internet
offers plenty of information, see http://www.andrew.cmu.edu/user/sowen/mesh.html !
Free mesh generation software is also available, NETGEN (http://www.hpfem. jku.at/netgen/)),
Triangle (http://www-2.cs.cmu.edu/afs/cs/project/quake/public/www/triangle.html)),
and GRUMMP (http://tetra.mech.ubc.ca/GRUMMP/)), to name only a few. However,
the most sophisticated mesh generation tools are commercial products and their algo-
rithmic details are classified.

3.2 Polynomials

No other class of functions matches polynomials in terms of “simplicity”. Moreover,
since truncated Taylor series are polynomials, we expect good local approximation prop-
erties from them. Thus piecewise polynomials on meshes will be the building blocks of
trial and test spaces in the finite element method.

Definition 3.15. Given a domain K C R%, d € N, we write
Prn(K) =span{§{ € K — ¥ =& -+ 9 a € N{, |al <m}

for the vector space of d-variate polynomials of (total) degree m, m € Ny. The space
of homogeneous polynomials ﬁm(K) is obtained by demanding || = m in the above
definition.

Ifm= (mi,...,myg)" € NI we designate by

Om(K) :=span{€ € K — &' -+ -+ 9%, 0 <oy, <my, 1 <k <d}

the space of tensor product polynomaials of mazximal degree my, in the k-th coordinate
direction.
If m <0 or m; <0, we adopt the convention Pp,(K) = {0} and Om(K) = {0}.

It is easy to see that the restriction of P,(K) to an affine subset S of K agrees with
the space P,(S). An analoguous statement does not hold for Q,(K).

Lemma 3.16. If K # () is an open subset of RY, then the dimensions of the spaces of
polynomials are given by

dim P, (K) = (

d+m

m

),mEN, dim Qn(K) =(mi+1)----- (mg+1), me N2,
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Proof. Obviously, the monomials used to define the spaces in Def. supply bases.
Thus, the dimension dimP,,(K) is equal to the number of ways in which m can be
written as the sum of d non-negative integers. This, in turns, agrees with the number
of ways to distribute m indistinguishable objects to d + 1 containers. The dimension of
dim Q,,(K) is established by a simple counting argument. O

We recall that an univariate polynomial of degree p, p € N, is already uniquely deter-
mined by prescribing its value for p 4+ 1 different arguments.

Exercise 3.5. What is the dimension of the space P,(K) N Hy(K) for a triangle
K C R? and p € N? For the simplest non-trivial case describe a basis of this space.
Answer the corresponding question for (P;(K))* N Hy(div; K).

Exercise 3.6. For a triangle K C R? find a basis of the space {u € P;(K) : divu €
Po(K)}-

Exercise 3.7. If K C R? is a triangle, determine an L?*(K)-orthonormal basis of
P1(K), that is, find pq, p2, p3 € P1(K) such that

0 ifj#k,

L Jk=1,23.
1 ifj=k,

(pjapk’)LQ(K) = 5j,k = {

3.3 Abstract finite elements

Here, we give a formal recipe for obtaining so-called finite element subspaces of a
space V of functions @ C R? — R!, m € N, Q computational domain, on which a
variational problem is posed. Usually, this function space will be one of the Sobolev
spaces introduced in Sect. 27 These finite element subspace will serve as trial and test
spaces V,, in the context of a Galerkin discretization.

The construction of a finite element space starts from two main ingredients:

1. A mesh M of the computational domain €2, see Sect. Bl
2. A finite-dimensional local trial space I1x C (C*°(K))! for each cell K € M.

Remark 3.17. Sometimes the smoothness requirement on the local trial spaces is
relaxed to allow spaces Il of piecewise smooth functions.

We can now state the following preliminary definition:

Definition 3.18 (preliminary). Given a mesh M of a computational domain 2 C
R?, a family of local trial spaces Ik} e and a Sobolev space V' of functions on
we call

VnI:{UEVI U‘KEHK VKEM}CV

a finite element space that is V-conforming.
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Since M < o0, all these finite element spaces have finite dimension. As such they
qualify as trial and test spaces for a Galerkin discretization.

What does it mean v € V7 To answer this question recall that piecewise smooth func-
tions belong to a Sobolev space if and only if they feature certain continuity properties,
see Lemmas and In other words,

given a mesh M and local trial spaces IIx for each K € M, a function u on
1 with ujx € Ilg belongs to V, if and only if it satisfies suitable continuity
conditions across (intercell) faces.

For concrete spaces these continuity conditions read

Space Continuity condition Quantity
V = HYQ) — global continuity of the function > potential type
V = H?(Q) — continuity of the function and its gradient > deflection type
V = H(div;§2) — continuity of the normal component > flux type
V = H(curl; ) — continuity of tangential components > gradient type
V = L*Q) — no continuity required > density type

It is no coincidence that these continuity conditions are closely linked to the natural
trace operators for the various Sobolev spaces that we studied in Sect. 74 We recall
that these natural trace operators are the following:

Space Natural trace see
V =HYQ) — pointwise restriction Ry Thm.
V = H?(Q) — pointwise restrictions (Ry, Ry ograd) Cor.
V = H(div;{2) — normal components trace R, Lemma
V = H(curl; ) — tangential components trace Ry Exercise

V =L*Q) — no trace R =0

Notation: Below, we will write R for the natural trace belonging to the Sobolev space
V.
Thus we can rephrase the above requirement.

Given a mesh M of 2 and local trial spaces Ilg for each K € M, a function u
on 2 with u|x € IIx belongs to V, if and only if the natural traces from both
sides of an (intercell) face agree.

In short, the preceding considerations provide a recipe for gluing together the functions
in local trial spaces. After having fixed the Il we can “easily” determine the resulting
finite element space. However, the result may not be particularly useful.
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Example 3.19. Let  :=]0; 1[* be equipped with the grid
M :={Jih, (i + 1)h[x]jh, (j + 1], 0 <i,j5 < N, h:=1n}

with N € N. For each square K € M we use the local space P;(K). However, if we aim
for a H}(€)-conforming finite element space, we will end up with a trivial functions space
only: Lemma tells us that the functions have to be globally continuous. Besides, on
0 the functions have to vanish and, since any v € P;(K) is already fixed by prescribing
three values in points that are not collinear, the finite element function turns out to be
zero in the corner square. By induction it is finally seen to vanish erverywhere in €.

Exercise 3.8. Consider a quadrilateral triangulation of € :=]0;1[* that consists of
nine congruent squares. Pick the local trial space Py(K) for each square K. Compute a
basis of the H}(Q)-conforming finite element space that emerges from this choice.

Exercise 3.9.

For Q2 =]0; 1[? consider the mesh sketched beside. For all cells we choose
[Ix = (P1(K))% Find bases of the resulting (HJ(£2))?-conforming and
Hy(div; ©)-conforming finite element spaces.

In fact, Def. covers all standard finite element spaces, but we have seen that
actually finding V,, may be difficult or even impossible, in particular on large unstructured
meshes. We badly need a guideline for choosing and glueing the local spaces. The tool
for doing this are so-called degrees of freedom (d.o.f.).

Definition 3.20. Given a cell K of some mesh with associated local trial space g,
we call linear functionals (C*(K))! — R local degrees of freedom if they provide a
basis for the dual space (Ilg)*. We write X for a generic set of local degrees of freedom
for I g.

Remark 3.21. The property that g is a dual basis is also known as the unisolvence
of the functionals in Y. It is equivalent to

i1k =dimllxy and Yo ellg: l(v)=0VieXy = v=0.

Prescribing the values of all d.o.f. in Y will single out a unique v € Il that produces
exactly those values [(v), | € ¥. The common parlance is that the degrees of freedom
fix the function v.

Definition 3.22. Given a local d.o.f. Sx = {IX,... I&} for g, K a cell of a mesh,
there are k := dim g local shape functions b ... b such that

EOK) =0, myje{l,... .k}
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As Il is a basis of the dual space, the local shape functions are uniquely defined.

Remark 3.23. There is a perfect duality linking local degrees of freedom and the
local shape functions: precribing the latter will also uniquely define the former.

Exercise 3.10. For a triangle K C R? use [ := P;(K) and

Yk o= {u = u(p), v ghu(p), u gRu(p)}

where p is the center of gravity of K. Is X g a set of degrees of freedom ofr 1?7 If so,
compute the shape functions.

The local degrees of freedom must be carefully chosen, lest they fail to enforce the
crucial continuity conditions.

Definition 3.24. Let K be a cell of a mesh M and F be a face/edge/node of the mesh
that is contained in K. Given a local trial space I, g C (C®(K))!, and a set Sk of
local degrees of freedom, a linear functional | € Xy is called localized/supported on
F or associated with F, if

I(v) =0 Yve (C®(K)), supp(v)NF =90 .

Notation: The d.o.f. localized on a face F' of K form the set Xy (F').
By duality, localized degrees of freedom permit us to talk about “local shape functions
associated with faces/edges/nodes”.

Definition 3.25. A finite element is a triple (K, g, Xk) such that
(i) K is a cell of a mesh M of the computational domain Q C R

(ii) Mg C (C>°(K))!, and dim g < oco.

(iii) Xk is a set of local degrees of freedom.
A finite element is called V -conforming, if

() for any face F' of K the degrees of freedom localized on F uniquely determine the
natural trace Rujp of a u € Il onto F.

Corollary 3.26. 13k (F) = dim(R(Ilk) )

Example 3.27. Let K be a triangle and consider a H!-conforming finite element
(K, Pn(K),Xk) that is to serve as the building block for a H'-conforming finite element
space. This means that the degrees of freedom associated with an edge F of K have to
fix the values of local trial functions in every point of F, because the pointwise restriction
is the natural trace for H'(€).
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The restriction of Il = P, (K) to an edge E of K yields P,,(E), which is a space of
dimension m + 1. Consequently, exactly m + 1 degrees of freedom must be associated
with E and they form the set X (F) C Xk.

Pick an endpoint v of E and write E’ for another edge sharing it. We aim to show
that Xx(E) N Xk (E’) # (. Assume that the intersection was empty. Then, in light of
requirement (iv) from Def. we can choose the values of d.o.f. € Y (F) such that
this fixes Ry vy = 1. On the other hand, demanding that all d.o.f. in ¥ (E’) vanish will
involve Ry vy = 0. This is impossible, because polynomials cannot jump at v.

The degree(s) of freedom contained in X (F) N Xk (E') will be localized on the vertex
v. The simplest example is the point evaluation v — v(v).

Bibliographical notes. This abstract approach to finite elements can be found in [T2]
Ch. 2] and [0, Ch. 3].

3.4 Finite element spaces

The localization of degrees of freedom paves the way for converting them into global
degrees of freedom. The starting point is the following additional constraint:

Given a conforming triangulation M and a family {(K, g, Xxg)}cer of V-
conforming finite elements built on it, we demand that for each face F' adjacent
to two cells K, K’ € M there is a bijection (“matching”) k : g (F) — X/ (F)
such that the requirement

l(v) = k(l)(v) Vig € Bg(F) forvellg,v' € Tl

ensures that the natural traces Rvjp and Rv'|p from K and K’, respectively,
coincide. Degrees of freedom linked by k are called matching d.o.f.. An
interior d.o.f. that is not localized on any face, is regarded as matching itself.

Remark 3.28. Matching local degrees of freedom have the same support.

Now we are in a position to give the practical definition of a finite element space. To
keep it simple we assume that no boundary conditions are imposed in the definition of
V. This is true for the Sobolev spaces introduced in Sect. 272 However, spaces like
H}(Q), Hy(div; Q) are (temporarily) excluded.

Definition 3.29 (practical). Given a mesh M of a computational domain 2 C R,
a Sobolev space V' of functions on ), and a family of V-conforming finite elements
{(K Ik, Xk) } geprq with matching degrees of freedom we call

Vo, i={v e L*Q): vg € llg VK € M and matching d.o.f. agree}

a finite element space that is V-conforming.
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(O interior d.o.f.

O d.o.f. associated with F

Figure 3.7: Matching d.o.f. across an intercell face. Double arrows indicate the bijection
K

The equality of matching degrees of freedom should be understood as follows: a func-
tion u on () that is M-piecewise in IIx for every K € M will be restricted to two
adjacent cells K, K’ with shared face F. If k : ¥ (F) — Y/ (F') denotes the matching,
we expect

By definition of “matching” the functions in V,, feature continuity of their natural
traces across intercell faces:

Corollary 3.30. A finite element space V,, from Def[329 satisfies V,, C V.

Finding local trial spaces that allow for degrees of freedoms that match across
intercell faces is challenging aspect of the construction of finite element spaces.

In Sect. 2§ we have learned that essential boundary conditions have to be enforced on
trial and test functions in the case of a weak formulation of a boundary value problem.
Let us assume that we want to get a finite element subspace of

Voi={veV:Rv=0 onlyCTl},
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where Ty is the union of closed faces of the underlying triangulation M. Thanks to the
localization of global/local d.o.f. we easily find the proper extension of Def. B2G

Vao:={veV,: l(v)=0 Vd.o.t. [supported on nodes/edges/faces C I'p} .

Homogeneous essential boundary conditions on a part of I' are enforced in the
finite element context by setting all d.o.f. localized on that part to zero.

Remark 3.31. Given the setting of Def. and assuming the absence of essential
boundary conditions in V', in many cases both definitions Def. and Def. provide
exactly the same finite element space, but not necessarily so.

Remark 3.32. Following the recipe of Def. different families of finite elements
can lead to the same finite element space, provided they differ only in their local degrees
of freedom. Examples will be given in Sect.

Exercise 3.11. Let K C R? be a triangle with vertices v, v, v3 and oriented edges
E,, E,y, E5 (with midpoints gy, py, pt5). Write n; for the exterior unit normal vector at
edge EF;, j = 1,2,3, and 7, for unit vectors in the direction of Ej.

We aim for a H(div)-conforming finite element and choose Iy := (P;(K))?>. The
following sets of linear functionals on IIx should be considered:

(A) g i ={v—ujv),j=1,2,i=1,2,3},

(B) Xg = {v = (v,n) (i;), 7 = 1,2,3, v — 7/ Dv(p;)n;, i = 1,2,3}, Dv Jacobi
matrix.

(i) Show that both sets provide valid local degrees of freedom.
(ii) Determine the local shape functions in each case.

(iii) Show that only the choice (B) leads to a H(div)-conforming finite element.

3.5 Global shape functions

We take for granted a V-conforming finite element space V,, according to Def.
The concept of “matching” permits us to convert local degrees of freedom into global
degrees of freedom by lumping together all matching local degrees of freedom: a global
degree of freedom will be an equivalence class of matching local degrees of freedom. It
can be viewed as linear form on the finite element space V,, in the following sense.

Given a global degree of freedom [ and w,, € V,, the evaluation of [(u) proceeds as
follows:
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Figure 3.8: Matching of local shape functions associated with an edge for a Lagrangian
finite element of degree 2

1. Pick a cell K € M and a local d.o.f. | € X that is a representative of [.
2. Define [(u,) = l(un k).

Thanks to the notion of “matching”, [ is well defined and its linearity is clear.
Notation: The set of global degrees of freedom belonging to a finite element space
V,, will be denoted by gdof(V},).

Remark 3.33. Interior local degrees of freedom directly qualify as global degrees of
freedom. Moreover, similar to local degrees of freedom their global counterparts are
localized on cells/faces/edges/nodes of the mesh.

Owing to locality global degrees of freedom can be evaluated for functions that do not
belong to the finite element space, for instance, for w € (C*°(Q)): for [ € gdof(V},) we
pick a K € M and | € Y that is a representative of the equivalence class [ and has the

same support as [. Then one defines [(w) := l(w|k).

Theorem 3.34. For a finite element space V,, the set gdof(V,,) forms a basis of the
dual space (V,,)".

Proof. Prescribing the values of all global d.o.f. means that all local d.o.f. are pre-
scribed as well. This will fix function vg € Ilg for each cell K € M, which can be
combined to a function v € V,,. Linear independence of the global d.o.f. can now be
demonstrated using the function that arises from setting exactly one global d.o.f. to one
and the rest of them to zero.

Further, unisolvence of the local d.o.f. implies the same for gdof(V},). O

Definition 3.35. Given a finite element space V,, the set of global shape functions
or nodal basis functions B(V,) := {b',... bV}, N :=dimV,, is the basis of V,, that
is dual to gdof(V,,).
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By definition there will be a one-to-one correspondence between global d.o.f. and global
shape functions. The global degrees of freedom are localized and this property carries
over the local shape functions.

Theorem 3.36. Given a V-conforming finite element space V,,, let | € gdof(V},) be
localized on F', which may be a node/edge/face/cell of the mesh M. Then the global
shape function b belonging to I (I(br) = 1) satisfies

supp(br) = U{F KeM, FCK}.
Proof. If K € M is not contained in | J{K : K € M, F C K}, then no local d.o.f. in

the equivalence class of [ will belong to X . Hence, they will all vanish for bp x, which,
by unisolvence, implies bp x = 0. 0

Global finite element shape functions have local supports

Moreover, the matching of local d.o.f. ensures that

the restriction of a global shape function onto a cell
agrees with a local shape function on this cell.

Remark 3.37. The “matching condition” for local d.o.f. is equivalent to demanding
that the related local shape function can be “sewn together” across intercell faces to yield
a function in V.

Remark 3.38. The statement of Remark carries over to global shape functions.
In particular, the construction of finite element spaces can also start from local/global

shape functions. This perspective is completely equivalent to the approach via degrees
of freedom (“dual view”, see Fig. B9).

Local degree of freedom Global degree of freedom

v v

Local shape functions — Global shape functions

Figure 3.9: Duality of degrees of freedom and shape functions

Numerous example of finite elements and corresponding global shape functions for
different Sobolev spaces V' will be given in Sect.
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Figure 3.10: Global shape function localized on an intercell edge for a finite element
space based on Lagrangian finite elements of degree 2

3.6 Finite element interpolation operators

Again, we assume that the triangulation M is equipped with a family of V-conforming
finite elements (K, Ilx, Yk ) e r, according to Def. and that they possess mathing
degrees of freedom. Then Def. will give us the V-conforming finite element space
Vi

As explained in Remark B:21] a local trial function v € IIx, K € M, is known once we
know the values I(v), | € ¥ . However, any degree of freedom | € ¥k can be evaluated
for any function € (C°°(K))!. This defines a mapping (C*(K))! — Tlk.

Definition 3.39. Given a finite element (K, 1k, Xk = {l1,...,lx}) with local shape
Junctions b, b, k= dimTlg, we define the local interpolation operator i :
(C*(K))' = Ik by

k

I (w) = ijl Li(w) b Yw e (C*(K))" .

Analoguously, writing X for the space of functions for which all global degrees of freedom
are well defined, we can introduce the (global) finite element interpolation operator
[(V,): X —V, by

V)(w) =3 Lw)b; YweX,

j=17"7

where N == dim V,, and {by,...,bx} is the set of global shape functions with b; belonging
to the global d.o.f. I;.

Notation: If the underlying finite element space is clear, we will simply write | for
the (global) finite element interpolation operator.
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Remark 3.40. Obviously (C*°(Q))! € X and V,, C X.

Lemma 3.41. Both interpolation operators |, K € M, and |(V,,) are linear projec-
tions.

Proof. Linearity is inherited from the linear functional in the definition. The relation-
ships I3, = lx and I*> = | immediately follow from the fact that the local/global shape
functions have been introduced as basis functions dual to the local/global d.o.f. O

Theorem 3.42. The global finite element interpolation operator introduced in Def. [3-39
15 local in the sense that

VKeM,weXNV: wrg=0 = I(w)‘KE
Proof. Pick a K € M. If wyg =0 and w € V, then Ry w = 0. Then
VieYg: ll(w)k)=lwkg)=0 = Kw)x=0,

due to the unisolvence of ¥ and the fact that I(w)x € k. O
Putting it shortly, the values of w in K completely determine its (global) finite element
interpolant on K.

Remark 3.43. The finite element interpolation operator for a V-conforming finite
element space need not be bounded on V.

3.7 Parametric finite elements

By definition, cf. Def. Bl the cells of a mesh M of a computational domain 2 C R?
are diffeomorphic images of some d-polytope. Reasonable meshes can usually described
by specifying a finite set of reference cells K Tyeons K p, P € N, and suitable diffeomor-
phism.

This way of constructing a mesh can be adopted for finite elements, as well.

Definition 3.44. Two V -conforming finite elements (K,Ilx,Yk) and (IA(,HIA{,E[A{)
are called parametric equivalent, if

(i) there is a diffeomorphism ® : Ep — K.
(11) the local trial spaces I, Iz satisfy
Iz = XTe(llk) , (3.4)

where XT stands for the natural (pullback) transformation of functions in 'V, see

Sect. [Z4.
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Sobolev space quantity transformation

H'(Q) potential type Pullback FTg, see (E)

H(div; Q) flux type Piola transformation PT) ®, sse ([E1))
L3(2) density type  DTs, see (D7)

H(curl; Q) gradient type GTs, see (GI))

H?(Q2) — Pullback FTg, see ([T

Table 3.1: Natural transformations associated with certain Sobolev spaces

(iii) the degrees of freedom are connected by

o~

VieSg: 3lexp: I(v)=I1(XTe)) VYoelg. (3.5)

If ® is an affine mapping (AEL), then the finite elements are called affine equiva-
lent.

Remark 3.45. Parametric equivalence defines an equivalence relation on finite ele-
ments.

Remark 3.46. If (K, 1lx, Yk) and (IA(, I, X %) are parametric equivalent, then the

transformation XTg establishes a bijection between the shape functions on K and K ,
respectively.

_Remark 3.47. Given two cells K, K of a mesh and a V-conforming finite element on
K, we can use Def. B4l to define a V-conforming finite element on K. Observe that,
if @ is a diffeomorphism, this also holds true for the the transformation XTg. Hence
IIz and ¥z defined by (B4) and (BH), respectively, will satisfy all the requirements of
Def. Hence, it is enough to specify finite elements for the reference cells and use
this parametric construction of finite elements to obtain finite elements for the actual
cells.

The notion of parametric equivalence can be extended to families of finite elements.

Definition 3.48. A family of finite element is called parametric (affine) equiva-
lent if there are only a finite number of parametric (affine) equivalence classes.

Given a family of meshes M, cn, an associated family of finite element spaces is called
parametric (affine) equivalent, if the set (K, 11w, Xk) e, nen 0f all underlying
finite elements is parametric (affine) equivalent.

Parametric and, in particular, affine equivalent families of finite element spaces, will
play a key role in estimating the best approximation errors incurred in the case of finite
element spaces.

Exercise 3.12. Given a H(div;2)-conforming finite element (K,Ilx,Yf), K a sim-
plex in R? show that the parametric construction of a finite element (IA( gz, Xr) as
explained in Remark BT yields another H (div; €2)-conforming finite element. In partic-
ular, show that requirement (iv) from Def. is satisfied.
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3.8 Particular finite elements

Now, we give a survey of important types of conforming finite elements that pervade
the Galerkin discretization of boundary value problems for partial differential equations.

3.8.1 H'-conforming Lagrangian finite elements

H'-Conformity entails global continuity of functions in a finite element space. La-
grangian finite elements use degrees of freedom based on point evaluations in order to
guarantee this necessary condition: they belong to the class of C°-elements.

We first consider the case of simplicial meshes. They are naturally affine equivalent
in the sense of Def. and lend themselves to an affine equivalent construction of finite
elements, see Sect. Bl Thus, we only need to specify a finite element for a (generic)
reference simplex K.

Definition 3.49. Given d+1 points v', ..., v € R? that do not lie in a hyperplane
the barycentric coordinates \; = M\ (€),..., ar1 = Mgr1(&) € R of € € R? are
uniquely defined by

Mt A =1, Av e A =€

The barycentric coordinates can be obtained by solving

vy it At &1

z . N »
% vt A &a 30)
1 1 A 1

which shows their uniqueness and existence, if the points 1’/ are not complanar. The
convex hull of !, ..., v¢ can be described by

convex{v!,... v} ={6€R, 0< \(€) <1, 1<i<d+1}.

Corollary 3.50. Given d+1 points v, ..., v € RY as in Def.[349, the barycentric
coordinates are affine linear functions on RY, which satisfy

N =065 1<ij<d+1.

Lemma 3.51. Given d + 1 points v',...,v¥ € RY as in Def. [379 and writing
Aty ..oy Agr1 for the associated barycentric coordinate functions, we have for all m € N

Pm(Rd) — Span {A?l ----- )\dj_-‘i17 (67 c NO, ZZZI a; = m} .
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Proof. Identifying £;,1 = 1 we can write

«a d+1
Pm(Rd> = Spall {5?1 """ gdjjl—l, o; € No, Zz’:l o = m} .

The identity (B:8) immediately confirms that all §;, j =1,...,d+ 1 can be written as a
linear combination of the barycentric coordinate functions. This finishes the proof. [

Lemma 3.52. Let K be a non-degenerate d-simplex with vertices v', ... , v, Then
Pu(K)N{ve C®(K): vox =0} =span{p- Ay -~ Aa+1, D € Prm—a—1(K)} .
The functions in the latter set furnish a basis of P, (K).

Proof. Let the face F' of the simplex K be spanned by the vertices v, ..., 4. Assume
that p € P,,(K) has zero restriction to F.

By Lemma BXITl the “barycentric monomials” & — A" -+ -+ gttt ai= (o, ..., aq) €
N |a| = m, form a basis of P, (F). Hence, they must not contribute to the representa-
tion of p according to Lemma B.5Tl The remaining terms all contain at least one power
of )‘d-i-l'

Applying this argument to all faces gives the desired representation. O

Aware of Lemma BT6 we instantly infer the dimension of the space of polynomials
that vanish on all faces of a simplex.

_ 1
Corollary 3.53. dim P,,,(K) N {v € C*(K) : vjopx = 0} = <md )

Definition 3.54. Given a non-degenerate simplex K € R?, we define the H*-conforming
stmplicial Lagrangian finite element of degree m € N by

(i) Mg = Ppn(K).
(ii) Yk = {v € C°(K) — v(§), & € Nk}, where
Ng={Ee€K: N e{0,4,..., 211}, j=1,...,d+1}. (3.7)

'm)

Theorem 3.55. Def. describes a valid H'-conforming finite element.

Proof. Let us start with the observation, that the degrees of freedom associated with
a sub-simplex S (vertex, edge, etc.) of K are exactly those evaluations on points in the
closure of S.

To prove unisolvence we first note that Lemma and a simple counting argument
show

dimP,,(K) = Nk .
We still have to show that
vellg: l(v)=0 VieXy = wv=0.
To do so we proceed by induction: assume that p € P, (K) is zero at all £ € N.
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Figure 3.11: Location of local sampling points for triangular Lagrangian finite elements
of degree 2 (left), degree 3 (middle), and degree 4 (right)

Figure 3.12: Point sets N for tetrahedral Lagrangian finite elements of degree 1 (left),
degree 2 (middle), and degree 3 (right)

e For d = 1 the assertion of the theorem is evident, because a polynomial of degree
m is uniquely determined by its values for d + 1 different arguments.

e For m =1 Lemma B51] and Corollary settle the issue.

For general m, d note that the faces of K are simplices of dimension d — 1. For any
face S it is clear that Nx NS equals Ny, where Ny is an analogue of the set Nk from
(7). By the induction assumption for dimension d — 1 we find pjpx = 0.

Next, we appeal to Lemma to conclude that

p=AL----- Air1 q for some g € P, g 1(K),
where
q(€) =0 for €eN ={EcK: N e{L, ...} j=1,....,d+1}.

For m < d the set N is empty, but in this case ¢ has to be trivial. For m = d+ 1 the set
N’ reduces to a single point (the barycenter of K) and ¢ will be constant. For m > d+1
the convex hull of NV will be another non-degenerate d-simplex, for which N/ provides
the set of evaluation points according to (B) for a Lagrangian finite element of degree
m — d — 1. This matches the degree of ¢ and the induction hypothesis bears out ¢ = 0.

In this case unisolvence of the point evaluations already guarantees the requirement
(iv) of Def. B22H. Repeating the above arguments and appealing to our initial observation,
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we see that a trial function will vanish on a face S of the simplex if it evaluates to zero
in all points Nx N S. O

Using the barycentric coordinate functions Ay, ..., Agi1 on asimplex K the local shape
functions for Lagrangian finite elements of degree m can be expressed conveniently, see
Table B2 for triangles.

Shape functions supported on
vertices v; edges [v;, vj] triangle

-1 Ai . o
n= i=1,2,3

- —Ni(1—=2)\) AN A, o
m=2 i=1,2,3 1<i<j<3

—9 2)\2)\ 1-— 3/\2 3
e i=1,2,3 f22(1 = 3%), “Bubble function”
& 1<i<j<3

Table 3.2: Local shape functions for triangular Lagrangian finite elements of degree m

Figure 3.13: Graphical representation of shape functions for triangular Lagrangian finite
element of degree 1

There are variants of Lagrangian finite elements for cells of tensor product geometry
(rectangles and bricks).

Definition 3.56. For K =0, 1[? the Lagrangian finite element (K, Iy, Yk) of degree
m € N 1is is defined by

(i) My := Qn(K).
(ii) X :={v—v(), & € Nk}, where
Ng = {a/m, a €{0,...,m}"}.

Theorem 3.57. The triple (K, 1y, Xf) from Def. is a finite element.
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Shape functions supported on

ij:12

vertices v; edges [v;, V] triangle
B it -
m=1 ij=1,2 : |
—4N (1 = 2X;) o pha,
Ai(1—2X) i (1 — 2p
m =2 ( i )_/le( 9 'uj) —4,ul(1 - 2/14))\1)\2, 16)\1)\2#1,&2
S i=1,2
Vapinpizhi(1 — 3X7)
1/4)\1(]_ — 3/\2)(2 — 3/\2) (2 3)\ )(1 — 3/L]), —81/4>\1>\2,u1/12
m=3| (1 —=3p;)(2—3) WMMuml—&m (1= 3X)(1 = 3py),
1,7 =1,2 (2 —3u;)(1 — ), 1,7 =1,2

Table 3.3: Shape functions for Lagrangian finite elements on unit square {€ € R?: 0 <

& < 1}. Here, we have used the abbreviations \;

po =1—&.

:glv >‘2:]—_€17M1:§27

Figure 3.14: Sketches of shape functions for Lagrangian finite element of degree 1 on the

unit square
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Proof. Exactly the same induction thechnique as in the proof of Thm. BAH can be
used, much facilitated by the tensor product structure. U

Remark 3.58. The principle behind the construction of Lagrangian finite elements
on rectangles/bricks is a tensor product approach. If the cell K arises by forming
the tensor products of two lower-dimensional “cells” K, K3, that is

K:={t=(£,¢)eR": £, € K, CR™ €&5€ Kg CRY, d, +dg =d},

and (Ko, 1, X,), (Kq,I1,,3,) are Lagrangian finite elements on K, K3, whose sets of
local degrees of freedom comprise point evaluations in N, C R% N C R% respectively,
then

g :={v(§) = va(€,) - v(€p) : va € la, vp € Tl5},
Y i ={v = v((n4,mp)) 1 Mo € Na, 15 € N}

supplies a Lagrangian finite element for K.

Exercise 3.13. Describe the Lagrangian finite element of degree 1 on a prism

K:={€eR’: 0<&,6,6 <1, 6+6<1}.

Remark 3.59.

Pyramids are important for creating con-
forming triangulations that can contain both
tetrahedra and hexahedra. For the pyramid

0 0 1 1 0
K = convex Of,11],10}),{1}),160
0 0 0 0 1

there exists no local trial space Ilx C
C*(K) such that Il )p € P1(F) for every
triangular face F' of K and Ilx g € Q1(Q)
for the quadrilateral face.

Assume that there is such a trial space and let v € IIx assume the value 1 in (0,0,0)7
and zero in all the other vertices. Then restricted to the faces we have

(a) w(,y,2) = (1—2)(1 ) i comvex{(0,0,0), (1,0,0), (1, 1,0), (0,1,0)}
(b) v(z,y,2)=(1—x—2) in convex{(0,0,0),(1,0,0),(0,0,1)}
(¢) v(x,y,2)= (1 —y—2) in convex{(0,0,0),(0,1,0),(0,0,1)}
(d) v(x,y,2) = in convex{(1,0,0),(1,1,0),(0,0,1)}
(e) wv(z,y,2)= in convex{(1,1,0),(0,1,0),(0,0,1)}
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Using (d) and (e), we get

0 -1 -1
grad v(0,0,1) | =1 | =gradv(0,0,1) { 0 | =gradv(0,0,1) | =1 | =0.
1 1 1

If grad v is continuous at (0,0, 1), this implies grad v(0,0,1) = 0, but (b) and (c) give

0
gradv(0,0,1) [0 ] = —1.
1

This is a contradiction.

However, when we relax the requirement ITx C C'(K) suitable local trial spaces can
be found. The result is known as a singular finite element characterized by a lack of
smoothness of the local trial space. For instance, we can use the space spanned by the
following functions

b — (1-&—&)(1—-&—&) by — (1 =& — &)
1—¢& 7 1—¢& 7
by — (1 -8 —61)& by — &6,
1—& ’ 1—-¢&’
bs = &3 .

These functions satisfy b;(v;) = 0;;, 4,j = 1,...,5, which renders them the shape
functions belonging to the point evaluations at vertices of K a set of degrees of freedom.
In particular these shape functions will match Lagrangian finite elements in adjacent
tetrahedra and hexahedra.

Summing up, for all kinds of Lagrangian finite elements on a conforming triangulation
the local degrees of freedom supported on vertices, edges (and faces) will be matching
by construction. Hence,

for Lagrangian H'-conforming finite element spaces the resulting global degrees
of freedom will be point evaluations at vertices, on edges/faces, and in the
interior of cells.

Example 3.60. On a 2D simplicial triangulation the global degrees of freedom for
Lagrangian finite elements of uniform degree 2 are given by point evaluations in vertices
and midpoints of edges, c¢f. Fig. B11l

Example 3.61. Consider a conforming tetrahedral mesh in three dimensions and
Lagrangian finite elements of uniform degree 3 on it. The global degrees of freedom boil
down to point evaluations, one in vertices, two for each edge and one in the barycenter
of each face, c¢f. Fig. B12
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Assuming matching local d.o.f. Def.B2% can be used to introduce the H'(2)-conforming
Lagrangian finite element spaces of uniform degree m, m € N on simplicial /tensor
product triangulations. They will agree with the spaces, c¢f. Remark B.3T],

S (M) = {fve H(Q) : vk € Pn(K)} if K is a simplex,

" | {ve HYQ) : vk € Qun,..m)(K)} if K is a tensor product cell
In light of Remarks Bh8, it is clear how introduce S,,(M), if prism and pyramids
occur in a three-dimensional triangulation.

Exercise 3.14. Let M be a conforming simplicial triangulation of a two-dimensional
polygonal domain. For each K € M with vertices vy, vq,v3 and center of gravity
~ := 1/3(vy + vy + v3) we choose the following finite-dimensional local trial space

g = P3(K)
and the following sets of local degrees of freedom
Yk = {v—ovy),i=1,2,3,
v (gradov(v;),v; —v,), 1 =1,2,3,j € {1,2,3}\ {i},
v = o(y)},
e = {v—o(yy),i=1,2,3,

v . .
U H— a—gl(l/]), 1 = 1,2,] — 1,2,3,

v v(y)}

(i) Show that (K, Ilx,YXk), K € M, is
a H'-conforming finite element and
that all of them are affine equivalent.
This family of finite elements is called
the cubic triangular Hermite ele-
ment.

(ii) Show that (K, Ilg,>%), K € M, is a
H'-conforming finite element but fails
to be affine equivalent.

(iii) Describe global degrees of freedom
arising from the choice of ¥ or ¥/.

(iv) For the triangulation sketched to the right compute the dimensions of the cubic
Lagrangian finite element space S3(M), of the space obtained from cubic triangular
Hermite elements, and of the finite element space corresponding to subtask (ii).

Bibliographical notes. A comprehensive discussion of Lagrangian (and Hermitian)
finite elements in given in [12, Ch, 2].
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3.8.2 Whitney finite elements

In Sect. we distinguished between different types of quantities and presented the
associated transformations. In the previous section we merely discussed finite elements
for potential type quantities. Now we aim to introduce suitable finite elements for the
other types. We emphasize that all the finite elements introduced in this section can serve
as the basis for parametric construction using the right transformation, see Sect. 222

We first consider flux type quantities. To motivate the construction, we recall that the
fundamental evaluation for these quantities consists of calculating the total flux through
an oriented surface. Hence, the construction of finite element spaces has to rely on
oriented meshes M, see Def. Bl In particular, every face F' will be endowed with a
unit normal ngz pointing into the “crossing direction” for F'. This has to be distiguished
from the exterior unit normal vectorfield nyx on the surface of a cell K € M: in general
Ny |p = tNp.

Remark 3.62. One has to be careful when using a parametric construction for finite
elements, whose degrees of freedom rely on orientation. It this case it might happen
that even for a conforming simplicial triangulation more than one reference simplex is
needed: the reference simplices differ in the orientation of their faces/edges. The three
oriented reference triangles for d = 2 are depicted in Fig.

Figure 3.15: Three reference triangles with different edge orientations

To begin with, we discuss the case of an oriented conforming simplicial triangulation
M of the computational domain 2 C R%.

Definition 3.63. Let K C RY be a non-degenerate simplex € M. Then we define the
face element (K, Ik, Xk) by

(i) g :={§ € K— a+p¢ acR? 3cR},

(i1) Xk = {v |—>/ (v,np) dS, F face ofK}
F

Theorem 3.64. The face element constitutes a H(div)-conforming finite element.
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Proof. Clearly, Il C (C*(K))? and dimIlx = ¥x = d + 1. Following Remark B21]
for the unisolvence of X5 it remains to show that

vellg and I(v)=0 Vie¥ = v=0.

First, we note that the normal components of functions in IIx on any face F' of K are
constant, because for a fixed £ € F

(a+pB(E+7),np) = (a+ B€,np)

for all vectors 7 € R? tangential (complanar) to F. Thus vanishing d.o.f. for v € Il
mean that (v,ng) = 0 for every face of K. This implies that v is constant:

oz/aK<v,n> dS:/Kdivvdgzd|K|6 =~ B-0.

Finally, a constant that has vanishing inner product with all d+ 1 face normals must be
zero. These considerations also show that the d.o.f. on a face F' already fixes the normal
component (v,ng) for a v € 3. Since this is the natural trace for H(div), the element
turns out to be H(div)-conforming. O

It goes without saying that the local d.o.f. of these H(div)-conforming finite elements
match at interelement faces. Traces onto edges and vertices do not make any sense here.
Hence, the conversion of local d.o.f. into global d.o.f. does not encounter any difficulties.

Lemma 3.65. The finite elements defined in Thm. are affine equivalent after a
suitably flipping of the orientations of some faces.

Proof. In the case of H(div)-conforming finite elements we have to use the Piola
transform PTg, see (E1]), where ® is an affine mapping of the form ([AEE]). Then
D® = F and det D® = const.. One easily computes

PTa(€ — a+ BE)(€) = |det DB| F ' (o + B(FE + 7)) .

Hence, the Piola transformation will leave the local trial spaces invariant, ie. the re-
quirement (B4) of Def. B4l is fulfilled. The relationship (B) follows from Lemma
O

Lemma 3.66. Let vy,...,v4 1 the vertices of a non-degenerate simplex K € M .
Then the local shape functions {bp},, F face of K, for the H(div)-conforming finite
element from Thm. are given by

br(€) : !

‘:im(ﬁ—lﬁ“),

where v is the unique vertex of K that is not located on F, and |F|,|K| stand for the
volume of F' and K, respectively. The +-sign applies, if ng points into the exterior of
K, otherwise the —-sign has to be used.
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Proof. 1t is clear that for any other face F’ # F we have (bp(§),ng) = 0 for all
& € F'. Hence, by will be in the kernel of the d.o.f. that is associated with F”.
Moreoever, the Hessian normal form of a hyperplane in R¢ tells us that

dist(vp, F) = (£ —v,np) .
Using the formula
|K| =dist(vp, F) - |F|/d

we conclude that the local d.o.f. belonging to F' will yield £1 when applied to bp. [
For 7 € R? we can define the counterclockweise rotation by 7/2

L
<771) _ <—772)
2 M
Then, writing Aq, ..., A\gy1 for the barycentric coordinate functions associated with the

vertices of the simplex K, we find an alternative representation for the local shape
functions from Lemma and d = 2

bp =+ (Mgrad \; — \;grad \)" | (3.8)
where v; and v are the endpoints of the edge F'. For d = 3 a similar formula reads

br ==+ (A grad \; x grad \; + A\, grad \; x grad \; + A\; grad \; x grad )\;) ,
(3.9)

when F' = convex{v;,v;, V;}.
Exercise 3.15. Confirm the formulas (B8) and B3).

The local shape functions in two dimensions are plotted in Figure
Second, we examine the case of square/brick-shaped cells. Thanks to the tool of
parametric construction, we merely need to look at K =]0;1[¢ (However, remember

Remark B.G2).
Definition 3.67. For K =]0,1[? the face element (K, g, Yk) is defined by

(i) U = Q¢ (K) x -+ X Q,(K), € = j-th unit vector,

(ii) Yk = {v }—>/F<V,HF> dsS, F face ofK}

Theorem 3.68. The face element on K =0, 1[? provides a H(div)-conforming finite
element.
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Figure 3.16: Local shape functions for lowest degree H (div)-conforming triangular fi-
nite elements. The crossing directions of the faces are outward w.r.t. K,
throughout.

Proof. Since dim [1x = #¥k, we only have to establish unisolvence of the local degreees
of freedom. Assume that v € IIx belongs to the kernels of all local d.o.f. Its first
component reads v; = a&; + 3, a, 3 € R. Consider the faces F' := {0}x]0,1[** and
F = {1}x]0,1[*" with np = (1,0,...,0)". Obviously, (v,np), is constant and zero
integral over F' will force it to be zero, which means f = 0 and o+ § = 0: the first
component of v must vanish. The same argument can be applied in all other coordinate
directions. H (div)-Conformity of the finite element is seen as in the proof of B64. [

Figure BI7 displays the four local shape functions for the H (div)-conforming element
presented in Def. B.67 in two dimensions.

Next, we examine H (curl)-conforming finite elements for gradient type quantities in
d = 3. The natural restriction is the tangential components trace, see Exercise
We recall that the typical evaluations for gradient type quantities are integrals along
directed paths. This provides a hint about how to choose degrees of freedom. We also
conclude that we will need an orientation of the edges of the underlying triangulation.

Initially, we focus on an oriented conforming tetrahedral triangulation M.

Definition 3.69. For a tetrahedron K € M with oriented edges we define the edge
element (K, 11, Yk) by

(i) Mg ={§ € K> a+BxE aBeRY

(ii) Yk := {VI—>/V-d3, E edge ofK}.
E

Theorem 3.70. The edge element from Def. is a H(curl)-conforming finite
element.
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Figure 3.17: Local shape functions for lowest degree H(div)-conforming square finite
element. Faces bear orientation of 0K.

Proof. We find that the tangential component of v € IIx on a straight line £ = (+p T,
¢, 7 €R3, p € R, is constant:

(a+Bx(+p7)T)=(a+Bx(T1) VYVpeR.

Thus, for v € IIx vanishing local d.o.f. immediately imply vanishing tangential compo-
nents along all edges of K. Necessarily, all components of v will be zero in the vertices
of K. Since they are affine linear, this can only be the case, if they are zero everywhere.

Pick a face F' of K. If the local d.o.f. associated with edges of F' vanish, then the
components of v tangential to F will be zero in all vertices of F. This means that
v will have zero tangential components everywhere on F' and H(curl)-conformity is
established. O

Lemma 3.71. The finite elements defined in Def. are affine equivalent, possibly
after flipping the directions of some edges of K.

Proof. The transformation fitting H (curl) is [GT). If ®(€) = F€ + 7 according to
(AFH), we find

(GTeu)(§) = F (u(FE+ 7)),
which means

GTa(€— a+Bx€)(E) =F (a+pBx (FE+T)).
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Note that in the expression

~ 0 =B B N
FI'(BxFE) =<KF" | 85 0 —B|Fy ¢
—B2 B 0

the matrix in braces is skew-symmetric again. Thus, its multiplication onto E is equiva-
lent to a vector product with a constant vector. This shows invariance of the local spaces,
see (B4). The invariance of the local d.o.f., ¢f. (B) is a consequence of Lemma 271 [

Remark 3.72. Assuming matching orientations of edges, it is clear that the edge
based degrees of freedom from Thm. BX7T0 will match. The set of global degrees of
freedom will comprise all path integrals along edges of M.

The local shape functions corresponding to the H(curl)-conforming finite element
from Thm. B0 have a convenient representation in terms of barycentric coordinate
functions: if we write b; ; for the local shape functions associated with the edge connect-
ing vertex 7 and vertex j of K, then

bi; =+ (\; grad \; — \; grad ;) . (3.10)
Exercise 3.16. Verify the formula (BI0).

On a cube K =0, 1[, which can serve as reference cell for a conforming hexahedral
triangulation, a similar H (curl)-conforming finite element is available.

Definition 3.73. For K =)0, 1[? the edge element (K,1x, k), K =0, 1[> is given
by

(i) g = Q(o,1,1)(K) X Q(1,0,1)(K) X Q(l,l,o)(K);

(ii) > := {Vr—>/v~ds, E edge ofK}.
E

Proof. A counting argument confirms dimIlx = #¥x = 6. Further, by the very
definition of Ilx tangential components of local trial functions along edges of K are
constant. Hence, for v € Ilx vanishing local degrees of freedom will involve v = 0 for
all vertices of K. The bilinear components of v must vanish everywhere. We conclude
as in the proof of Thm. B70. O

Theorem 3.74. The edge element on K =]0,1[3 is a H(curl)-conforming finite ele-
ment.

Remark 3.75. Edge and face elements introduced in Definitions B.69, B-73, B.63), and
B.67 owe their names to the location of their degrees of freedom.
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Notation: For the global face element finite element space on a mesh M of Q C R?
we adopt the notation Wg(M). The global space arising from edge elements built on a
conforming triangulation M of Q C R? is denoted by Wg(M). By conformity we have

Wp(M) C H(div; Q) , Wg(M) C H(curl;Q) .

Remark 3.76. Variants of face and edge finite elmenents of higher polynomial degrees
are available, but rather technical, see [31] and [25].

Remark 3.77. H(div)-conforming finite elements have to be used for the Galerkin
discretization of the variational problems (VPDJ) and ([9) arising from second-order
elliptic boundary value problems. H (curl)-conforming finite elements play a key role in
computational electromagnetism, c¢f. Remarks ZT5]

We have not yet looked at quantities of density type with related Sobolev space L?(£2).
In this case there is no continuity condition and the construction of finite elements
becomes simple. We can skip the formal developments and jump right to the definition
of the space

Qo(M) :=={v € L*() : v = const. VK € M}

of piecewise constants on a mesh M of a computational domain €2. This space can easily
be put into a finite element framework: the local = global degrees of freedom are given
by

odof(Qp(M)) := {v - /deg, K e M} |

We remark that the related finite element interpolation operator 1(Qg(M)), see Sect. BG,
coincides with the standard L?(2)-orthogonal projection onto Qg(M).

Now we study special properties of face and edge element spaces and, in particular,
of their related finite element interpolation operators, see Sect. BBl To that end we
fix a conforming triangulation M of a computational domain Q C R? d = 2,3, for
which a single d-simplex and/or d-dimensional cube can serve as reference cells (apart
from orientation, ¢f. Remark BIH). On this mesh we consider the space Wg(M) of
face elements, and, for d = 3, the space Wg(M) of edge elements introduced above.
For the sake of brevity, we write |z and |g for the finite element interpolation operators
I(Wg(M)) and |(Wg(M)), respectively, see Def. B30 Further, let Qq : L*(Q) — Qy(M)
stand for the L?(Q)-orthogonal projection.

Theorem 3.78. For any simplicial conforming triangulation holds true

divoly = Qpodiv  on (C=(Q))".
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Proof. First, we have to ensure that divWpg(M) C Qy(M). This is clear from
Def. B.63l because, obviously, div I = Py(K) for any K € M.
Next, appealing to the definition of the orthogonal projection Qg, we have to show

/ div(v—lpv)de =0 VK € M, v € (C®@Q))°.
K

Recalling the definition of the local/global d.o.f. for Wg(M), see Thm.B6Aand Thm. B6]
this is straightforward from Gauss theorem Thm. ZT7 O

Theorem 3.79. In the case of a tetrahedral mesh we have
curloly =lpocurl on (C®(Q))*.

Proof. Pick a tetrahedron K € M and write 14 /TI% for the local trial spaces from
Def. and Def. B89, respectively. Then elementary vector analysis shows curl IT£ C
L. Moreover, from divocurl = 0 we learn that curl Wg(M) C H(div;Q), which
implies normal continuity. Necessarily, then curl Wg(M) C Wr(M).

By definition of the various global degrees of freedom for the finite element spaces we
still have to show

/ curl(v—Igv) -npdS=0 VF e F(M), ve(C®Q)*.

Thanks to the definition of the d.o.f. for edge elements this can be instantly deduced
from Stokes’ theorem applied to the faces of the mesh. O

Remark 3.80. Combining Thm. and Thm. BT for d = 3 we see that the diagram

O=(Q)? M 0=(Q)? T 0(Q)

| | o

curl div

WgM) —— Wp(M) —— QM)
commutes. Hence, the assertions of Thm. and Thm. are often called commut-
ing diagram properties.

Exercise 3.17. On a triangle K the following vectorfields are considered

b, = (N grad \; — Ajgrad \,)" b7, = (\;grad \; + Ajgrad \,)", 1<i<j<3.

1 Vi
Characterize the local space Il spanned by these functions. Find the associated set
Yk of local degrees of freedom. Prove that (K, Ik, Y ) is a H(div)-conforming finite
element. How have the local d.o.f. be changed to ensure matching local d.o.f. within a
conforming triangulation. What global degrees of freedom will result?

Remark 3.81. The families of finite elements we have used presented can be regarded
as discrete differential forms. Their lowest degree simplicial variants were first dis-
covered by Whitney [A2] and used for theoretical purposes in differential geometry.

Bibliographical notes. A comprehensive survey of H(div)-conforming finite elements
in given in [I0, Ch. 3]. A similar treatment of edge elements is given in [25, Ch. 3].
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3.8.3 H?*(Q)-conforming finite elements

Whereas for H!-conforming elements the global degrees of freedom only need to ensure
the continuity of the functions in the finite element space, the additional continuity of all
first derivatives is required for H2-conformity, see Sect. Z4l This can only be achieved by
fairly intricate constructions of finite elements. Having the plate problem Example 267
in mind, we restrict ourselv to d = 2 and conforming simplicial triangulations. Proofs
will be skipped and for details the reader is referred to [12, Ch. 2,§2.2.1].

The “simplest” H2-conforming finite element involving a full polynomial space is the
Argyris triangle (K, Ilx, Yk) with

(i) K is a non-degenerate triangle with vertices vy, v, v3
(i) Mk = Ps(K),
(iii)
Yk ={v—u(y),i=1,2,3,

(

v o—(v),1=1,2,3,7=1,2,
8§j( )
v

U= vi),i1=1,2,3,j,k=1,2,
85]-&( )

v— (gradv(Ye(v; +v;)),n;), 1 <i<j<<3},
where n;; is a normal to the edge connecting v; and v;.

Another example that uses fewer local degrees of freedom is Bell’s triangle, which
is defined by

(i) K is a non-degenerate triangle with vertices vy, v, v3
(i) g ={v e Ps(K): ((gradv)(-),np) € Ps3(F) V F edge of K},
(i)
Yk ={v—u(y),i=1,2,3,

ov
U'_)—Viai:172737j:172a
3&( )
0%v
v v,)),i1=1,2,3,7,k=1,2}.
see ) jk=12)

It can be shown that 18 is the minimal dimension of a polynomial local trial space
on a triangle in order to accommodate global C''-continuity. However, we may dispense
with polynomial local trial spaces and resort to so-called composite finite elements
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that rely on piecewise polynomial local trial spaces. This sacrifices [Ix C C®(K), cf.
Remark BT7

An example is the Xie-Clough-Tocher triangle with a local piecewise cubic trial
space of dimension 12:

(i) K is a non-degenerate triangle with vertices vy, v, v

(ii) K is split into three sub-triangles K, K5, K3 by connecting its vertices with the
barycenter %(1/1 + vy +v3). Then

My :={veCY(K): vk € Ps(K;),i=1,23}.

(iii)
Yk ={v—v(v),i=1,2,3,
0
v (), i=1,2,3,j=1,2,

9¢;
V= (gradv(1/2(1/i + Vj)),l’lﬁ) , 1 <1<y << 3} .

The bottom line is that H2-conforming finite elements require relatively large local
trial spaces and “complicated” degrees of freedom.

Remark 3.82. For none of the above families of H2-conforming finite elements on
triangles it is possible to choose local degrees of freedom that convert them into affine
equivalent families. The culprit is he presence of a face normal vector in the definitions
of ZK.

Bibliographical notes. The details of finite elements for variational problems in H?(2)
are discussed in [I2, Ch. 6].

3.9 Algorithmic issues

A finite element scheme for the discretization of a boundary value problem has to be
implemented carefully in order to achieve maximum efficiency.

3.9.1 Assembly

Assembly is a common term for computing and storing the matrix and right hand side
vector of the linear system of equations ([LSE]) arising from the finite element discretiza-
tion of a linear variational problem, cf. (CVDI),

ueV: bu,v)=(f,v)yyy YveV
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posed on some function space V', see Sect. [LH.

We write V,, C V for the finite element space built on a triangulation M of the
computational domain €2, see Sect. B3l It must posses a basis B = {b!,... bV}, N =
dim V},, of locally supported global shape functions as explained in Sect. B8 By (C24),
the crucial matrix B and right hand side vector ¢ are given by

N
B=(b(t,t),_, €R"Y o= ((£¥).,) €RY. (3.11)
In the finite element context B is called stiffness matrix and ¢ is known as load
vector.
In Ch. 2 we have learned that for relevant boundary value problems the bilinear form
b and right hand side functional will always involve a single integration over the compu-
tational domain 2. In particular they can be written in terms of cell contributions:

b(u,v) = Z br(uir,vik) 5 (fs0)yexy = Z Tx (i) - (3.12)

KeM KeM

where the by are bilinear forms on Vig, and fx are local source term functionals sup-
ported on K.

Example 3.83. In the case of the primal variational formulation of a second-order
elliptic boundary value problem with source function f € L?(2) we trivially have

b(u,v) := /Q (A grad u,gradv) d€ = Z/K (A grad u, gradv) d¢ ,
K

7

-~
=tbr (u K,V K)

(£, 0) e o ::/vad§:Z/Kfvd§.
K e —

=fr(vK)

In Sect. we have found that the restrictions of global shape functions to individual
cells K € M will coincide with local shape functions from the local trial spaces Il.
Combined with (BI2) this will be key to assembling the

Definition 3.84. Given the set {b¥ ... b5}, k = dim g, of local shape functions
for the finite element (K, 1k, X)), K € M, we call

k

.k
ji=1 € R

By = (bx (b, b))

(]

the element stiffness matriz for K. The element load vector ¢, € R¥ is given
by

k

P = (fK(sz))Z:l .
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Theorem 3.85. The stiffness matriz and load vector can be obtained from their cell
counterparts by

B = Z TiBkT , ¢= Z Trexk (ASS)
K K
with the T-matrices Tx € RF<N | k.= dim g, defined by

1 oy = pK
(Tk)ij = ’Z.f S 1<i<kg,1<j<N.
0 ,if supp(W)NK =0,

Proof.

(B)iy =b(t/,b") = > br(t |, V' x)

KeM

= > b (bi(j)- biciy)

KeM, supp(b? ) NK#D, supp(b*)NK #D

= > (B )iy -

KeM, supp(b? ) NK#D, supp(b*)NK #D

where [(i) € {1,...,kk}, 1 <i < N, is the index of the local shape function correspond-
ing to the global shape function b* on K. Hence,

(B)ij = > DD (Tk)i By, (Ti)nj -

KeM,supp(bi )NK#D, supp(b*)NK#£) =1 n=1

Example 3.86.

We consider Lagrangian finite elements (see
Sect. B.8l) of degree 1 on the mesh sketches
beside. The T-matrix for the marked tri-
angle and the triangulation sketched beside
reads

TK* -

o O O
o O =
o O O
o O O
o O O
o O O
o = O
o O O
= o O
o O O
o O O
o O O

if the indicated numbering of global and lo-
cal shape functions is used.
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Remark 3.87. In Sect. we encountered the situation where the use of only one
reference element could mean that a global shape function restricted to a cell is equal
to the negative of a local shape function. In this case the concept of the T-matrices can
be generalized to allow for entries € {—1,0,1}.

We observe that the bilinear forms b underlying the weak formulation of the boundary
value problems discussed in Ch. Pl are [ocal in the sense that

u,v €V |supp(v) Nsupp(w)|=0 = b(u,v)=0. (LOC)

Hence, if there is no overlap of the supports of two global shape functions, then the
corresponding entry of the stiffness matrix will be zero.

Lemma 3.88. Let the global shape function bp € V,, be associated with the node/edge/face
F' of a conforming triangulation M. Then the row and column of the finite element stiff-
ness matrix B corresponding to br have at most

KeM,FCK
non-zero entries.

Proof. This estimate is immediate from Thm. and (LOJ). O
As a consequence, if

e there is an upper bound n,, for the number of closed intersecting cells of a con-
forming triangulation M,

e the dimensions of the trial spaces are uniformly below a small constant D € N for
all cells,

then

the finite element stiffness matrix will have at most ny - D - N, N := dimV},,
non-zero entries. This means that for N > 1, ie. meshes with many elements,
only a small fraction of the entries of the stiffness matrix will be non-zero, it
will be sparse.

Remark 3.89. As a consequence of ([LOC), finite element stiffness matrices often
turn out to be structurally symmetric, even if B = B fails to hold. This means

Example 3.90. If the smallest angles of the triangles of a two-dimensional conforming
simplicial triangulation are bounded from below by a > 0, then at most [27/a] (closed)
triangles can intersect.
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Example 3.91. For H'-conforming linear Lagrangian finite elements on the trian-
gulation of Example and assuming the numbering of global shape functions given
there, we obtain the following sparsity pattern for the stiffness matrix.

*x x x 00 0 0 0 0 0 *= =
x % *x 0 x 0 « 0 x 0 0 =
x x x x x x 00 0 0 00
000 = * % % 0O0O0O0O0
0 = «x «x x 0« 00000
B_ 000 *« 0 % 0000
0 = 0 %« x x % x %« 0 0 0 ’
00000 *x % % % x 00
0 = 00 0 0 % *x % %x % =x
00 0 O0O0O0O0 % % *x % 0
* 000 0 0 0 0 0 % *x % x
* x 000 0 0 0 0 %« 0 % =

where x stands for a potential non-zero entry. If we replaced * with 1, the matrix would
describe the graph of the mesh.

Remark 3.92. When dealing with sparse matrices in MATLAB, one must use special
sparse matrix functions like the sparse function for creating matrices. Gross inefficiency
results, if one inadvertently carries out conversions to dense matrices. In MATLAB the
sparsity pattern of a matrix can be visualized by means of the spy command.

Exercise 3.18. Compute a tight upper bound for the number of non-zero entries of
the stiffness matrix, if cubic H'-conforming Lagrangian elements according to Def. B34
are used on the triangulation of in order to discretize the variational problem (NVP]).

Answer the same question for the lowest order H (div)-conforming space from Def.
and a variational problem of the type (EWDI).

3.9.2 Local computations

Two main options exist for the computation of the entries of element stiffness matrices.

As an example for analytic evaluation, which is the first option, we present the case
of degree m Lagrangian finite elements on a triangle (see Def. B54in Sect. B:8l) applied
for the Galerkin discretization of the bilinear form

b(u,v) = /Q (grad u, grad v) d¢ . (3.13)

Pick a generic triangle K. All local shape functions b; on K, will possess a representa-
tion in terms of the barycentric coordinate functions Ay, Ag, A3 of K, see Def. and
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Lemma 5Tk

bi= . Ka AAPAS, kg €R, (3.14)

aeN} |al=m
which involves
gradb; = Y kg ( A TIASZAS grad Ay 4+ apAAS2 TN grad M+ (3.15)

acNS, |a|l=m _ _
bl s\ I AG  grad )\3> :

The bottom line is that for the evaluation of the localised bilinear form by for local
shape functions we have to compute integrals of the form

/ AP (grad A, grad \;) A€, 0,5 € {1,2,3}, B, eN. (3.16)
K

Let the vertices v!, v?,v? of the triangle K be arranged in counterclockwise fashion.

Then we find the formulas
w0 =g (- (1) (42)
w0 =g (- () (472)
w03 (6= (1)) (4720)

The gradients of the barycentric coordinate functions are constant and read

1 (vi—v3 1 (vi—uv3 1 (vi—wv2
grad)\l—m(y%_yf ,grad)\g—m o , grad \s = —— | 5 1) .

Geometric computations show

({(grad \;, grad )\j))?’

i,j=1

1 1 — cot w3z — cot wy — cotws — cot wsy
= 3k — cot ws 1 — cotws — cot w; — cotwy , (3.17)
K] — cot wy — cotwy 1 — cot wy — cot wy

where w; is the angle at vertex v°.
Exercise 3.19. Prove the formula (B17).

Apart from (BI1), the next formula is the second ingredient for successfully tackling

BI8).
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v = (v}, 3)"

T T
vi= (v, 1) vt = (v, 1)

Figure 3.18: Generic triangular element

Lemma 3.93. For any non-degenerate triangle K and (31, B2, 3 € N,

Bi! Ba! Bs!
(Bi+Po+ O3 +2)!

/KAflAQQ)\?‘ d¢ = 2|K| -

~

Proof. The first step amounts to a transformation of K to the “unit triangle” K :=

convex { (8), (é), ((1)) }, which leads to

1 1-&

/ )\ﬁl)\ﬂ2>\,33 d€ 2|K|/ / 561 52 1_51 _52)63 dfzd&
_2|K|/€11/ 52+ﬁ5+1 62( _5)63 dsd&

_2|K|/§ e LAE - B(By 41, B+ 1)

= 2|K| B(ﬁl+1,52+53+2)-B(ﬁ2+1,ﬁg+1),

where we used the substitution s(1 — &) = & to arrive at Euler’s beta functions

1
B(a, B) ::/to‘_l(l—t)ﬁ_ldt, 0<a,f< 0.
0
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Using the known formula I'(ao + 3) B(«, §) = I'(a)I'(8), I' the Gamma function, we end
up with

B+ DB+ 1I(Bs + 1)
L(By + B2+ f3+3) '

Then, I'(n) = (n — 1)! finishes the proof. O

r
/ XA dg = 2| K] - L
K

Remark 3.94. Lemma B.93] can be extended to simplices in dimension d. If \; i =
1,...,d+ 1 stand for barycentric coordinate functions of a d-simplex K, we have

Vo € NIt

ATt Aot de = dl| K
/K 1 atr 48 | |(a1+a2+-"—|—ad+1+d)!

Exercise 3.20. Compute the element stiffness matrix related to the L?*(Q) inner
product (which plays the role of the bilinear form) and quadratic Lagrangian finite
elements on a triangle.

We remark that the global matrix related to the L?(€2) inner product is often called
mass matrix.

Exercise 3.21. For 7 > 0 consider the bilinear form
b(u,v) := / divu - divvdg —I—T/ (u,v) d¢, u,ve H(div;Q) .
Q Q

Compute the element stiffness matrix for this bilinear form, when lowest degree H (div)-
conforming finite elements introduced in Thm. B84 are used on a triangular cell in two
dimensions.

3.9.3 Numerical quadrature

Another approach to local evaluation is the use of numerical quadrature. It
amounts to the following approximation of the integrals occuring in the definition of
the bilinear form and of the source term:

/Q F© g~ Y 1K S Wl fmk) (NUQ)

KeM =1

This formula makes sense for M-piecewiese continuous functions f that allow continuous
extensions from K onto K for all K € M. The w are called the local weights, the
points wX € K are the local nodes. Together, they constitute a local quadrature
rule on K. We point out that

only quadrature rules with positive weights are numerically stable.
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Local quadrature formulas are usually defined on reference cells: if K € M , K a
corresponding reference cell, and ® : K — K the diffeomorphism connecting both, then
the local quadrature rule

on K will spawn a quadrature rule on K by setting wf = @; and w¥ = & (7).

Remark 3.95. If K is a simplex, then the use of a reference cell can be avoided, when
the quadrature nodes are described through their barycentric coordinates.

The quality of a local quadrature rule on K is gauged by determining the
largest space of polynomials on K that the corresponding quadrature rule on
the reference cell manages to integrate exactly.

Example 3.96. If K is a triangle, the we can use the “unit triangle” K := convex { (8), (

1

0

): (

0
1

as reference cell. Writing the quadrature rules on K as finite sets of pairs (&, 1), . . ., (@p, ®p),

P € N, we find that

{0 G0) GO a1

is exact for P;(K). The similar rule

AE) GG GE)) a1

is exact even for Py(K)! If we use inner points of the triangle, we can achieve exactness
for surprisingly high polynomial degrees. The very simple rule

()

is already exact for 771([? ), whereas the 7-point rule

9 (s 155+ /15 (6+V15/21 155 4+ /15 [(9-2V15/3
80" \3/) )’ 2400 T \6+VI5/n ) | 2400 7\ 6+VI5/y ’
155+ V15 (6+V15/21 155 — V15 (6-V13/n (3.21)
2400 " \9-2vTjer ) |7\ T 2400 7 \9+2vi/a ) | '
155 — /15 [9+2V15/91 155 — /15 [6-V15/n
2400 '\ 6-VI5ja1 ) |’ 2400 7 \6-VI5/xy

is exact even for quintic polynomials € 775(IA( ). Many more quadrature rules on triangles
and tetrahedra are known, see [39, Ch. 3].
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Figure 3.19: Evaluation points for the 7-point rule on the reference triangle.

Remark 3.97. Usually, in a finite element code only a few local quadrature rules will
be needed. Their nodes and weights should be stored in look-up tables.

__Example 3.98. For a quadrilateral cell K the natural reference cell is the unit square
K = convex { (8), ((1)), ((1)), (i) } On K a straightforward tensor product construction
yields suitable quadrature rules: if {(wy,m),..., (wp,7p)}, P € N, is a quadrature rule
on the interval ]0, 1[ that is exact for P,,(]0, 1]), then

{ WG - (wwr (7))
(Wle; (jrf)) (Wz%a(:i)) }

will yield a quadrature rule on K that is exact for Q(m,m)(f( ).
Numerical analysis has provided plenty of quadrature rules on |0, 1[:

e classical Newton-Cotes formulas that rely on an equidistant distribution of quadra-
ture nodes.

e Gauss-Legendre quadrature rules that are exact for Popi1(]0,1[) using only P
nodes.

e Gauss-Lobatto quadrature rules that rely on P nodes including the endpoints of
the interval and remain exact for polynomials up to degree 2P.

Remark 3.99. Quadrature rules for triangles can be obtained from quadrature rules
on a square using the Duffy transformation, see Fig. B220l When K = convex{ (8), (1), (1

~ 0 1
and K =]0, 1[%, then
/ 161, &) de = / FEN-6).6)(1-8&)dE.
K K

If f € P,n(K), then the integrand on the right hand side will belong to Qm,mﬂ(l? ).
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& &
&= gl(] -
£ =&
L
& &

Figure 3.20: “Duffy transformation” of a square into a triangle

Exercise 3.22. Solve Exercise B2 using the quadrature rule (BI8). What will be
the properties of the resulting (approximate) mass matrix.

Exercise 3.23. The Poisson equation, that is, an elliptic boundary value problem
with bilinear form (BI3)) has been discretized on a mesh composed of square cells using
Lagrangian finite elements of degree m, m € N. The computation of element stiff-
ness matrices employs a tensor product Gauss-Legendre quadrature rule. How many
quadrature nodes per cells are required in order to avoid any quadrature error?

There are cases where we cannot help using numerical quadrature. For instance, we
may want to solve the variational problem

u€ H'(Q): /(Agradu,gradv>+cuvd£:/fvd§ Yo e H'(Q). (3.22)
Q 0

Usually, the coefficients and source functions will
e be supplied as complicated analytical expressions, or

e they are only accessible via point evaluations, because they are provided by a
sub-routine of the finite element code.

The latter case is very common, if the coefficient functions themselves are the result
of numerical approximation. In these two cases an analytical evaluation of the element
stiffness matrix and load vector is no longer feasible and numerical quadrature has to be
used.

The use of numerical quadrature inevitably introduces another approximation, which
will contribute to the overall discretization error. The general rule is that
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The error due to numerical quadrature must not dominate the total discretiza-
tion error in the relevant norms.

In Sect. 7 we will see that this can be ensured by selecting quadrature rules that are
exact for polynomials of sufficiently high degree.

Remark 3.100. An alternative to numerical quadrature for (B22) is polynomial in-
terpolation of coefficients and source functions followed by analytical evaluation of the
localised integrals.

3.9.4 Boundary approximation

According to our concept of computational domain €2, see Def. P8, we may encounter
smooth, but curved parts of 0€). Parametric finite elements, introduced in Sect. B,
offer a way to deal with them.

To illustrate the idea we consider a computational domain 2 C R? that has been
approximately triangulated by a conforming simplicial triangulation. We pick a triangle
K, for which two vertices v!, v? are located on I, see Figure B2ZI1

A

Figure 3.21: Triangle at curved boundary and quadratic approximation of the boundary

Using a suitable mapping we aim to fit the shape of K to the boundary by replacing
the straigt edge Er by a piece of a parabola: The part of I' between v and v? is viewed
as the graph of a function over Er. Then quadratic polynomial interpolation with nodes
in ', v* and the midpoint of Ep is carried out.

To convert this idea into a transformation for K, let § denote the distance of the
intersection point of the perpendicular bisector of Er with I'. Then, writing \; for the
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barycentric coordinate functions on K , the mapping
®(E) = E+ 40 M (E)N(€) m,

n standing for the exterior unit normal to Er, will take K to a altered cell K with curved
boundary, which will become a cell of the final boundary fitted mesh. We note that

D® = Id+46n-grad(M\ )" | det(D®) =46 (n,grad(A\y))

that is, both the Jacobi matrix and its determinant are polynomial of degree 1. This kind
of polynomial boundary approximation can be generalized to higher polynomial degree
and three dimensions. This is an example for the use of parametric finite elements, see
Sect. B

Summing up, polynomial boundary approximation relies on polynomial interpolation
of parts of the boundary that are considered as graphs of a function over straight
edges/flat faces of a preliminary triangulation.

Example 3.101. Assume that we want to solve the Poisson equation on the domain §2
with curved boundary. The related bilinear form is (BI3]). We employ a transformation
approach to the computation of the element stiffness matrix for the cell K = @(IA( ).
Using the transformation ((GT)) of gradients, we get

/ (grad u, grad v) d§ = /A <D<I>Tgradﬂ,D<I>Tgradﬁ>\detDCD\dE.
K K

If parametric Lagrangian finite elements of degree 1 are used on K, we merely have to
integrate cubic polynomials over K. This can be done analytically using the techniques
outlined in Sect. B.9.2

Exercise 3.24.

A raw mesh of the unit disk Q := {£€ € R*:
|€] < 1} is obtained by inscribing a regu-
lar dekagon into the unit circle, see sketch
beside. A better mesh results from piece-
wise quadratic boundary approximation as
explained above. Compute the stiffness ma-
trix related to the bilinear form (BI3) for
triangular Lagrangian finite elements of de-
gree 1 on the boundary fitted mesh.
Specify a parametric mapping for the cells of
the raw mesh that will yield a perfect bound-
ary approximation.
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3.9.5 Data structures

The issue of data structures mainly concerns the internal representation of the mesh
and of the stiffness matrix in a finite element code. For the sake of simplicity, we will
only consider conforming triangulations consisting of simplices or tensor product cells.

The bare minimum of information the mesh data structure has to provide is
1. a unique identification and the geometric location of all nodes,
2. a possibility to traverse the set of nodes of every cell in a fixed order,
3. a way to run through the edges/faces of a cell in predifined order,

4. and a method for iterating through all cells of the mesh.

We will take this minimal information for granted but little else. Of course, often a
wealth of problem dependent information (e.g. about coefficients and boundary condi-
tions) has to be available on the cell level.

Two different schemes are widely used for storing mesh information.

1. FORTRAN/MATLAB-style array oriented data layout. For a conforming
d-dimensional simplicial triangulation M the coordinates of the nodes (set N'(M),
see Def. B2l) are stored in an AN (M) X d array coords of real numbers. Another
fM x (d+ 1)-array cells of integers provides the numbers of the nodes that form
the vertices of each simplex. These numbers refer to the indices of the nodes in
the coord-array. This data layout is very similar to the file format discussed in

Remark B.T41

Example 3.102. For a simple two-dimensional simplicial triangulation with 9
nodes the array oriented description is given in Fig. This is only rudimentary
information. For instance, one may want to supplement it with a €r(M) x 2
integer array bdedges that tells the edges on the boundary I' along with a flag
specifying the relevant boundary conditions.

Of course, also “maximal” information about the mesh can be kept in an array
oriented fashion. For instance, in the case of a conforming three-dimensional sim-
plicial triangulation, the cells array may be of dimension fM x 14, where each
line contains four vertex indices, six edge indices, and four face indices.

2. C++/JAVA-style object oriented data layout. Each node and cell of the
mesh M corresponds to a dynamically allocated instance of class Node and Cell,
respectively. A special object of class Mesh takes care of global mesh management.
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Coordinates

t K; | Vertex indices
-1 1 11 2 9
2-1 0 212 5 9
3 -1 -1 3158 9
410 -1 415 7 8
510 0 513 4 2
61 -1 6 |4 5 2
71 0 714 7 5
81 1 1 814 6 7
9| 0 1

Array coord Array cells

Figure 3.22: Array oriented storage of mesh information for a two-dimensional simplicial
triangulation.

Faces on the boundary may be stored separately in order to impose boundary
conditions. A possible basic C++ implementation in depicted in Fig. B23,
The id data member of Node is optional and supplies a unique “identifier” for a
node.

Of course, more information can easily be included into this data layout by intro-
ducing classes for edges/faces, too. Possibilities for extension are almost unlimited.

class Node { class Cell {
private: private:
double x,y; const vector<Nodex> vertices;
ID id; public:
public: Cell(const vector<Nodex>
Node (double x,double y,ID id=0); &vertices);
Point getCoords(void) const; int NoNodes(void) const;
ID getId(void) const; const Node &getNode(int) const;
}; };

Figure 3.23: Class skeletons for nodes and cells of a two-dimensional triangulation

The finite element stiffness matrix B will usually be sparse, see Sect. B.9.1], and there-
fore it would be grossly wasteful to store it in a regular N x N-array of real numbers,
N the dimension of the finite element space V,.
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class BdFace { class Mesh {
private: private:
const vector<Nodex> vertices; list<Node> nodes;
BdCond bdcond; list<Cell> cells;
public: list<BdFace> bdfaces;
BdFace(const vector<Node*> public:

&vertices); Mesh(istream &file);
int NoNodes(void) const; virtual “Mesh(void);
const Node &getNode(int) const; const list<Node> &
BdCond getBdCond(void) const; Nodes(void) const;

}; const list<Cell> &

Cells(void) const;
const list<BdFace> &
BdFaces(void) const;

}

Figure 3.24: Classes for boundary faces and mesh management

A much more efficient data layout is offered by the wide used compressed row
storage (CRS), an array based storage scheme. This matrix representation is based
on three arrays: one for real numbers (val), and the other two for integers (col_ind,
row_ptr). The val array stores the values of the non-zero elements of the matrix
B € RMY as they are traversed in a row-wise fashion. It contains nnz(B) elements,
where

nnz(B) := #{(i,j) € {1,...,N}*: (B);; #0}

is the total number of non-zero entries of B. The col_ind array has length nnz(B)
and contains the column indices of the elements in val. That is, if vallk] = b;;, then
coloind[k] = j, 1 < k < nnz(B), 1 < 4,j < N. The row_ptr array provides the
locations in the val array that start a row, that is, if val[k] = b;;, then row_ptr[i] < k <
row_ptr[i+1], 1 < k < nnz(B),1 < i < N. By convention, row_ptr[N+1] = nnz(B)+1.

A matrix B stored in the CRS format requires nnz real numbers and nnz+N + 1
integers. For sparse matrices this means a considerable saving in memory, compared to
the N? real numbers for dense storage, cf. Lemma B.88

For symmetric finite element stiffness matrices the diagonal CRS format is popular:
the strictly lower triangular part of the matrix is stored in the usual CRS format, whereas
the diagonal resides in an extra N-array diag. If the matrix is merely structurally
symmetric, see Remark B89, then strictly lower and upper triangular parts can be stored
in CRS fashion using two val arrays val_lower and val_upper.

Example 3.103. As an example for the standard CRS format we consider the non-
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symmetric matrix A defined by

10 000 -2 0
3900 0 3
A - 0O 787 0 0
3 087 5 0
0 809 9 13
0 400 2 -1

The CRS format for this matrix is then specified by the following arrays

val 101-21319|13|7(8|7(3...9(13|4(2]|-1
col_ind | 1 | 5 |1]2|6|2]3|4]1...5]6|2|5|6

| row_ptr [1[3]6]9]13][17]20]

Exercise 3.25. A structurally symmetric sparse matrix B € RV is stored in diagonal
CRS format involving the arrays

val_diag : entries of diagonal of B (length N)

val_upper : non-zero entries of strictly upper triangular part of B
val_lower : non-zero entries of strictly lower triangular part of B
col_ind : column indices for strictly lower triangular part
row_ptr : row starts for strictly lower triangular part

Write a MATLAB function
y = matvec(x,val_diag,val_upper,val_lower,col_ind,row_ptr)
that performs the multipilcation of B with 2 € RY and returns the result in y.

Remark 3.104. Sometimes one can completely dispense with storing the stiffness
matrix B This is the case, when the only operation needed is the multiplication of B
with a vector. In many cases this can be sufficient for computing an approximate solution
of the linear system ([LSEl). Then only the element stiffness matrices need be computed
and formula ([ASS) from Thm. is used to carry out a matrix xvector-multiplication.
No matrix entries will be kept in memory permanently.

Bibliographical notes. Storage formats for sparse matrices are reviewed in [Bl, Sect. 4.3].
Finite element data structures are mainly discussed in the manuals of finite element codes
like UG http://cox.iwr.uni-heidelberg.de/ ug/intro.html, NETGEN http://www.hpfem. jku.at/:
KASKADE and PLTMG [3]. Articles dealing with these issues are, among others,
[29, ©, 24, 16]. A MATLAB implementation is discussed in [IJ.
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3.9.6 Algorithms

We mainly discuss algorithmic issues connected with assembly of the stiffness matrix
and load vector, see Sect. B9l An important guideline is that

assembly should be conducted in a cell oriented fashion.

We illustrate the main principles of an efficient assembly in the case of quadratic
Lagrangian finite elements used for the discretization of a second-order elliptic boundary
value problem in primal form. The basic data structures for mesh representation are
taken for granted, see Sect. B9

The core assembly procedure in C+-+-syntax is listed as Algorithm Bl It is de-
signed as a method of class Mesh, see Fig. B24], because access to global information is
indispensable. Further, we assume that a method

int getEdgeID(const Cell &,unsigned int) const (3.23)

of class Mesh is provided that computes the matrix/vector index corresponding to the de-
gree of freedom located on the edge opposite to vertex K. Assuming constant complexity
of all elementary function calls, we notice that

the total computational effort is of the order O(4M) = O(N), N :=dim V,,.

Remark 3.105. The method getEdgeID can be implemented using an associative
storage scheme based on hash tables. The hash key can be computed from the index
numbers of the endoints of the edge. After initialization the hash map is traversed once
in order to set the global edge numbers.

In the above example we had to rely on a numbering of the edges in order to handle
the global d.o.f. associated with them. This reflects the fact that

assembly entails a numbering of the global shape functions/global d.o.f.

This can be achieved in several different ways:

1. Cells can be provided with information about the index numbers of their edges
and faces. However their efficient initialization poses a challenge.

2. The index numbers of d.o.f. can be stored in separate data structures as the hash
table of Remark B.T0A.
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void Mesh::assemble(StiffnesMatrix &B,LoadVector &f) {
B=20; f=0;
for(K=Cells() .begin() ;K!=Cells() .end () ;K++) {
// Computation of local stiffness matrix and load vector
FullMatrix BK(compLocalStiffnessMatrix(*K));
vector<double> fK(compLocalLoadVector (*K));

// Retrieval of row/column indices corresponding to local d.o.f.
int nodeid[3];
for(i=1;i<=3;i++) { nodeid[il]
int edgeid[3];
for(i=1;i<=3;i++) { edgeid[i]

(K->getNode(i)) .getId(); }

getEdgeID(X,1); }

// Update of contributions to global stiffness matrix and load vector
for(i=1;i<=3;i++) {
for(j=1;j<=3;j++) {
B(nodeid[il,nodeid[j]1) += BK(i,j);
B(nodeid[i],edgeid[j]) += BK(i,3+j);
B(edgeid[i] ,nodeid[j]) += BK(i+3,j);
B(edgeid[i],edgeid[j]) += BK(i+3,j+3);

}

f(nodeid[i]) = fKI[i];

f(edgeid[i]) = fK[i+3];
}

Algorithm 3.1: Assembly of finite element stiffness matrix for quadratic Lagrangian finite
elements on a simplicial triangulation in two dimensions.

Exercise 3.26. On a two-dimensional simplicial mesh M we have computed the
solution of a second-order elliptic boundary value problems by means of quadratic finite
elements. The coefficients of the solution, that is, the values of the global degrees of
freedom according to Def. B254l are stored in the vector u € RY.

Design a method double Mesh: :calcL2(vector<double> mu) that computes the L2-
norm of the finite element solution. The same data structures as in Algorithm Bl should
be used.

Exercise 3.27. We are given a two-dimensional oriented simplicial triangulation M,
stored in object oriented fashion, see Sect. and, in particular, Figures and
B24. Each node is tagged with a unique integer indentifier (id), see Fig. B23, and an
edge F'is pointing from the endpoint with smaller id to that with larger id.
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Let Fqo(M) stand for the set of interior edges of M.
For each oriented edge F' € Fq(M) we distinguish np
its “4-side” and “—-side” as indicated in the drawing \
beside. The crossing direction of F' is from “—" to l/ +
“+7”. The unit vector ng is supposed to point in this
direction.

We consider the mesh-dependent bilinear form

b(u,0) = 3 /[(gradu,np>]F (grad v, np)], dS, wveSi(M),

FG]:(M) F

where [v]. stands for the jump of a M-piecewise continuous function v across the edge
F: [v]p =vT—v~, v" being the value of v on the “+-side”, v~ the value on the “—-side”.
If FCT,weset [v],:=vp.

Devise a method

void jumpassemble(StiffnessMatrix &B) const

of the class Mesh that computes the stiffness matrix arising from the biliner form
b for linear Lagrangian finite elements according to Def. B34l You may use informa-
tion about the total number of nodes, edges, and cells of M, provided by methods
int Mesh: :getNoNodes(), int Mesh: :getNoEdges(), int Mesh::getNoCells(), and
amethod int Mesh::getEdgeID(const Cell &,int) asin (B223) that returns a unique
integer identifier € {1, ..., #€(M)} when invoked with the index numbers of the two end-
points of an edge.

3.9.7 Treatment of essential boundary conditions

For g € H/*(I') we examine the Dirichlet problem: seek v € H'(Q2), Ryu = g on T,
such that

/ (grad u, gradv) d¢ = / fod¢é Yo e Hy(Q). (3.24)
Q Q

Here, the Dirichlet boundary conditions play the role of essential boundary conditions.
From Sect. we recall that it took an extension u, of the Dirichlet data g to arrive at
the proper linear variational problem (EVPI).

Let us study the Galerkin finite element discretization of (B224]) by means of a H'-
coforming finite element space V,,. Imagine V,, as Lagrangian finite element space S,,(M)
built on a conforming triangulation of M. The treatment of essential boundary condi-
tions comprises two steps:

1. The first complication is that, probably, ¢ € Ry(V},). Thus, in a first step we have
to replace g by G,, € Ry(V},) obtained by some projection onto R(V,,). Often, the
finite element interpolation operator I(V},) restricted to I' is used. Here, “restricted”
means that only global d.o.f. supported on I' are considered in the interpolation.
Of course, sufficient smoothness of g has to be assumed.
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Example 3.106. If V,, = S§;(M) and g € C°T'), we can simply perform linear
interpolation based on the values of g in N (M) NT in order to get g,.

2. Given g, we can resort to trivial discrete extension: we define u,, € V,, by

g ) I(gn) 1if [ is supported on T,
Ugp) i=
- 0 otherwise.

Example 3.107. Continuing Example BT06, in this case ug, € S1(M) is just that
function that agrees with G,, on I' and vanishes on all nodes of M in the interior of €.

After these two steps the discrete variational problem corresponding to (B24]) reads:
seek u,, € V), o such that

/ (grad(u, + ug,), grad v,) d§ = / fo,d§ YveV,,, (3.25)
Q Q

where Vo :=V,, N Hy ().

On the algebraic level, things look slightly different. The set of global shape functions
is partitioned into those associated with nodes/edges/faces in 2 and those associated
with nodes/edges/faces on I'. This induces a partitioning of the final linear systems of

equations
Baa Bra) (pg Pa
= ) 3.26
<BQF Brr Hr ¥r ( )
Actually, the coefficients in g are no unknowns, because u,, is already fixed on I, that
is, we know

(1r), = Lgn) , (3.27)

if the i-th component of p belongs to the global degree of freedom [ supported on I'.
Hence, use (BZ17) to determine g, which yields the reduced linear system

Boopg = ¢q — Bropr - (3.28)
Exercise 3.28. The coefficient vector p, computed via (B28) fits the solution u,, +

Ugn €V, of (B2H).

3.9.8 Non-conforming triangulations

Now we consider that situation that a (closed) face of some cell of the triangulation
M coincides with the union of several faces of other cells: the mesh M is no longer
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Figure 3.25: Model of a non-conforming simplicial triangulation in 2D

conforming, see Def. B8 As a two dimensional model case we will study the simplicial
mesh of Fig. B.23

In Fig. we focus on the edge F' that is composed of the sub-edges F} and F5. The
common parlance calls F' the master edge, whereas F; and F, are the slave edges.
As a general rule, the global shape functions/degrees of freedom are defined with respect
to the master edge.

Here we only discuss the example of second degree H'-conforming Lagrangian finite
elements on the triangulation of Fig. This will sufficiently convey the abstract
principles. We remember that for triangular Lagrangian finite elements of degree 2, see
Def. BS54l three local shape functions have non-zero restriction to an edge. If K is a
triangle with vertices v!, v?, 1 the shape functions associated with the edge connecting
v! and v? have the barycentric representations

bl == )\1(1 - 2)\2) y blg == 4)\1)\2 y bg - )\2(1 - 2)\1) .

Here, b, is associated with v!, by, with the midpoint of the edge, and by belongs to /2.
In Fig. the traces of these shape function on an edge are depicted.

The restriction of the global shape functions to the master edge F' should either be
zero or agree with one of the three three local shape functions from K. This rules out
using the standard shape functions on the cells K; and K5, which are adjacent to F
from the “slave side”. The mismatch is illustrated in Fig. B2

The local shape functions on the cells K and K5 have to be modified. Let {b1, b,, b3}
be the set of standard local shape functions on K; associated with the endpoints and
midpoint of F;. The local shape functions on K that belong to F are by, bia, by If we
assume that the point ¢ splits F' with a ratio of 1 : 2 (|Fy| = /3| F|), then, on F},

b1|F1 =1 'b%+5/9'b12+2/9'612;,
bioje, =0 by +5/9- bz +8/9- by,
b2|F1 :O'b%—l/Q'blg—l/Q'b%.
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ba

02 | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.26: Traces of second degree Lagrangian shape functions on an edge, which is

parameterized over [0, 1].

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Local shape functions on edge F' both from master cell (solid line) and slave

Figure 3.27:
cells (dashed / dotted line)
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That is, to achieve a matching of local shape functions across F}, the standard local shape
functions on K; have to be replaced by suitable linear combinations. The coefficients
are given by the above relationships.

We assume the numbering of local shape functions for quadratice Lagrangian finite
elements that has already been used in Algorithm B.IL the basis functions associated with
the vertices will come first, then those associated with the midpoints of edges. Moreover,
we use the numbering of vertices of K indicated in Fig. Then the re-combination
of local shape functions can formally be expressed through the equation

by 1 2% 00 0 5 by
by 0 =19 0 0 0 —Yo| | b
bs| 0o 0 100 0 bs
sl "0 0 010 0 || (3:29)
Day 0 0 001 0 b1
”512 0 89 0 0 0 5/ bia

The new local shape functions are {51,52,53,523,531,512}.

The matrix in (B229) is called S-matrix of K. The S-matrix Sk relates the restrictions
of global shape functions on a cell K € M to the standard local shape functions that
are used to compute the element stiffness matrix Bx and element load vector ¢,. In
the general case Sk has dimension kx X kg, ki := dimIlx. The S-matrix differs from
the identity only for those cells that are adjacent to the “slave side” of a face/edge.

Lemma 3.108. For a non-conforming triangulation the formulas of Thm. [Z84 have
to be altered into

B= ) TiS(BS[Tx , ¢= > TiSkp. (3.30)
KeM KeM
Proof. Tagging the restrictions of global shape functions to K € M by a tilde we have

kK

EZK:ZSH bZK

=1

Write By for the element stiffness matrix computed with respect to the new local shape
functions bX. Then

N L krx ki krk ki
(B),, =b®F,05) = > susjmbbm, b)) = > D susim(Bx),, »
I=1 m=1 I=1 m=1
which means
By = SxkBkSL .
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Exercise 3.29. Consider degree 2 Lagrangian finite elements on the triangulation
depicted in Fig. B23. Compute the S-Matrix for cell Ks.

Exercise 3.30. Face elements according to Def. are to be used on the non-
conforming triangulation from Fig. B23 Determine the S-Matrix belonging to cell K
in this case.

3.9.9 Static condensation

There may be global shape functions whose supports coincide with the closure of a
cell of the mesh. For instance, Lagrangian finite elements of degree m, m € N, on a
two-dimensional simplicial triangulation feature those if m > 3. Sometimes, these global
shape functions are called interior basis functions.

If the bilinear form of the variational problem has property ([LOCO), then all entries
of the stiffness matrix corresponding to pairs of interior basis functions belonging to
different cells will vanish. If we sort the global shape functions in way that counts the
interior basis functions last, then the linear system of equations resulting from finite
element Galerkin discretization will have the following block structure

— Boo, Bo o\ [(Po)
Ba = (Bio Bz‘z‘) (NZ) N <‘PZ) =% (3.31)

where B;; is due to the coupling among interior basis functions. The important obser-
vation is that B;; is block-diagonal with blocks corresponding to the cells of the mesh.
Each block will be of a size equal to the number of interior basis functions of the related
cell. For instance, for Lagrangian finite elements with fixed degree m this number will
be relatively small.

Thus, the block-diagonal matrix B;; can be inverted with a numerical effort propor-
tional to fM. Thus (B3) is converted into the smaller Schur-complement system

(Boo — BoiBZ’_ilBio) Ho = Po — BOZ'B;ILPi . (332)
Due to its reduced size, this system may be easier to solve than the full system (B31]).

Exercise 3.31. Consider Lagrangian finite elements of degree 4 on a very fine two-
dimensional quadrilateral triangulation M of the kind depicted in Fig. BH (right). “Very
fine” means that cells adjacent to I" need not be taken into account in the considerations.
By what percentage can static condensation reduce the number of unknowns?

3.10 Spectral H'-conforming elements

According to Thm. [L30 enlarging the finite element space promises to yield a better
Galerkin solution w.r.t. the V-norm. There are two basic ways to “enlarge” a Lagrangian
finite element space:
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1. the h-version of finite elements uses Lagrangian finite elements of the same degree
on a mesh with more cells (“finer mesh”)

2. the p-version of finite elements keeps the mesh, but raises the degree m of the
Lagrangian finite elements. This leads to spectral approximations.

The hp-version of finite elements blends both ideas.

Whenever higher order Lagrangian finite elements are used it turns out to be crucial
to pick appropriate local (— global) shape functions in order to obtain a linear system
of equations (LSE])) with a reasonably conditioned matrix (see Sect. [CH). Actually,
Def. B.54] determines the local shape functions, but for m > 1 alternative local degrees
of freedom/local shape functions are possible that will yield the same space S,,(M), cf.
Remark

Example 3.109. Consider the Lagrangian finite element of degree two on a triangle
K. Instead of the shape functions from Table we can also use the p-hierarchical
local shape functions. Using barycentric coordinates in K, see Def. B.49 they can be
written as

This basis is called hierarchical because a subset is a basis of P;(K): the entire basis
emerges by augmenting the set of shape functions for the first degree Lagrangian finite
element on K. Obviously the shape functions match across interelement faces (dual view

according to Remark B:38) and will yield S,,(M).

Exercise 3.32. Determine local d.o.f. on P;(K) in the form of combinations of point
evaluations that fit the local shape functions from (B33)).

Example B.T0Y teaches us how the set of local shape functions of a Lagrangian fi-
nite element (K, Ik, X) can be altered without affecting the matching property across
interelement faces:

A local shape function supported on a face/edge/vertex F' of K can be modified

by adding contributions from other shape functions that are supported on a
—

face/edge F' such that F' C F'.

However, the number of local d.o.f./local shape functions associated with a ver-
tex/edge/face/cell must always remain the same.

Example 3.110. Consider cubic Lagrangian finite elements on a triangle K, that is,
[ = P3(K), see Def. B5A Denote by bX the local shape function associated with the
vertex ¢, ¢ = 1,2,3. By bgi, bgj, 1 <14 < j <3, we mean the local shape function
related to the point in A/ on the edge connecting vertices 7 and j that is closer to vertex

i. Finally, b, will stand for the interior local shape function.
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As in (B229) we can use a matrix notation to describe a change of local shape functions.

The above rule will mean that any new set {bX,b%.. b5 bK.} will be generated by

1 9 Y151 Yiggo

K

A x 0 0 * * % x % *x x bl
bl K
%{ 0 « 0 * % * % % % x b,
bg 0 0 * * % % % *x % x b
bl 000 %0000 «||[bE
b | _ |0 00 % x 000 0 % bﬁm
bl 00000 % 00 x bisy |
b, 00000« 00 =x bl
7K 0000000 x % *|[bk,
T 0000000 = % *| |0k
gﬁf?) 000000000 %/ \bfy
123

where * indicates potentially non-zero entries of the matrix. Besides, the transformation
matrix has to be regular.

Figure 3.28: Possible modifications of local shape functions for Lagrangian finite ele-
ments of degree 3. The disks indicate local shape function that can con-
tribute to a modification of the local shape functions marked by a square.

We have seen that for higher degree Lagrangian finite elements we have ample freedom
to choose local and global shape functions. In light of the insights gained in Sect. [[3]
we cannot hope to influence the discretization error by changing the basis, but we can
hope to “improve” the stiffness matrix. The usual objective is to

achieve a small condition number of the stiffness matrix.

Thus, the “optimal” set of global shape functions will depend on the variational prob-
lem that we want to tackle.

Usually the task of finding an optimal set of global shape functions is impossible to
solve. Instead one tries to reduce the condition number of the element stiffness matrices.
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Remark 3.111. We examine the case of a symmetric positive definite bilinear form
b that is composed of local contributions according to (BI2). We apply a Galerkin
finite element discretization and obtain the symmetric positive definite stiffness matrix
B, which, by Thm. has a representation

B=) T{BTk.
KeM
Further, assume that at most D, D € N, cells of a mesh M share a node. This implies
n* < > [Txnl> < Dinf* vnpeRY,
KeM

because each coefficient of n will occur at most D times as an entry of one of the vectors
Txn. Hence,

n"Bn = Z (TKn>TBK (Tkm)

KeM
< max Amax(Br) Y [Txnl* < D max \nux(Bi)nl?
K KeM K
> m}}n )\min(BK) Z |TK77|2 < H}%n )\min(BK)"’ﬂ2 .
KeM

As a consequence, the spectral condition number (see Sect. [[H]) satisfies
D max Amax (BKk)
min A\yin(Br)
K

K(B) <

This shows the close relationship between the condition number of the stiffness matrix
and the extremal eigenvalues of the element stiffness matrices.

Remark 3.112. For the p-version of Lagrangian finite elements static condensation
(see Sect. BOU) becomes an essential tool. Besides significantly reducing the size of
the linear system of equations, static condensation also brings about a considerable
improvement of the conditioning of the linear system.

Exercise 3.33. Consider the second degree Lagrangian finite element on an equi-
lateral triangle K. Determine a modified admissible set of local shape functions that
achieves optimal spectral conditioning of the element stiffness matrix with respect to the
bilinear form

(u,v) — / (grad u, grad v) d§ .
K

Of course, the local shape functions must remain compliant with H!-conformity. More-
over, one may always assume that the new shape functions remain invariant with respect
to permutations of the vertices of the triangle.
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For tensor product cells like K =] — 1, 1[? local shape functions for Lagrangian finite
elements of degree m, m € N, can be obtained by tensor product construction from

bases of P,,(] — 1,1[), ¢f. Remark BO8
Example 3.113. A nodal basis of P,,(] — 1, 1]) is fixed by specifying m + 1 “nodes”

—1::§AO<§1<---<§Am::1.

Then the nodal (or Lagrange) shape functions are given by

i ff €~ &
11 (& — &)
i
Evidently, Eg” € Pn(] —1,1]) and Egﬂ(@) = §;; le. /b\;“(g) vanishes in all nodes except
node number j.

Many choices of nodes are possible:

e equidistant nodes:
~ 29
§ri=—1+ 2 j=0,...,m. (3.35)
m
These are not recommended for high m because the element stiffness matrices

for bilinear forms pertaining to H!(Q)-elliptic problems will become extremely
ill-conditioned.

e Chebysev nodes:

o~

@W:—m%j%)j:QL”wm. (3.36)

This option leads to reasonable well-conditioned element stiffness matrices for vari-
ational problems in H'((Q).

e Lobatto nodes: @m are the m + 1 zeros of

(1-¢€) L1,(€), (3.37)

where L,(§) is the p-th Legendre polynomial. These points (which are used in
spectral methods) are as good as (B30), but, in addition, they are suitable for
numerical integration.

Please note that all these local shape functions are not p-hierarchical, because when m
is increased they all change. This necessitates a complete re-computation of all element
matrices, when the polynomial degree of the Lagrange finite elements is raised by only
one.
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Example 3.114. The shape functions for P,,(] — 1,1[) can also be chosen to yield
a p-hierarchical basis, see Example For instance, they can be constructed from
the Legendre polynomials {Lp};O:O. They are obtained by applying the Gram-Schmidt
process in L*(—1,1) to the nomials {£P}>°,. For classical reasons, the {L,(£)} are

normalized by the condition
L,(1)=1. (3.38)

Legendre polynomials satisfy the Legendre differential equation
(1= €)Ly(©) +plp+1)Lyp(€) =0 in | = 1,1 (3.39)

and the orthogonality

1 2
_ T ifn=m
[ @naerie={ 1 40 (3.40)
e Lya©)— 11 (6)
Ly(¢) = 2ol ol > 1. 41
() = Sl 341
Figure 3.29: Legendre polynomials of degree 5 and 10.
A p-hierarchic sequence of shape functions Zj (&) on | — 1, 1] is then given by
~ 1+¢ ~ 1-¢
bo(§) = o bi(§) = o (3.42)

~ 2j—1 [¢ ,
© =y L= [ Liatdn, 22 (3.43)
—1
- - - 2j — 1
y=1,0=—1,0 =4/ ]2 L1, j>1.
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Moreover, from (B40) we conclude

/_ p(EL(E)dE =0 Vpe P, —1,1]).

11

This means that the element matrix arising from the local shape functions (B22), (B23)
and the bilinear form

(1, 0) / RIGRUGE:

reads
o —1/ (0 0 0
—1/2 12 0 0 0
0 o 1 0 --- 0
Bi_i = : : :
0
0 0O 0 - 0 1

Bibliographical notes.  The gist and foundations of spectral methods are discussed
in [7]. A complete treatment of the hp-version of Lagrangian finite elements is given in
[36].
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In this chapter we focus on V-elliptic linear variational problems (see Sect. and
Def. [L20) and their finite element Galerkin discretization.

The main objective of finite element theory is to predict the dependence of
certain norms of the finite element discretization error on discretization param-
eters like features of the mesh and the type of finite elements (a-priori error
estimate, see Sect. [ 4]).

We will mainly discuss these issues for the following H} (Q)-elliptic model problem that
arises as the primal variational formulation of the pure homogeneous Dirichlet problem
for a second-order elliptic boundary value problem, see Sect. seek u € H}(Q) such
that

b(u,v) = /Q (A grad u,gradv) d§ = /va d¢ Vv e Hy(Q). (4.1)

Here, Q C R? d = 1,2,3, is a computational domain according to Def. The
coefficient function A € (L>(02))%? is supposed to be uniformly positive definite, see
[IPDI), whereas f € L?(2). H'(Q)-Ellipticity of b is a consequence of Lemma 261l

4.1 The Bramble-Hilbert lemma

We start with a fundamental concept of functional analysis:

Definition 4.1. An linear operator K : V. +— W, V.W normed vector spaces, is
called compact, if the image of any bounded sequence in V' contains a sub-sequence that
converges in W. The set of compact operators V +— W is denoted by K(V,W).

Corollary 4.2. For Banach spaces U, V,W we have
(i) K(V,W) C L(V,W),
(i) If K e K(U,V),S e L(V,W), then SoK € K(U,W).
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4 Basic Finite Element Theory

Compact operators are a generalization of the simple operators that have a finite-
dimensional image space (range).

Theorem 4.3. For Banach spaces V., W the space of compact operators is the closure
of the set of linear operators V +— W with finite dimensional range in L(V,W).

In infinite-dimensional spaces compact operators can never be invertible.

Theorem 4.4. An isomorphism T : V — W of Banach spaces V,W is compact, if
and only if dimV = dim W < oo.

Theorem 4.5 (Peetre-Tartar lemma). Let U, V,W Banach spaces, K € K(V,W),
Se L(V,U). If

37500 lolly < v(IKolly +IS0ll,) YoeV, (42)
then
(i) dimKer(S) < oo,
i) 3y >0 inf — <~"S Yo e V.
(ii) 3y et o =ply <AlISvlly Vv e
Proof. (i): On N := Ker(S) we have
[olly <7 [[Kolly Voe N,

that is, Ky : N +— K(N) is an isomorphism. On the other hand, K|y € K(N,K(N)),
which, by Thm. B4l can only be satisfied, if dim N < co.

(ii): Assume that the assertion was false. Then there would exist a sequence {v;}52, C
V/N such that

il =1 ISvjl, VIeEN.

By rescaling we conclude the existence of a sequence {v;}72, C V/N — for convenience
notations have not been changed — such that

lvillyy =1 and llim Sv;=0.
We have
||U||V/N = ;gﬁ, lv+plly

and since dim N < oo the infimum is attained. This means that we can find a sequence
{vi}52, C V such that

loelly =1 and lim [|Swfl; = 0.
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4 Basic Finite Element Theory

Therefore, we can extract a subsequence {vy}2, such that {Kuv,}3°, converges in .
By (E32) this will be a Cauchy sequence in V. As a consequence

u::klimvkEV and w€N = |jully,=0.

This is a contradiction, because we assumed [[vg|[y,y = 1. O
This sophisticated theorem is extremely useful for Sobolev spaces, because their imbed-
dings offer a wealth of compact operators.

Theorem 4.6 (Rellich’s theorem). Let Q C R? a bounded domain with Lipschitz-
continuous boundary. If m,m' € N, m > m/, then the continuous embedding H™(§2) C
H™ (Q) is also compact.

One consequence of this is that under the assumptions on 2 made in the theorem,
any bounded sequence in H'(2) has a sub-sequence that converges in L?*(2). We have
used this in the proof of Lemma .64l

The combination of Thm. and Thm. EE0 yields an extremely useful tool for finite
element analysis. Given a bounded Lipshitz-domain §2 ,we apply Thm. with

o V= Hm(Q)7 m e N7 U= (L2(Q))l7 [ = (m;—d)’ W = Hm_l(Q>7
e K = the embedding H™(Q) — H™ (), which is compact according to Thm. EG,
e and S := (0%)aj=m : V — U,

Then, the concrete form of (f2) is straightforward

[0l gm0y = <||v||§{m,1(9) + ||5U||i2(9))1/2 < (vl gm-1iy + 1Sl o)) Vo€ H™(Q).
The assertion (i) is clear because
Ker(S) = Pn-1(9) .
In this setting Thm. EEH has the following consequence:

Lemma 4.7 (Bramble-Hilbert lemma). If Q C R¢ is a bounded Lipshitz-domain
and m € N, then

Jy=79(m,Q) >0: inf v — mioy < Y|V m Yo e H™(Q) .
v = ) PP 1(Q) I Py Q) = Y |vly (®) (€2)

In other words, the norm on the quotient space H™(Q)/P,,_1() is equivalent to the
seminorm || g q)-

Exercise 4.1. Demonstrate how Lemma E.64] can be obtained by a straightforward
application of Lemma E7

138



4 Basic Finite Element Theory

There is also a version of the Bramble-Hilbert lemma for polynomials of total degree

2 /2
L2() ) 7

< m. It is based on the estimate
am

oy

Fy=7(m, Q) >0: ||UHHm(Q) <7 ||U||Hm*1(9) + <

which can be found in [38]. Thus, we can apply Thm. with
(L*(Q)?, W = H™1(Q),

e V=H"(Q),U=
e K as the embedding H™(Q2) — H™ (), which is compact according to Thm. FEG],
o and S = (900 GOm0 0) .. HO0mNT
Obviously, we now have
Ker(S) = Q,,-1(2) ,

which makes Thm. EEH yield the following result:
Lemma 4.8. If Q C R? is a bounded Lipshitz-domain and m € N, then
T A
(95 . ) Yo e H™(Q) .

0: inf 0= Pl )§7<

Iy = , ) >
v = 7(m, Q) oo o)

Remark 4.9. The above reasonings can immediately be adopted for Sobolev spaces
based on LP(Q), p > 1, that are no longer Hilbert spaces. For instance, as an analogue

to Lemma E7 we ggt that on a bounded Lipschitz domain Q C R?
> 0: inf ||U _pHWm 10 () < Y |'U‘Wm,oo(Q) Yv € Wm’OO(Q) R

Iy = y(m, Q) en o)

where
= lm‘ax ||aav||L°°(Q) 5

V] jymoo () = |HI&X [0%V| oo @) -

HUHWWW(Q)

For W™ (Q) a version of Lemma EL§ exists, too
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4.2 Transformation techniques

The transformation approach has already proved useful for the construction of finite
elements, see Sect. B, and for the evaluation of element stiffness matrices, see Exam-
ple BTOT It will also play a pivotal role in finite element theory for parametric families
of finite elements.

Our goal is to prove asymptotic estimates for localized (quasi-)interpolation operators
in the h-version of finite elements. These are estimates of the following form

lu = Tull x <7 elh) flully (4.3)

where |||, |||y are suitable norms, v > 0 is a constant that may only depend on
the (continuous) boundary value problem and controllable properties of the underlying
mesh, € is a “simple” function tending to zero as its argument — 0, and h stands for
the meshwidth, see below. For the sake of simplicity we will assume that all cells of the
underlying finite element mesh arise from a single reference cell K.

Usually, transformation techniques aiming at (3)) involve the following steps:

(I) Localization: express ||u — lu||, by means of contributions of cells K € M or, at
least, neighborhoods of cells.

(II) Perform natural pullback XTg, of u — lujx, K € M, to the reference cell K , K =

~

@ (K), and establish a relationship between [ XTe, (u — lu)|[ x z and ||u — Tul| x -

(III) Derive an estimate of the form

500 [a-Ta| <7 lle v
gl u uxﬁ_vlltu,K u,

where 1 := XTe, olik.
(IV) Determine the impact of the transformation on the Y-norm.

These steps can be summarized by the chain of estimates

Ju=tule @ 3 [t

KeM

(1) )
< Dk XTa(w—1u)l% &
KeM

@ )

<7 XTa (W)l &
KeM

av) ,

<7 Z VKV ||U”YK :
KeM
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Here the “constants” vy, v will depend on the norms and the shape of K.
First we investigate the behavior of standard Sobolev seminorms || 1 () m € Ny,

under the standard pullback FTg, where, for the sake of simplicity, ® : K — K is an
affine mapping R? — R?, ®(€) := F€ + 7 according to (AFH).

Lemma 4.10. If® : K — K is an affine mapping ’é — Fg+7', then, for allm € Ny,

o~ m+d m m —1 m
lncey < (" ) " LFI” 1) gy € (),

m+d m _1ym 1/2 |~ m( 1o
lmiy < (" ) " I QB ey V€ HO(R)

with ||F|| denoting the matriz norm of F associated with the Euclidean vector norm.

Proof. Without loss of generality we can assume that u € C*(K). Let a € N with
|| = m, m € Ny. Then, the m-th Gateaux-derivative D™ : R? x --- x R? — R allows
to express

0%u = D™ u(€)(8',...,8™) |

with ' = = 6" =€, 0 = ... = §72 = ¢, etc. Remember that €, designates
the k-th unit vector in R?. We deduce that

0*a(€)] < | D™A(E)] := sup{ D" U(€)(8",...,8™), 8" €

which implies

- 3 [ el = (")

6] IS

K
The chain rule gives

D" G(€)(84,...,8,) = D"u(®(€))(Fby, ..., Fé,,) . (4.5)
This means that

ID" @) < [IF|™ D u(2(E))] -

Next, we use the transformation formula for multidimensional integrals and apply it to

)
- d My _
e < (") [ IFI DI den() e (16)
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Finally, observe that

ID™u(€)]| = sup{D"u(€)(d",...,8™), 8" €

=1

d d
< SUP{Z Z ‘Dmu((ﬁzleal?‘“7527m60¢m>|7 6k S Rd’ }dk} = 1}

alzl am=1
d d
S SEED ST
a1=1 am=1
< d"™ max{|0%u(§)|, |a| =m} .

O

Remark 4.11. If ® is a general C*-diffeomorphism K K , then the analogue of
E3) will involve derivatives of u from Du up to D™u and derivatives D® up to D" ®.
Thus, in order to estimate the Sobolev-seminorm || ., (R)» We have to resort to the full
Sobolev norm |[u|| g g and vice versa.

Let us consider an affine equivalent simplicial triangulation M, see Def. B3 We fix
a reference simplex K and find affine mappings ®x : K — K, ®x(€) := Fr€ + 7k
for each K € M. In light of the general strategy outlined above, we have to establish
bounds for ||F||, |[F~!|, | det(F)|, and |det(F)|~! that depend on controllable geometric
features of M.

Definition 4.12. Given a cell K of a mesh M we define its diameter
hi :=sup{|§ —n|, §&n € K},
and the maximum radius of an inscribed ball
rg:=sup{r>0: e K: E—n|<r = neK}.

The ratio hy [Tk is called the shape regularity measure px of K.

Lemma 4.13. If K K C R?, d = 2,3, are a generic non-degenerate simplices and
by K — K, <I>K(€) = F€ + T, the associated bijective affine mapping, then

hK)d 1-d hKT?(_l ‘K‘ hd hi ! d—1
L < [ det(F)| = = < —(2E) gt )
(hff g K|~ hergt \hg) 'R
hi h h» h»
F|< = =1,-=% Fl < 2K 1, "k 4.
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TK

— —

hx
Figure 4.1: Diameter hx and rg for a triangular cell
Proof. The inequalities (B1) can be concluded from the volume formula for simplices
by elementary geometric considerations.

Write ¢ € K for the center of the largest inscribed ball of K. Then estimates (ER)
follow from

|F|| = sup{|F&], |

1} = L=t sup{|®(€) — ®(C)|, [€ — {| =2rg} < hie/2rz

because both <I>(g) and <I>(E) lie inside K. A role reversal of K and K establishes the
other estimate. U

The shape regularity measure of a simplex can be calculated from bounds for the
smallest and largest angles enclosed by edge/face normals. We give the result for two
dimensions:

Lemma 4.14. If the smallest angle of a triangle K is bounded from below by o > 0,
then

sin(/2) ! < px < 2sin(e/2) 7t .

Figure 4.2: Angle condition for shape regularity of a triangle
Proof. It is immediate from Fig. that

Vahg sin(e/2) < Isin(%/2) = rx < hg sin(%/2) .
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O

Lemma clearly shows that uniform shape-reqularity of the cells is key to achiev-
ing a uniform behavior of the Sobolev seminorms under transformation to a reference
element.

Definition 4.15. Given a mesh M its meshwidth can be computed by
hM = max{hK, K e M} s
whereas its shape regularity measure is defined as

pm = max{pg, K € M}.

Here, the notations from Def. [[.13 have been used. Moreover, the quasi-uniformity
measure of M is the quantity

UM = max{hK/hK/, K, K, S M} .

Remark 4.16. Usually software for simplicial mesh generation employs elaborate
algorithms to ensure that the angles of the triangles/tetrahedra do not become very
small or close to m. Hence, it is not unreasonable to assume good shape regularity of
simplicial meshes that are used for finite element computations.

The choice of reference simplices is arbitrary. So we may just opt for

K = convex { (8), ((1]), ((1)) } ford =2, (4.9)
0
1
0

0 0
K := convex 0,10}, .10 ford =3. (4.10)
0 0 1

~

Corollary 4.17. Let M be a simplicial triangulation and choose the reference simplex
according to (D) and [EIW), respectively. Then the affine mappings ®x : K — K,
by (&) =Fr&+ 1K, K € M, salisfy

1-d

p _ _

% Wiy < det(Fr)| < by, [Fgll < b,  ||FE] < pmpaching -
M

Lemma 4.18. The number of cells of a conforming simplicial triangulation M that
share a vertex can be bounded by means of the shape-reqularity measure of M.

Proof. For d = 2 the assertion is immediate from Lemma EET4 Similar elementary
geometric considerations settle the case d = 3. U
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4.3 Fundamental estimates

In this section we consider H!-conforming Lagrangian finite elements of fixed degree
m € N on simplicial meshes, c¢f. Sect. B8 and, in particular, B.54l We recall that they
form affine equivalent families of finite elements in the sense of Def. B4l This makes
them amenable to the application of transformation techniques.

Besides the Bramble-Hilbert lemma ET the following result will be used frequently.

Lemma 4.19. If ||-||; and |||, are two norms on a finite dimensional vector space
X, then they are equivalent in the sense that

W <y<7: vl <loll, <7llvll, Yoe X

It is the main idea behind the proof of L2-stability of the bases provided by the
global shape functions.

Lemma 4.20. Let M be a simplicial mesh of the computational domain Q C RY,
d=1,2,3, and S,,(M) C H'(Q) the Lagrangian finite element space on M of uniform
polynomial degree m € N equipped with the basis B = {b',... bV}, N := dim S,,(M),
of global shape functions. This basis is L*-stable in the sense that

N 2 N 2 _ N
g HZZ:lmbl‘ L*(Q) = lel i HblHLQ(Q) =7 Hzl:l mbl‘

with constants 0 <y <7 that only depend on d.

Y

2
L2(Q)

Proof. We start with localization: consider v,, € S,,,(M) and its restriction vy = Un|K
to a cell K € M. We can rely on a representation in terms of local shape functions

Ngk
Vg = lel by

Let K denote the single reference element for M and Uk the affine pullback of vg to K.

o~

We note that vk belongs to the fixed finite dimensional space P,,(K) and that

R Nk~
Uk = E R

where Zl are the local shape functions on K. Obviously,

Ny ~
~ 2
e 3t o

2
L2(K)

is the square of a norm on P,,(K). Thus, combining twice Lemma EZI0 (for m = 0) and
Lemma we obtain

2 S )2 ~ Ne ol
oy = VIR [ oy = 1K1K S i |1

2 NE o2
L2(R) = 21:1 Hq ||blHL2(K) ’
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where &~ stands for a two-sided estimate involving constants that merely depend on d.
Summing over all cells finishes the proof. 0

The assertion of the lemma is not affected by a rescaling of the global shape functions.
Hence, we may assume HblH @) = 1,1 =1,...,N. The coefficient isomorphism C, :
RY — S, (M) related to the resulting basis will satisfy

-1

ICa vy <77 I ey <75 (4.11)

where the constants «, 7 are those from Lemma It is not difficult to derive (EITI)
from Def. of the operator norm.

Assume that the rescaled global shape functions are used in the context of a Galerkin
finite element discretization of the L?(€2) inner product

b(u,v) ::/Qu~vd£, u,v € L*(Q) .

This will give us the mass matrix M € RV ¢f. Exercise B20. Now, we can use (ET1)
and apply Lemma

kM) <y '7.

We conclude that

The spectral condition number of the diagonally scaled mass matrix arising
from Lagrangian finite elements of fixed polynomial degree does not depend on
the finite element mesh.

The Lagrangian finite element space S,, (M) has finite dimension, which, by Lemma .T9,
implies the equivalence of all norms, in particular of all Sobolev norms. However, such
an equivalence cannot hold true for the infinite-dimensional function spaces. We expect
that the constants in the norm equivalence will blow up or tend to zero when we choose
larger and larger finite element spaces. The next lemma gives a quantitative estimate, a
so-called inverse estimate.

Lemma 4.21 (Inverse estimate). If M is a simplicial mesh of Q C RY, then for
0<k<l,meN,

EI’)/ = 7(d7 l7kam7pMHU’M> >0: |UTL‘HI(Q) S Y h’l,/\jlk |UTL|H’V(Q) V’Un € Sm(M) .

Proof. Using the transformation technique, Lemma EET0, Corollary BET7, and Lemma EETA
the proof can be accomplished easily. O
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Example 4.22. The second-order elliptic boundary value problem
~Au+u=f inQcR* | (gradu,n)=0 onT (4.12)
is discretized by means of linear Lagrangian finite elements on a simplicial mesh M.
The bilinear form associated with [ET2) is
b(u,v) := / (grad u, gradv) +uvd€, u,v € HY(Q), (4.13)
Q

which agrees with the H'(Q2)-inner product.
We use ([£9) as reference triangle and invoke Lemma for m =0, 1:

|Un|§{1(1<) ~ hd pral0 n‘Hl(K) )
9 Yo, € §(M) , (4.14)

loallzey =~ Pk ITall72 s
K)

where ~ designates a two-sided estimate with constants depending on pa and jipg. On
P1(K) all norms are equivalent (Lemma EET) so that

d+1 /2 d+1 /2
10l g ) ~ (Zwm?) 0]l 22y = (me?) Yo e Pi(K). (4.15)

J=1 J=1
Here, ~ stands for equivalence involving only universal constants, and vy, ..., V4 are
the vertices of K. Merging (EI4)) and (EIH) yields
d+1
onllZr ey <7 0 10l ) < 7 B Y Ta(25)?
d+lj ! Vo, € Si(M), KeM .

loallz iy = 7 Bk [1Ball 72y 2 7 hMZvn D;)”

Here, v > 0 are generic constants that only depend on ppq and ppq. Moreover, we have
tacitly assumed h, < h 2 which makes sense for reasonable fine meshes. Hence, in
the first estimate only the H'-seminorm has been taken into account, whereas in the
second estimate the L?-norm was supposed to be dominant.

Summing up and appealing to Lemma TS, we end up with

d 2 < 2 < -2 )
U D oy 6 S Il STHEDS P (416)

with other constants 0 < v = v(pm, par), 0 <7 = F(pm, ). Repeating the analysis
for the mass matrix, from Lemma we get the bound

K(B) < yhy;

for the spectral condition number of the stiffness matrix B arising from &;(M) and the
bilinear form (E13)). The constant v will only depend on pag and piag. This demonstrates
that the spectral condition number of B may deteriorate like O(h;) for a sequence of
meshes that are uniformly shape-regular and quasi-uniform.
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Exercise 4.2. Show that the estimate (218) is sharp by plugging in suitable functions
Un € 81 (M)

4.4 Interpolation error estimates

In Sect. [L4] we have learned that it takes knowledge about the best approximation
error of the exact solution in the trial space in order to gauge the discretization error of
a Galerkin scheme for a linear variational problem, see Thm.

Usually, in the case of finite elements the best approximation error remains elusive,
but thanks to the locality statement of Thm. the interpolation errors for the finite
element interpolation operators (see Def. B39) can be estimated by means of transfor-
mation techniques. At least, this gives us an upper bound for the best approximation
error.

Here, we focus on H'-conforming Lagrangian finite elements of uniform polynomial
degree m € N on a simplicial triangualation M of a computational domain Q C R9,
d=1,2,3. Eventually we want to examine the dependence of the interpolation error on
the meshwidth A, of M. Thus, the results will be relevant for the h-version of finite
elements.

Remark 4.23. The considerations of this section carry over to the other affine equiv-
alent families of finite elements presented in Sect. B.8.2

Theorem 4.24. Let | stand for the finite element interpolation operator belonging
to the Lagrangian finite element space S,,(M) on a simplicial mesh M. Then, for
2<t<m+1,0<r <t

3’}/ = ’Y(ta r,m, PM) : ||U - IUHHT(Q) < g h.t/\jlr |u‘H’5(Q) Vu € Ht(Q) :

Proof. Single out K € M and write K for the assocoiated reference element according
to (EX) or (M), respectively. They are linked by the affine mapping ®5 : K — K.

The crucial observation is that the local finite element interpolation operators com-
mute with the pullback FTs,:

FTae(lx 1) = 1(FTa u) Vue H'(K) .

This is an immediate consequence of the parametric (affine) equivalence of the finite
elements on K and K, ¢f. Def. B4
Next, we appeal to Lemma EET0 and Cor. BET1 and estimate

lu = Vi ull o ey < v R

~ T dfo—r
u— Iu‘ /

_<qh inf (@ —p) =@ - )|
ey =1 pepm(f{)( p) — ([ —p)

)

H7(R)

because, by Lemma BAT], | preserves polynomials in IT P = Pm(lA( ). Note that, thanks

~

to Thm. 248, functions in H*(K) are uniformly bounded and continuous for ¢ > 2 so
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that 1: H'(K) — P,,(K) is continuous. This enables us to apply the Bramble Hilbert
Lemma
df2—r df2—r

Ju— Ik uHH’“(K) <7 hg inf _ Ha_pHH’f(f{') <7 hg W|Ht(f<) <7 hi" |u‘Ht(K) :
PEPm (K)

All the constants only depend on the norms and pg. Morover, in the final step Lemma EET0
was invoked once more. Summing over all elements yields the result. 0

Remark 4.25. The proof essentially hinges on the continuity of the local finite ele-
ment interpolation operator in H*(K'). Of course, we cannot expect any interpolation
error estimate in Sobolev norms for which the finite element interpolation is not bounded.

Remark 4.26. The statement of Thm. remains true for tensor product La-
grangian finite elements according to Def. on affine equivalent meshes.

Exercise 4.3. Consider the following coordinate transformation & : K — K which

matches the unit square ]0; 1[* to an arbitrary quadrangle with vertices Py, P, P3 and
Py

®(E,8) = PEE+PE( - &)+ P(1—&)&+ Pi(1—&)(1 - &)

and the inverse transformation ¥ := &1

Py
& &
(0,1 (1,1) ®
T |h
T P
~ P
<07 0) (1705 51 ! fl

(i) Compute the Jacobi matrix D®(£) and show that for an arbitrary matrix A €
RN N € N there holds

Al < [[Allg

where ||.||r denotes the Frobenius norm on R which is defined by

N 12
AR = <Z a?j) 3 A= (aij)?’[jzl‘

ij=1
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(ii) Compute the determinant |det D® (&)|.

~

(iii) Show that for an arbitrary « € H'(K) there holds

Ul ey < Ignea;?(HD‘I’(f)HF\detD‘I’(ﬁ)l_l/Q\mHl(f?)'

where @ € H'(K) is defined by @(€) 1= u(®(£)).

~

(iv) Show that for an arbitrary v € H?(K) there holds

1/2
2 2 /

2.

k=1

0*u

€2

< max||D®(&)|[7] det DB(E)| |l )
[2(R) gek

where 1 € H2(K) is defined by @(€) 1= u(®(£)).
(v) Show that

u i < i I DW(E) | det DR(E)™ mas | DRE) 3] det D@ =
€

holds for all w € H?(K), where ~ is a constant.

Bibliographical notes.  Basic interpolation estimates for Lagrangian finite elements
are elaborated in [8, §6] and [I2, Sect. 3.1].

4.5 A priori error estimates for Lagrangian finite
elements

We consider a second order elliptic boundary value problem on a polygon/polyhedron
Q C R?, d = 2,3, with homogeneous Dirichlet boundary conditions

—div(Agradu)=f inQ , u=0 onl, (4.17)

whose variational formulation reads (see Sect. and [@1)): seek u € Hy(2) such that
b(u,v) := /Q (A grad u,gradv) d§ = /va d¢ Vv e Hy(Q) . (4.18)

To discretize ({LIS) we can employ Lagrangian finite elements of fixed polynomial degree
m € Non an affine equivalent mesh M. This will give us a discrete solution u,, € S,,(M).

According to the results of Sect. [l and .8 a Galerkin finite element discretization of
(EIR) will be quasi-optimal. Hence bounds for the H'-norm of the discretization error
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can be derived from the interpolation error estimates: if the exact solution u belongs to
H?(Q) we obtain with v =(Q, A) >0

Ju — unHHl(Q) < aneisllf(/\/l) lu — UnHHl(Q) < 7lu— IU”Hl(Q) 5

where | is the finite element interpolation operator onto S,,(M). We continue by apply-
ing Thm. 241 and end up with

[t = tnl| g gy < v R ulpreqy for2<t<m+1 and ue H'(Q), (4.19)

where v = (2, A, pa, iag). Let us discuss this a priori finite element discretization
error estimate:

1. The estimate (EI9) hinges on the fact that the exact solution u is “smoother” (in
terms of Sobolev norms) than merely belonging to H'(Q). For general f € H ()
this must never be taken for granted. However, for a restricted class of problems
[EI]) with extra smoothness of the right hand side, e.g. f € H"(Q2), elliptic shift
theorems may guarantee that u € H'(Q) for ¢ > r. For instance, for smooth Q
we can expect u € H™2(Q).

Example 4.27. For d = 1 we have u € H"%(Q), if f € H"(Q).

2. The bound from (IJ) can be converted into an asymptotic a priori error
estimate by considering a sequence M,,, n € N, of simplicial meshes of 2. They
are assumed to be uniformly shape-regular, that is,

Fy>0: ppm, <v VneN.
Moreover, the meshes are to become infinitely fine
ham, =0 as n—oo.
Then the statement of (ET9) can be expressed by
[ = tnl g ) = O(hly!) forn — oo . (4.20)

If (EZ0) holds, common parlance says that the h-version finite element solutions
enjoy convergence of the order t — 1 as the meshwidth tends to zero.

Remark 4.28. With considerable extra effort, more sophisticated best approximation
estimates can be derived: for m,t > 1 we have

lull ey - (4.21)

min{m+1,t}—1
U €Sm (M) )

. b
inf Al = vnl g1 0) < YoM ) (W

This paves the way for a-priori error estimates for the p-version of H!-conforming ele-
ments.
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4.6 Duality techniques

We still deal with the variational problem (E]) and its Galerkin discretization based
on the Lagrangian finite element space S,,(M) on a simplicial mesh M. Now, we aim
to establish an estimate of the discretization error in the L?(2)-norm.

This is beyond the scope of the theory presented in Ch. [[l and will rely on particular
techniques for elliptic boundary value problems.

Assumption 4.29. We assume that [EXD) is 2-regular, that is, all u € Hg(Q) with
—div(A gradu) € L*(Q) satisfy

u€ H Q) and ||ullyzq) < 7 Ildiv(A gradu)l| 2 .
with a constant v = v(A, Q) > 0 independent of u.

We write u,, for the unique solution of the discrete variational problem
ty € Sp(M) NVH(Q) © blun, 1) = / fondé Vo, € Sn(M) .
Q

Write u € H}(Q2) for the exact solution of EIR) and e := u — u, € H}(Q) for the
discretization error. From Sect. [[4 we recall the Galerkin orthogonality (ILI6)

b(e,v,) =0 Vo, € S§;(M) .

The solution w € H}(Q) of the dual linear variational problem
we Hy(Q):  blw,v) = / evd¢é Vv € Hy(Q), (4.22)
0

will be a solution of the the elliptic boundary value problem
—div(Agradw)=einQ , w=0 onl.
Since e € L*(2), by Assumption we know
we B, Nl <7 lel o) - (1.23)

with v =~(Q,A) > 0.
Next, we plug v = e into ({L2ZJ) and arrive at

2 :
||e||L2(Q) - b(w7 6) = vnE}S{lnf(M) b(w — Un, 6) >
where Galerkin orthogonality came into play. We may now plug in v, := lw, where | is

the finite element interpolation operator for S,,,(M). Then we can use the the continuity
of b in H'(Q) and the interpolation error estimate of Thm. forr=1and t = 2:

2
H€||L2(Q) <blw—1lw,e) <7 |lw-— leHl(Q) : H€||H1(Q) <7vhum ‘w|H2(Q) : ||e||H1(Q) :
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Here, the final constant v will depend on A, m, pur, and ppg, but not on u or w,.
Eventually, we resort to the 2-regularity in the form of estimate (£23]) and cancel one
power of [le]|2q)-

This technique is known as duality technique, because it relies on the dual varia-
tional problem ([22J). Sometimes the term “Aubin-Nitsche trick” can be found. Sum-
ming up we have proved the following result:

Theorem 4.30. Assuming 2-regularity according to Assumption [{.29, we obtain
lu — Un”L?(Q) < vhuflu— UnHHl(Q) )
where the constant v > 0 depends on 0, A, m, pa, fiag-

Remark 4.31. Thm. tells us that under suitable assumptions in the h-version
of finite elements we can gain another power of h,, when measuring the discretization
error in the L?(Q)-norm. More generally, often we can expect that, sloppily speaking,

the weaker the norm of the discretization error that we consider the faster it
will converge to zero as hyy — 0.

What remains to be settled is whether Assumption is reasonable. This is part of
elliptic regularity theory. In particular, we have the following result [19]

Theorem 4.32. If the computational domain 2 C R? is convex or has C'-boundary
and A € CY(Q), then the elliptic boundary value problem (EETT) is 2-regular.

4.7 Estimates for quadrature errors

As explained in Sect. B93 usually the finite element discretization of ([EI8) will rely
on local numerical quadrature for the computation of the stiffness matrix and of the load
vector.

The use of numerical quadrature will inevitably perturb the finite element Galerkin so-
lution and introduce another contribution to the total discretization error, which is called
consistency error. We have already stressed that the choice of the local quadrature
rule is guided by the principle that

the error due to numerical quadrature must not dominate the total discretiza-
tion error (in the relevant norms).

As far as the h-version of finite elements in concerned this guideline can be rephrased
as follows:

the impact of numerical quadrature must not affect the order of convergence in
terms of the meshwidth.
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4.7.1 Abstract estimates
We consider a linear variational problem (LYP]) on a Banach space V'
ueV: bu,v)=(f,0)yy YweV,

with V-elliptic bilinear form b € L(V x V,R) (Def. [L20) and f € V*, see Sect.
Existence and uniqueness of a solution u € V' are guaranteed by Thm. [LT7
Based on V,, C V, dim(V},) < oo, we arrive at the discrete variational problem (DVPI),

see Sect. [C4
Up € Vit b(Un,vn) = (fitn) ey Yun €V,

>From an abstract point of view the application of numerical quadrature in a finite
element context means that the discrete variational problem will suffer a perturbation

Uy €V, - B(un,vn) = <f, Un>v ” Yu, €'V, , (4.24)
*X

with a bilinear form b € L(V,, x V,,,R) and f € V*. The perturbation destroys Galerkin
orthogonality and leads to extra terms in the discretization error estimate of Cor. [[38

Theorem 4.33. Beside the assumptions on b and b stated above we demand that
I >0: b(vn,va) =7 lvall} Von €V, (4.25)

Then EZ4) will have a unique solution w, € V,, which satisfies the a-priori error
estimate

le = wally < (inf (e =vally + sup. Teoally

o [y = (Fown) |

VxV* )
wnEVi [[wnly ’

with v = y(||bll; ve; 71) >0
Proof. The assumption (f2H) means that for any v, € V,,

! Hun - UTLH%/ < B(un = Un, Upn — Un)
= b(u — v, up, — vy) + (b(’un,un — vp) — b(vy, up, — vn))
+ (b(tns U — V) — b(u, uy — vy,))
)

= b(u — v, u, —v,) + (b(vn, Uy — Up) — B(vn, Uy, — vn))

—(f,un — Un>VxV* + <J}V7un - Un>

VxV*
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Next, we exploit the continuity of b and divide by ||u,, — v,||,:

|b(vy, Uy, — vy) — E(vn, Uy — Up)|

M llun = onlly < bl flu =wally +

[tn — vnlly
+ e <f’u" B U”>va* |
[tn — vnlly
b(v,, w,) — b(v,, w
< ol e — vl + s 1200 ) = Bl )
| <f7 w”>V><V* - <f7wn>v - |
+ sup X
wn€Vp ||wnHV
As v, € V,, has been arbitrary, the triangle inequality
[ = unlly < [lu = vally + l[un = vally,
finishes the proof. 0J

The assumption (2H) is called h-ellipticity. In the h-version of finite elements we
want 71 to be indepedent of the meshwidth (“uniform h-ellipticity”). The two terms

[b(vn, wn) = b(vn, wn)|

sup )
[{fwdyy = (Fwn) |
sup VxV* :
wnEVn ||wn||v

are called consistency (error) terms. They have to be tackled, when we aim to gauge
the impact of numerical quadrature quantitatively.

4.7.2 Uniform h-ellipticity

In the sequel, our investigations will focus on (E1])) discretized by means of Lagrangian
finite elements of uniform polynomial degree m on a simplicial triangulation M of a
polygonal /polyhedral computational domain 2.

Applying local quadrature rules of the form (NUQ)), the perturbed bilinear form reads

P
b, v) = Z |K| Zle (A(m]) grad u, (w]*), grad v, (7)) Uy, vy € Sp(M) .
KeM 1=l
(4.26)

For the analysis we must rely on a certain smoothness of the coefficient function A:
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Assumption 4.34. The restm'ction of the coefficient function A : Q — R%? to any
cell K € M belongs to C™(K)%? and can be extended to a function € C™(K)%4.

Lemma 4.35. Let A satisfy [UED)) and Assumption and the local quadrature
weights wi be positive. If the local quadrature rules are exact for polynomials up to
degree 2m — 2, then

b(v,, vn) > 1|Un‘§{1(9) Yo, € §p(M) .
where the constant v is that from (IPDJ).

Proof. Since A is uniformly positive definite and the quadrature weights are positive

b(vn, V) Z \K\Zwl 7| grad v, (7 [)|* > v Z |K|Zle|gradvn w2

KeM =1 KeM 1=l
2
= vl

because on each K € M we know grad v,, € P,,_1(K)? so that the numerical quadrature
of | grad v,|? is exact. O

4.7.3 Consistency

We first examine the consistency error term arising from numerical quadrature applied
to the right hand side. The analysis hinges on the smoothness of the source function f:

Assumption 4.36. The restriction of the source function f : ) — R to any cell
K € M belongs to C™(K) and can be extended to a function € C™(K).

The analysis of the consistency errors for the h-version of finite elements is based on
transformation techniques, see Sect. They can be applied, if the local quadrature
rules stem from a single quadrature formula on the reference simplex, c¢f. Sect.

Assumption 4.37. We assume that the local quadrature formulas arise from a single
quadrature formula on the reference simplex K.

In particular, this means that on each cell the same number of quadrature nodes and
the same quadrature weights are used, which amounts to

() = S KIS e ().
KeM =1

Let us zero in on the case m = 1, i.e. linear Lagrangian finite elements, and assume
that the quadrature rule is exact for polynomials of degree 0 (constants). As usual,
localization will be the first crucial step

P
vy = (Fon) = 30 [ funde = KIS - ()l
KeM =1
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Let us single out a K € M. Then, we use the transformation formula and carry out
transformation to the reference element

/ fw, d€ — |K| Zwl fwy) (7)) = | det Fg| EQ(fwn) , (4.27)
where E — F K/E\ + Tk is the affine mapping taking K to K and
~ —~ —~ ~ P o~
EolFn) = [ Fo,dE - K> wi- (Fau) o). (128)
K 1=1

The linear continuous quadrature error functional EQ : LOO([A( ) — R satisfies
Eolp) =0 VpePo(K).

Hence, we can appeal to the generalization of the Bramble-Hilbert lemma presented in
Remark EE9.

Bolw) = inf_[Ea(w—p)| <7 inf_w — pllyrmcr) <7 N0hproie, » (429)
p€Po(K) pEPo(K)

with universal constants v > 0. We want to apply this estimate to w = f@n The
product rule gives

6y < g s gy 09

In light of the fact that @, € P;(K) we can use Lemma and conclude

ity < Pl 1l + By | 7] (131)

L>(K)

Fa

Now, recall from Lemma ET0 that

~ _d 1—d
||wnHL2(f{) < 'Vh/v(/2 HwnHL2(K) ) ‘wn|H1 R = Yh : |wn‘H1(K : (4.32)
Further, a simple application of the chain rule reveals
Ty < il ey ey = I e (4.33)

In all these estimates the constants only depend on pp; and ppa. Combining (E29),

(E3T), [E32), and [H33) we get

o 1a
(Eq(fwn)| < vhiyy, /2<|.ﬂle°°(K) ||Un||L2(K) + ||f”L°<>(K) |UH‘H1(K)) :
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By Cor. L7 | det Fx | < hd,, which, when combined with (EEZT) leads to

P
14d
/K fw, d§ — K| Zwl(fwn)(ﬂ'zK) < 'Yh/\: & Hf”wlyoo(K) ||wn||H1(K) )
=1
with v = v(paresn, iar). Summation over all cells yields
~ L
e = (Fom) <A Uiy 3 ol - (430

KeM

As a consequence of the Cauchy-Schwarz inequality

D Mwall gy < GM)72 - lwnll gy - (4.35)

KeM

whereas, with a constant v > 0 depending on paq and piag,
M < v |Q| Ry (4.36)
Merging (E34), (E35), and (E34) we obtain
(fwn)yy — <f’wn>\/xv* < vhm ||f||W1»°°(Q) ||wn||H1(Q) :

This implies a behavior like O(hn) of the consistency error term due to numerical
quadrature for the load vector. This estimate matches the a-priori error estimate (E19)
of the H'-norm of the discretization error. In sense, using a quadrature rule that is
exact merely for constants complies with the fundamental guideline about proper use of
numerical quadrature.

In [I2, Ch. 4, §4.1] a more general theorem is proved:

Theorem 4.38. If simplicial Lagrangian finite elements of uniform degree m € N
are used to discretize ([{EI]) and the load vector is computed by a numerical quadrature
scheme that complies with Assumption [{.57 and is exact for polynomials up to degree
2m — 2, then

(Fowadynye = (Frwn) S W lmeeioy [all ey Vin € Sn(M)

where v = y(m, pa, fia) > 0.

We still have to bound the consistency error term introduced by numerical quadrature
applied to the bilinear form b of ([EI8)). Assumptions B34 and EL37 will remain in effect.
Again, we only study the case of linear Lagrangian finite elements m = 1. In addition,
we will only consider the case of scalar coefficient A (&) = a(&)1,.
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>From ([26) we get for v, w, € S;(M), whose gradients are locally constant,

b(vn, wy) — b(vp, wy,)

P
= Z / (A gradv,,grad w,) d€ — | K| Zwl((Agradvn,gradwn))(ﬂ'lK)
K

KeM 1=1
P
= Z (grad v, grad wy) (/ a(&)d€ — |K| Zwm(w{ﬂ)
KeM K 1=1
= Z (grad v, grad wy,) ;¢ | det(Fr)| é\Q(Zi) :
KeM

where we used the quadrature error term (E28) on the reference simplex. Note that
a = FTg, a is a pullback that depends on K. We single out a cell K € M. Then we

can reuse (E29), @33) and get
gQ@) <7~ |a|wl,oo(f<) < vhn |G‘W1,oo(1<) )

where v = v(pam, piag) > 0. Eventually,

b(Un, wn) - B(Una wn) < ’}/hM Z ‘ det(FK)| <grad Un, grad wn>|K ‘a’|W17°O(K)
KeM

< Yha falyrce(q) (0, wn) giq)

< vhm ‘a|le°°(Q) ||Un||H1(Q) ||wnHH1(Q) :
This means that the corresponding consistency error term displays a dependence like
O(ha) (with constants depending on shape-regularity and quasi-uniformity). Again,
the weakest quadrature rule turns out to be sufficient to preserve first order convergence

in the meshwidth.
A more general result is proved in [I2, Ch. 4,84.1]:

Theorem 4.39. Assume that the exact solution u of ([EIR) belongs to H™(Q),
m € N. If simplicial Lagrangian finite elements of uniform degree m are used to discretize
EI8) and b arises from a numerical quadrature scheme that fits Assumption [f.37 and
15 exact for polynomials up to degree 2m — 2, then

b(lu, wy) — b(lu, w,) < yhiyy HAHWWOO(Q) Hu||Hm+1(Q) ||wn||H1(Q) Vw, € (M),

where y = Y(A,m, pass fiar) > 0.
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In this chapter we discuss the theoretical aspect of finite element methods that do not
belong to the standard finite element schemes introduced in Ch. B and analyzed in the
previous chapter.

5.1 Non-conforming finite element schemes

Definition 5.1. A finite element method is called non-conforming, if the finite
element trial or test space is not a subspace of the function spaces that occur in the
definition of the continuous variational problem.

A rationale for using such a peculiar approach will be given in Sect. B34

Remark 5.2. Another rationale for using non-conforming finite elements is that con-
forming elements might be dismissed as too complicated. This has been the main rea-
son for using non-conforming schemes for variational problems posed on H?(Q), see

Sect.

5.1.1 Abstract theory
We consider the linear variational problem (LVP)

weV: b(u,v) = (f,v)y. YveV,

where b € L(V x V,R) is a V-elliptic bilinear form, and f € V*.
In the case of a non-conforming Galerkin discretization based on the vector space V,,
the discrete variational problem reads

Up € Vi, E(un,vn) = <f, vn>v y Yu, €V, . (5.1)
n X Vn

Since V,, ¢ V' is admitted, the original bilinear form b might not make sense for elements
of V,,. Therefore it has to be replaced by b : V,, x V,, — R. The same is true of the right
hand side functional.

Strictly speaking, (EJJ) has nothing to do with (LVB), we cannot even compare the
respective solutions v € V and u,, € V,, in the V-norm. In order to state discretization
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error estimates we have to introduce a special norm ||-||, ,, for functions in V,, UV that
agrees with ||-||;; on V.

Remark 5.3. In most practical cases ||-||, ;, will be a split norm, adding contribu-
tions from mesh cells. In a sense, it is a mesh dependent norm.

We make the following assumptions on b:

Fve >0 bv,ws) < e llvallyy lwallyy Yoe VUV, w, €V, , (5.2)
In > 00 b(ve,va) = m vallhy Yo, €V, (5.3)
Here, (£2) asserts the continuity of E, and (B3) is known as h-ellipticity. Under these

assumptions, Thm. [[T7 ensures existence and uniqueness of a solution u,, € V,, of (B1l).
Its relationship to the solution u € V' of (LMP) is disclosed by the next theorem.

Theorem 5.4 iStrang’s second lemma). Ifb € L(V xV,R) is V-elliptic according
to Def. and b satisfies (2) and [E3), then

b(u, w,) — <f’ w">v*xv
u—u <7 | inf [u—wv + sup —
lu =l <y | if o= vally + sup. Tonlly

Y

with v = v(ve,M1)-
Proof. We pick an arbitrary v, € V,, and get from (&3)) and (B2)

71 Hun - Un“i,v < B(Un — Up, Up — Un)

=b(u — vy, u, — v,) + (<f, Uy — Un>v o E(u, Uy — vn))
n X Vn

blu,wa) = (Fwn )
VixVy
< e llu = vally v ln = vally v + sup

wn€Vn Hw”Hh,V

As v, € V,, was arbitrary, the assertion of the theorem follows from the triangle inequality
as in the proof of Thm. B33 O
The extra term in the a-priori error estimate is another consistency error term.

5.1.2 The Crouzeix-Raviart element

Definition 5.5. For a triangle K € R? the Crouzeiz-Raviart finite element is
defined by
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(1) i = Pi(K)

(i) ¥ = {v — |Fi|_1/ v(€)dS(€), i = 1,2,3}, where F; is the edge opposite to
F;

verter i, 1 = 1,2, 3.

Exercise 5.1. Compute the local shape functions for the Crouzeix-Raviart element
in terms of barycentric coordinate functions.

Remark 5.6. On Ilx indentical local degrees of freedom can be defined by ¥ =
{v — v(w;), i = 1,2,3}, where p,; is the midpoint of the edge opposite to vertex i.
However, when evaluated for more general functions, these d.o.f. are clearly different.

Corollary 5.7. The Crouzeiz-Raviart element is affine equivalent.

Obviously, this finite element is not H'-conforming, because there is only one local
degree of freedom associated with an edge, which must fail to fix the restriction of a
local trial function onto that edge, ¢f. Example B27.

The global degrees of freedom of the Crouzeix-Raviart finite element coincide with
averages over the edges of a simplicial triangulation. For a functions that are linear on
an edge the same average means that they coincide at the midpoint of the edge. Hence,
the Crouzeix-Raviart finite element space reads

CR(M) :={veL*Q): vk € PI(K)VK € M,
v continuous at midpoints of interior edges of M} .

A global shape function is sketched in Fig. Bl

Figure 5.1: Global shape function for Crouzeix-Raviart element
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Lemma 5.8. If lcg denotes the finite element interpolation operator associated with
CR(M) on a two-dimensional simplicial triangulation M of Q C R?, then for 0 <r <
t<2,t>1,

2 2(t—r 2
Y lu—=lerullf ey < YN uliy Vo€ HYQ),
KeM

with v = ~(t,r, pp) > 0.

Proof. Local transformation techniques in conjunction with the Bramble-Hilbert
Lemma E7 and Lemma accomplish the proof as in the case of Thm. 24l O

In contrast to the finite element interpolation operators for Lagrangian finite elements,
ler is bounded on H'(Q):

Lemma 5.9. 3y =7(pu) : ZKEM ler vl o) < V10l Yo € H(Q)

Proof. Pick any triangle K € M and remember that the Crouzeix-Raviart element is
affine equivalent. Thus, by the transformation formulas of Lemma EET0, the equivalence
of norms on finite dimensional spaces (Lemma ET9), and the trace theorem Thm. 249

/ vdS
F;

where all constants only depend on pgk. U
The Crouzeix-Raviart finite element on a triangulation of a polygonal computational
domain  C R? shall be used to solve

ller Vg1 (gey < [ler® <Y 0l gy < 710l ey

3
_ < Fy|!
H(R) ’Y;| ]‘

~Au=fecl*Q) inQ , u=0onl,

which amounts to the variational problem

uwe€ Hy():  b(u,v):= /Q (grad u, grad v) d€ = /va d¢ Vv e Hy()). (5.4)

The usual way to impose the essential homogeneous Dirichlet boundary condition is to
set global degrees of freedom located on I' to zero. We also do this for the Crouzeix-
Raviart element, so that we get the trial/test space

Vo, ={veCR(M): v=0 at midpoints of edges € E(M)NT}.

In this setting the natural candidate for the mesh-dependent norm is

2 /2
ol = (3, o) -
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For v € H'(Q) this agrees with {41, which, by the Poincaré-Friedrichs inequality
Lemma 6] is a norm on Hj(S2). That |-[|,, is a norm on V, as well can be seen
by the following argument: if [|v,[, = 0 the function v, must be locally constant.
Continuity at midpoints of edges then means that v, € V,, is constant on . As it
vanishes in some points on I', we conclude v,, = 0.

The modified bilinear form will read

b(u,v) := Z (grad u, grad v) d€ .
Kem”’ K

For u,v € H'(R) is agrees with b. We observe that (2) and (E3)) are trivially satisfied
with 7¢ = 71 = 1. Besides, we notice that the right hand side functional need not be
altered.

In order to estimate the consistency error term, we have to assume that the solution u
of (&4 belongs to H%(€2). Then we can use local integration by parts in order to bound
the consistency error term:

B(Ua wn) = (f, wn)H—l(Q)xH&(Q) = Z (grad u, grad w,) — fw, d§

Kem K

— Z/ (grad u, nyk) wndS—/(Au+f)wnd§
reem JoK K

= Z /BK (grad u, ngx) w, dsS ,
KeM

because —Au = f.

— Z Z/F (grad u,ngx) (w, —w,(F;))dsS,

KeM j=1

where w,,(F;) € R is the unique value of w,, € V,, at the midpoint of the edge F;. We
can subtract it, because if

1. Fj is an interior edge, it will occur twice in the sum, with opposite sign, however,
due to the different directions of the unit normal vectors, and if

2. F; C I, then, by virtue of the definition of V,,, w,(F;) = 0.

Now, w,, — w,(F}) has average zero on Fj:

/wn—wn(Fj)dS:O VF € E(M) .
F
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Since (grad lu, nok )| € Po(F), F an edge of K, it is now possible to replace (grad u, nox)
with (grad(u — lu), nok ), where | is the finite element interpolation operator for the
Lagrangian finite element space S;(M). Eventually, we get by the Cauchy-Schwarz
inequality

b, wn) = (s Wa) s oymp) = D Z / (grad(u — lu),ng) (w, — w,(F}))dS

KeM j=1

<> ZW— Pl ) lwn = wa(E5)l 2y -

KeM j=1
(5.5)

On the reference element K the multiplicative trace theorem Thm. and the Bramble-
Hilbert lemma Lemma 7 permit us to estimate
2

~ T~ o~ T~ ~ R —~12 R ~ 2/ 7>
: <7 ’U - |U’H1(f{) (‘U - |U‘ ot ‘U‘HQ(K)) <7lulpg weH(K).

‘a— m‘
H(K)

HY (8K
By means of transformation techniques we infer
2 2
u— |u|H1(8K) < vhk ‘u|H2(K) : (5.6)
The constant will depend on pgx. Moreover, elementary computations show
2 2

[wn = wa(EN) 72,y < ¥(Px) i (Wil gy - (5.7)

We plug (B0) and (E0) into (BH) and get

b(w, wn) — (f, wn)H—l(n)ng(Q) <7 Z hi [l ey 1wnl g e
KeM

<7vhm ‘U|H2(Q) Hwth,V )
where v = v(ppr). This demonstrates that the consistency error term is of order O(h )
as hy — 0 for a uniformly shape-regular sequence of simplicial meshes.

The best approximation error for V,, can be estimated easily, because S;(M) C
CR(M): from Thm. we get

inf |lu—w,l|,, < inf \u—wn|H1(Q) < yha |u|H2(Q) :

Un€Vn ’ wp €81 (M)

with v = ¥(pa, paq). The final result for the discretization of (4]) by means of non-
conforming Crouzeix-Raviart elements is

Ju— Un“hv (P ban) Topa |u‘H2(Q
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Exercise 5.2. The elliptic boundary value problem
—Au+Tu=f inQ , (gradu,n)=0 onl, (5.8)

7 > 0 shall be discretized by means of Crouzeiz-Raviart elements on a simplicial trian-
gulation in two dimensions.

(i) Compute the element matrix for an arbitrary triangle with vertices v!, v? v € R2.

(ii)) Let the triangular grid of Fig. have M, M € N, cells in each coordinate
directions. How many unknowns will we encounter in the case of the Crouzeix-
Raviart finite element scheme for (E.8)? How many will arise when using piecewise
linear H'-conforming Lagrangian finite elements? How many non-zero entries will
the stiffness matrix have in either case?

h

3
Compute the stiffness matrix that arises | 1 Q2
on the triangular mesh sketched beside. 4

(iid) Use the numbering of the global degrees 56| 1

of freedom, which are associated with 10
the edges of the mesh, given in the fig- 6
ure. 9 8

7

Exercise 5.3. The Crouzeix-Raviart element can be generalized to quadrilaterals: the
Rannacher-Turek finite element on a straight-sided quadrilateral K C R? is defined
by

o I = span{l,&,&, & — &5}, and
e Y ={vr |Fi\_1/ v(€)dS(€), i =1,2,3,4}, where F,..., Fy are the edges of
K. i

(i) Verify that (K,Ilx,Xk) is a finite element according to Def. B2H if K is an
axiparallel rectangle.

(i) Show that this finite element is H'-nonconforming.

(i) Describe the local shape functions for the Rannacher-Turek element on an axipar-
allel rectangle K.
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5.2 Mixed finite elements for second-order elliptic
boundary value problems

5.2.1 Dual variational problem

In Sect. we derived the dual variational formulation of the second-order elliptic
boundary value problem

A7'j=gradu inQ, (5.9)
divj=f inQ, (5.10)
u=ge H”I) onl.

by multiplying both equations with test functions and using integration by parts for
(E9). This results in the linear variational problem: seek u € L?(Q2), j € H(div; (), such
that

Jo (AT a) & + Jodiva-udé = frg(qm)dS Vg€ H(div;0),

o (5.11)
Jodivy-vdg = [, fvdg Vo e L3(Q) .

Following the guideline stated in Sect. 2.7 we picked Sobolev spaces that barely render
the bilinear forms continuous.

5.2.2 Abstract variational saddle point problems

Let V and @ represent two Hilbert spaces. Given two bilinear forms a € L(V x V,R)
and b € L(V x Q,R) and linear forms g € V*, f € Q*, the abstract saddle point
problem reads: seek j € V', u € @ such that

a(j,v) + b(viu) = (¢, V)yeyy VVEV,
b(j, q) = ([ Dgxq VIEQ.

The meaning of a, b, f, and g for the concrete saddle point problem (EI1l) should be
clear.

Similar to the approach in Sect. [, ¢f. (CIJ), an operator notation of (SPP) can
promote understanding: introduce the continuous operators A : V — V*and B: V — Q*
associated with the bilinear forms a, b, respectively. Then, (8PP) can be converted into

A B\ (i _ [y
(e 0) ()= (0) 62
Existence and uniqueness of solutions of (I2) for any (g, f) € V* x Q* is guaranteed
if

(SPP)
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(A) B:V — Q is surjective and B* : ) — V* is injective.
(B) A: N(B) — N(B)" is bijective, where
NB):={veV:bv,g)=0VgeQ}CV.
is the null space of B.

A sufficient condition for (A) is given in the next lemma. It is closely related to

Thm. [CT7
Lemma 5.10. If and only if b € L(V x Q,R) satisfies the inf-sup condition

b(v,
38500 s 2 g1, e, (5.13)
venrvioy Ivlly

then B : V +— Q* is surjective and B* : Q — V™ is injective.

Proof. “=": Assume that (FI3) holds and consider the restriction B+ of B to the
orthogonal complement A (B)+ of A(B) in V. This is a Hilbert space, too, and B*
meets all assumptions of Thm. [LT7A Hence,

(B) 1@~ (WV(B)")
is an isomorphism, which makes
B-: N(B)! — Q"
an isomorphism as well as in Exercise [L2
“=”: As above, apply Thm. [CI7 to B+ : N (B)*: — Q*. O
A sufficient condition for (B) is the V-ellipticity of a on N/ (B):
Ja>0: a(v,v)>alv]i WeV. (5.14)

Theorem 5.11. If (E13) and &I4) hold, then [SPP) has a unique solution (j,u) €
V x @ forall (g, f) € V* x QF, which satisfies

Q*

Lo (Dl
< = = (14 =
lill < 5 o+ 5 (1+ 20 1

g
1 .
7 Ulgllv- + T2l 1l

Proof. Existence and uniqueness of solution of (§PP]) is an immediate consequence of
Lemma BT thanks to this lemma we can find w € V' such that

lullg <

Bw=/f and [wl, <87 |/f]

Q* -
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Testing the first equation of (8PP with v® € N'(B) we get
a(j —w,v%) = g(v°) —a(w,Vv?).

This gives the solution component j. From (14l and the triangle inequality we conclude
the estimate for ||j||;;. Then u can be defined by

ue: bv,u)=g(v)—a(jv) VWweV.

The estimate for [Juf|, follows straight from (BE.T3). O

Let us verify the assumptions (E13)) and (BI4) for the dual variational problem (BE.ITI).
Here we have

V=H@ivO) . Q=IX9).
a(j,v) ::/Q<A_1j,v> d¢, b(v,q) = /Qdivv-qdﬁ.

It is clear that in this case N (B) := H(div0;Q) and (5Id) is immediate from the
property (UPD) of the coefficient function A and the definition of the H(div)-norm.
In order to show (I3) we pick ¢ € L*(Q2) and define v := — grad w, where

w e Hy(Q) : / (grad w, grad v) d¢ = / qudé Vv e Hy(Q) . (5.15)
Q Q
Obviously, by the Poincaré-Friedrichs inequality Lemma .61

HVHL?(Q) <7(€) HQHL?(Q) : (5.16)
Then, since by definition of w in T3
—Aw=q = divv=gq,

(I3 is readily established with 3 = (1 4 v()?)~"/>:

~ 2
sup b(v,q)> b(v,q) ||Q||L2(Q) >

=¥ - = lallr2 () -
vempenioy VIl IVl aaive) \/Hq||i2(m+||q|@2(m V1+7(Q)2 (©)

Exercise 5.4. Show that the abstract variational saddle point problem (SPP) is
equivalent to the linear variational problem
ueX: cuo)=(h0)w,  YoeX,
where X =V x Q, u= (uy,ug), v = (vy,vg),

c(u,v) = (uy,vy) + b(uy,vg) + b(vy, ug) ,
(h, 0) xex = (G5 OV )y + <97UQ>Q*><Q :
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5.2.3 Discrete variational saddle point problems

The canonical Galerkin discretization of (SPP)) relies on finite dimensional trial and
test spaces V,, C V, @, C Q: seek (jn,u,) € V,, x @, such that
a(j.n, Vi) + B(Vn,tn) = (g Valyey Ve €V, (DSPP)
b(.]m Qn> = <f7 Qn>Q*XQ vc]n S Qn .

According to the theory developed in the previous subsection, the variational problem
(DSPP) has a unige solution (j,,u,), if the Babuska-Brezzi conditions (sometimes
called the Ladyshenskaya-Babuska-Brezzi conditions, hence LBB-conditions)

b(Vn, Gn
346, > 0 sup ! > B ||Qn||Q Vg, € Qn (LBB1)
V€V, ||Vn||v

3, >0 a(va, V) > |[Valli, Vv, € N(B,), (LBB2)
are satisfied, where
N(B,) :={v, €V,: b(vn,q,) =0Vq, € Q,} . (5.17)
Remark 5.12. Of course, the relation
dimV,, > dim Q,, (5.18)
is necessary for (LBBII).

The following result is the basis for a-priori error estimates of the Galerkin discretiza-
tion error.

Theorem 5.13. Assume (B13), (EI4), and the Babuska-Brezzi conditions (LBBI))
and ([LBB2). Let (j,u) € V x Q and (jn,un) € Vi, X Q,, stand for the unique solutions

of (8PP)) and (DSPD), respectively. Then
IIbl

I3 = 3ally <7 _inf 15— valy +

b | fall -
U — Uy, < 1+— inf |lu—aullp+—=Ili —inllyv
o= wlg < Jnf = gl + = dully

oom (1o ) (g 1)

Moreover, if N (B,) C N(B), then

n n

with

o |
15 =dnlly < 0_int [ = vall, (519)
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Proof. Subtracting the first equations of (§PP)) and (DSEP), we obtain
a(j —jn, Vo) +b(viy,u—q,) =0 Vv, €V, , (5.20)
so that for ¢, € @, we find
b(Vn, gn — tn) = —a(j = Jn, Va) = b(Va, v — Gn) -
Using this and (LBBIl) we have

b(v,,q, — U, a(j —Jjn, Va) + b(vp,u —u,
ﬂn ||Qn - unHQ < sup g - sup ( ) ( )
veer\{oy  IVally vneV\{0} [Vally

By the continuity of the bilinear forms, this leads to

Pollan —unllg < IIbll[lu = gullg + 1lall 13 = dnlly

which implies the estimate for ||u — u,|, by the triangle-inquality.
Let w,, € V,, satisfy j, — w, € N(B,). By (LBB2) this implies

a(jn — Wp, Vn)

alljn = wally, < sup
v €N (Bn)\{0} [vally
_ sup a(jn —J,vn) +a(j — Wy, vy)
vn €N (Bn)\{0} IVally
&) sup a(j —wy, vy) — b(vy, u—uy,)
vn€N(Bn)\{0} [vally

If N(B,) € N(B), condition v,, € N (B,) involves v,, € N(B) and the continuity of a

gives

. a(lw, —j, v
ol — Wally < sup a(Wn —Jj,vn)

< llall lli = wally - (5.21)
veeN@N0y  [Vally

Next, we aim to estimate ||j — w,||,,. To that end, for some v,, € V,, seek the minimum
norm solution r,, € V,, of

b(rn7 Qn) = b(.] - Vn7 QH) VQn S Qn .

Since, V' is a Hilbert space and reflexive, it can be estimated by

leally < B, bl 15 = vally

Observe that j —v,, — r, € N(B,) and use the triangle inequality:

. b .
1§ — v — rnHV < (1 + Hﬁ—H) i — Vn”v . (5'22)
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Then use w,, := v,, + 1, in (21 and (ET9) follows from the triangle-inequality.
In the general case N'(B,,) ¢ N (B) we still have v,, € N (B,,) and for any ¢, € Q,
b(Vi, u — up) = b(vi, u— o) < [|b]| [lvaly [Ju — QHHQ .

Comnbining this with the above estimate yields

alljn = wally < llalllli = wally + [Ibll flu = gullg

and, again, (.2Z2) along with the triangle inequality finishes the proof. O
Anologuous to Thm. [[30, we conclude that the Galerkin solutions are quasi-optimal.
Of course, the main task will be to investigate the dependence of a,, and (3, on dis-
cretization parameters.
There is a standard way to prove (LBBII). Again, consider the variational saddle point
problem (SPP)) and its discretized version [DSPPL

Definition 5.14. An operator F,, € L(V,V,,) is called a Fortin projector, if
b(v—-F,v,q,) =0 ¥YvevV g, €Q,. (5.23)

Lemma 5.15. Provided that the inf-sup condition (BEI3) is salisfied, the existence
of a Fortin projector F,, ensures that first Babuska-Brezzi condition (LBBII) holds with

-1
Proof. For an arbitrary ¢, € @, we have

b n b Fn s YUYn b Fn )y in
Blalg < sup 2@l BB bE Vi) ey BFaVia)
venvioy Ivlly vemvoy  IVIly veV\{0} [Fnvlly

b(Vi, ¢n)

<|[Fully_y sup
v €V \{0} ||Vn||v

O

Exercise 5.5. Consider the discrete variational saddle point problem (SPP)) and as-
sume that the first Babuska-Brezzi condition (LBBI) is satisfied. Show by means of
an auxiliary saddle point problem that this implies the existence of a Fortin projector
whose norm can be bounded in terms of 3, and ||b||.

Exercise 5.6. Let a € L(V x V,R) and d € L(Q x @, R) be continuous bilinear forms
that are V-elliptic and Q-elliptic, respectively. We examine the variational problem:
seek j € V., u € @ such that

a(j,v) + b(V,U) = <gav>v*><v Vv S 14 )
b(,¢) — d(u,q) = (f,d)gxg YVIEQ.

(i) Show that (B24]) is related to an elliptic linear variational problem, see Exercise E4L

(5.24)

(ii) Prove the quasi-optimality of any conforming finite element Galerkin solution of

B.24).
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5.2.4 A priori error analysis of lowest order finite element scheme

The finite element Galerkin discretization of the variational saddle point problem
(ET0)) can rely on the finite element spaces introduced in Sect. B2 On a conforming
triangulation M we approximate functions in

e H(div; ) by face elements according to Def. B.G3 B.67 (space Wg(M)),
o [?(Q) by piecewise constant functions (space Qy(M)).

In the sequel, we will retrict ourselves to conforming simplicial meshes in two di-
mensions. The focus will be on establishing the Babuska-Brezzi conditions for the pair
Wr(M) x Qp(M) of trial/test spaces with constants that may depend on the shape
regularity measure py( and quasi-uniformity p g, but are independent of the meshwidth

A
To begin with, we recall that Thm. also means div Wg(M) C Qp(M). Thus, it
is immediate that

N(B,) = {vy, € Wp(M) : divv, =0} C N(B) = H(div0; Q) .
Hence, owing to the property (UPD]) of A the “ellipticity on the kernel” (LBB2) with
o, = 7, 7 from ([UPDI), is obvious
a(vrwvn) Z 1 ”VHHiQ(Q) = 1 ||VHH§I(diV;Q) vvn € N(Bﬂ) .
It remains to prove (LBBIJ) in the form

divv, - g, d
sup fQ ivv, - q,d&

Vn€EWR(M\{0} HVTLHH(div;Q)

We will make use of the finite element interpolation operator |z belonging to Wg(M).

From Thm. we learn that it satisfies

2 ﬁn ||Qn||L2(Q) in € QO(M) )

divolp = Qgodiv,

where Qy : L*(Q) — Qy(M) is the L?*(Q2)-orhtogonal projection. Alas, |r does not
qualify as a Fortin projector from Def. BT because

the finite element interpolation operator I is not bounded on H(div;2).

Thus, we cannot simply invoke Lemma [ETH in order to prove (B224), but a profound
result from functional analysis comes to our rescue [I8, Ch. 1]:

173



5 Special Finite Element Methods

Theorem 5.16. There is a constant v = y(€2) > 0 such that

Vg € L*(Q), /qd£ =0: Ive(Hy(Q)': divv=g and |[vl]zq <vllalq) -
Q
This theorem is very useful, because, because |z, which relies on the evaluation of
edge integrals, is certainly continuous on (H*(€2))?, see Thm. EZ49.
Lemma 5.17. Fy=v(pm) :  |llr VHH(div;Q) <7 |V|H1(Q) Vv e (H'(Q)).

Proof. For the proof we use a scaling argument: Pick an arbitrary K € M. By the
trace theorem Thm we conclude

>0 Mevilgon) <vIVImE Ve (H'(K))?. (5.25)

Now, let us consider a scaled cell K = ®(K), P€ = a&, a > 0. Simple transformations
show, that (B2H) will also hold on K' with exactly the same constant . In short, the
estimate (B:28) is independent of the size of K.

However, the constant v in (B.25) will depend on the shape, say the angles, of K,
but it does so continuously. By Lemma T4 the angles can be bounded by the shape
regularity parameter independently of hg, which involves v = v(pg). O

Given any ¢, € Qy(M), by Thm. BT8 we find v, € (Hg(2))? such that

chw:%:%—mw/%@ Vol <7 laoll ey -
Q

Then set

WQ:W®+%6MW/%M,€GQ

Q

which means, with v; = (),

divv =g, and [|v]l ;1) <71 llonll 2(0) - (5.26)

fQ divv - q, d€ Thm. BT fQ div(lpv) - g, d€ (lﬂ<ﬂ) fQ div(lpv) - g, d€

lgnll L2y = < m
Y ||qn||L2(Q) ||Qn||L2(Q) ||V||H1(Q)
Ip cont. Jo div(lpv) - g, d€
< |lr - m =
Jo div v, - g, d€
< |||F||H1(Q)>—>WF(M) T sup <

v €EWp (M\{0} ||Vn||H(div;Q)
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This shows 3, = ([[lr]l g )wpn 71) - As is the case for [|Ig| g1y e 20d 71,
the constant 3, will only depend on ) and p.

We have confirmed (LBBIJ) for the variational problem (E211l) and the pair Wg(M) X
Qo(M) of finite element spaces. Thus, Thm. teaches the quasi-optimality of the
Galerkin solutions and we conclude convergence O(h ) for hys — 0 and uniform shape-
regularity.

Exercise 5.7. The second order elliptic boundary value problem (EJ), (EI0) with
homogeneous Dirichlet boundary conditions can also be cast into a saddle point problem

by applying integration by parts to (EI0). This leads to the primal variational saddle
point problem: seek j € (L?(2))%, u € H}(2) such that

[, (A5, v)de  — [, (v,gradu) d¢ = 0 Vv € (LA(Q)?
— Jo (G, gradq) ¢ — [, fqd¢ Vg HYQ) .

This is called the mixed hybrid variational formulation of the second-order elliptic
boundary value problem.

(5.27)

(i) Show existence and uniqueness of solutions of (EE27) by applying the theory of
abstract saddle point problems.

On a simplicial triangulation M of Q the saddle point problem (B27) is discretized
by approximating

o (L?(2))? by M-piecewise constant vectorfields € (Qy(M))? and
e H}(Q) by piecewise linear Lagrangian finite element functions € S;(M) N H ().
(ii) Prove existence and uniqueness of solutions of the discretized saddle point problem.

(iii) Determine the aymptotic order of convergence of the h-version of finite elements, if
the above finite element discretization is used and sufficient regularity of the exact
solution is assumed.

5.3 Finite elements for the Stokes problem

5.3.1 The Stokes problem

Let Q C R?, d = 2,3, be a computational domain. The Stokes problem describes the
slow motion of a viscous, incompressible fluid in 2. We assume the domain €2 to be
bounded and connected. The stationary flow in €2 is described by the velocity field u
and the pressure p.

u:Q—-Rlandp: Q —R.
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They are governed by following elliptic boundary value problems for a system of partial
differential equations (A applied to components of u):

—vAu—gradp=1f in (), (5.28)
divu=0 1in Q, (5.29)
u=0 on oS (5.30)

Here, v > 0 is the kinematic viscosity, f are body forces per unit mass and uy is a given
fluid velocity at the boundary. The equation (B:29) describes the incompressibility of
the fluid, whereas (E28) is related to a balance of forces.

Remark 5.18. The stationary problem (B.28)-(B.30) is a special case of the time-
dependent Stokes problem

aa—ltl —vAu—gradp={fin Q, (5.31)
divu=0in Q, (5.32)
u = ug on 0. (5.33)

(E2R) follows from the assumption that 22 = 0. If we discretise (E31)) with respect to
the time t, e.g. with the implicit Euler scheme

du 1
ot At

we get a sequence {u(”), p(”)}zozo of approximations

(u(n+1) — u(n))

Y

1 1
—vAu™th 4 Ktu("“) +grad p""tY = f(z, (n + 1)At) + Eu(”) in €, (5.34)

divu™) = 0in Q, (5.35)
u™ = ugy(z, (n + 1)At) on 9. (5.36)

5.3.2 Mixed variational formulation

We follow the usual path for the derviation of variational formulations, similar to
the manipulations that yielded the dual variational formulation (29) in Sect. 25 The
boundary conditions on u will be treated as essential boundary conditions. Thus, the first
equation (228 is multiplied by a compactly supported smooth vectorfield v, integrated
over 2 and integration by parts is performed on both Au and gradp. The second
equation is multiplied with a test function v : {2 — R and integrated over 2. We end up
with the variational problem: seek u € (Hg(Q)?, p € LE(Q) such that

Jo vV, Vv) d¢ + [ divv-pdé = [, (f.v)dE Vve (HQ)?,

(5.37)
Jodivu-qdg = 0 Vg € L3(Q) .
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This is called the mixed variational formulation of the Dirichlet problem for the
Stokes equations. Here V refers to the Jacobi matrix, that is, the gradient operator
applied to the components of the vectorfield.

As in the case of (BI]), the choice of Sobolev spaces is suggested by the bilinear forms
occurring in (B31). Moreover, in order to eliminate the freedom of adding any constant
to p we resorted to the space

[2(Q) = {v € L2(Q) : /deg —0}.
Obviously, (B37) is a variational saddle point problem and fits the structure (SPP]) with
V= (H,@)" , Q=LyQ),
a(u,v) = /Q (vVu,Vv)dg |, b(v,p) = /Qdivv -pd€

<g’V>V*><V:/Q<f>V> d€ ) f:O

The bilinear forms are continuous (due to the choice of Sobolev spaces), and a is V-
elliptic by the Poincaré-Friedrichs inequality Lemma 261l It remains to show (BI3) in
order to establish existence and uniqueness of solutions of (E37).

Fix ¢ € L(Q) and appeal to Thm. to conclude the existence of v € (H}(£2))?
with divv = g and ||v|| ;1) < 7 ll¢ll 20y, ¥ = 7(2) > 0. Hence,

divv-qdg€ b(v,q b(v,q
lall 20 = / <~ v.9) < ysup v.9). (5.38)
||Q||L2(Q) HVHHl(Q) vev [[vlly

Now, the following result is immediate from Thm. (E1T]).

Theorem 5.19. The mized variational formulation (B30) of the Dirichlet problem
for the Stokes equations has a unique solution (u,p) € (H(2))* x L(Q).

Remark 5.20. The incompressibility condition (.29) can also be built into the func-
tion space. Therefore we define

Jo:={ue Hj(Q)* :divu=0in L*(Q)} .

Jo is a closed linear subspace of (Hj(€2))? and we get the variational problem: seek
u € Jy such that

/Q<VV11, Vv) d¢ = /Q (f,v)d¢ VYveld. (5.39)

Existence and uniqueness of solutions of (B:39) are clear from Thm. [LT7

The variational problems (B37) and (B.39) yield the same solution for the velocity u.
However, (B39) poses difficulties in terms of a conforming finite element discretization,
because no finite element subspace of J; is known.
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Remark 5.21. The kinematic pressure p is often a subject of interest in practical
computations; therefore, one tries to deduce an equation for p from (E228) by formally

applying the divergence (div) to (228):
—vdivAu+divgradp = divf in
= —vA(divu) + Ap =divf in Q (5.40)
@ Ap =divf in Q.
This is the so-called pressure Poisson equation. Its application to numerical simula-
tion has two disadvantages:

1. The deduction was formal and is only valid under strong assumptions on the
smoothness of u and p: Au € L?*(2)? and gradp € L*(Q)%, and u € H?(Q)?
and p € H'(Q), respectively.

2. Neither from the physical nor from the mathematical point of view it is possible
to find any sensible boundary conditions for (B.40) from (B.28)-(B.30). Often, one
uses n - (2J)],, (e.g. the transport of the momentum over the boundary):

(grad p, n) = (f + vAu,n) , (5.41)

i.e. we get (again formally) a Neumann problem for p. As explained in Sect. E2§,
the variational formulation looks as follows: find p € H'(€Q) such that

(gradp, grad ) = l(q) Vg€ H'(), (5.42)
where

l(q) :z—/qdivfd&—l—/ q(f +vAu,n) dS.
Q o9

Because of

l(l):—/Sldivfdg—k/m(f—kuAu,n} ds

:_/aQ<f,n) dS+/ (f + vAu,n) dS

o0

= V/m (Au,n) dS = I//Qdiv(Au) d¢
- ,,/ A(divu) de "= 0.
Q

the compatibility condition (NCCJ) holds true. However, the smoothness of u must
again be assumed-—only in this case, we have (Au,n) € L*(992) and |i(q)| < C ||q|I,
(referring to the trace Theorem EZZ9, u € (H3(2))? must be assumed in order to
get (Au,n) € L2(09)).

[E2D) is only true if p € H'(Q); but generally, this is not the case. (42) holds also
true in convex domains; however (.42) is not anymore valid in domains with reentrant
corners.
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5 Special Finite Element Methods

5.3.3 Unstable finite element pairs

Definition 5.22. A pair of spaces V,, X Q,, to be used in the Galerkin discretization
of [BPD) is said to be unstable, if the first LBB-condition ([LBBIl) does not hold.

A family of spaces {V, x Qu},— with dimV,,,dim@,, — oo for n — oo is called
asymptotically unstable, if (LBBI) holds for each n, but 3, — 0 for n — oo is
inevitable.

Remark 5.23. Asymptotic instability means that the constants in the estimates of
Thm. blow up for n — oo. However, this can be offset by a decrease of the best
approximation error, so that we may get overall convergence in the V' x (Q-norm, albeit
worse than the best approximation error of the trial spaces.

Remark 5.24. If one is not interested in the solution for u of (8PP, f = 0, and
N(B,) C N(B) the estimate (EI9) of Thm. shows that j, can be a good approxi-
mation for j, nevertheless.

Some apparently natural choices of V,, C (H'(Q))? and @, C L3(9) for the mixed
variational formulation (B37) of the Dirichlet problem for the Stokes equations will turn

out_to be unstable. _ )
Example 5.25. Consider a triangular mesh

of ]0,1[* of the structure sketched beside.
We opt for

Vi = (S1(M) N (Hp(Q))*

(5.43)

If we have M € N mesh cells in one coordi-
nate direction, we find

dimV, =2(M —-1)* , dimQ, =2M?.

Clearly, dim @), > dim V,,, which, according
to Remark B2, rules out stability of the
pair V,, x Q..

Example 5.26. Let M be a tensor product mesh of ]0,1[*> with M mesh cells in
each coordinate direction. On it the choice (B223) of finite element spaces for the Stokes
problem (B31) satisfies the dimension condition

2(M —1)* =dimV,, > dimQ,, = M? .
Yet, Nevertheless, also in this case

N(B*) :={q. € Qn: b(vn,q,) =0Vv, € V,,} #{0}.
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-+ -+
2h

- -+ - + -

B I Figure 5.3: Part of a quadrilateral mesh

on which (S;(M))? x Qy(M)
Figure 5.2: Checkerboard instability on is uniformly stable for A — 0.
quadrilateral meshes.

More precisely,
N(B") = span{qn}

where the piecewise constant function g,, € @,, assumes the values £1 in the checkerboard
fashion depicted in Fig. Therefore, this function in the kernel of B* is called a
checkerboard mode. In three dimensions the situation is similar, but there are several
checkerboard modes.

There are meshes on which the pair of finite element spaces from (EZ43) is uniformly
stable, see Fig B3, but they are mere oddities.

Remark 5.27. If one was only interested in the solution for the velocity u one might
recall Remark and wonder, whether one has to worry about the instability at all
(apart from the resulting consistent algebraic system being singular). However, in the
case of (B37) we never have N(B,) C N(B) so that instability in the pressur will
invariably affect the solution for the velocity. To see this examine the constants in the
estimates of Thm.

5.3.4 A stable non-conforming finite element pair

In order to be able to use finite element spaces with piecewise linear velocity and
piecewise constant pressure, we have to switch to a non-conforming approximation of
(H}(£2))%. We discuss this for simplicial triangulations M in two dimensions.

In particular, we chose

e the (H}(2))?-non-conforming finite element space
Vi, = {vn € (CR(M))?: v,, = 0 in midpoints of edges C I'},

see Sect. BT and
L4 Qn - QO(M>
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As explained in Sect. BTl the use of non-conforming finite element spaces entails
a modification of the bilinear forms to render them well definite for arguments in V.
Similar to the approach in Sect. we employ the split bilinear forms

a(u,v) := Z i (gradu,gradv) d¢ , b(v,p) = Z Kdivv -pd€ .
KeM KeM

In addition, we have to rely on the split H!-seminorm:

2 Y2
Wl,n = (ZKEm |U|H1(K))

It will be this split norm that the modified first Babuska-Brezzi condition (LBBI) has
to be formulated with: we have to show

b
36, > 0: sup M

> Bullall 2@ Van € Qn - (5.44)
vaeVi\{o} [Vali,

To prove this we want to rely on a Fortin projector, see Def. BI4 define Iy, : (H(Q)) —
V,, through the application of the finite element interpolation operator lcr associated
with CR(M) to the Cartesian components of the argument.

Lemma 5.28. The interpolation operator |y, satisfies

b(ly v, q,) = b(v,q,) Vv € (HHQ))?, qn € Qo(M) .

Proof. Pick an arbitrary triangle K and denote by I{ the local finite element interpo-
lation operator for the space V,,. Recall that for any edge F' € £(M) the finite element
interpolation operator lor satisfies

/ICRUdS:/vdS Yo e H(Q) .
F F

Thus,

/divlvvd§: (lyv,n) dS = (v,n) dS:/divvdg,
K oK K

oK

which means gives the assertion of the lemma. Il
Moreover, as stated in Lemma ly : (H}(Q)) — V, is continuous:

V], <7 Vg Vv € (HH()?, (5.45)

with v = y(par¢). Summing up, ly is a Fortin projector for the saddle point problem
(E3D) discretized on V,, x Q. >From Lemma and (38) we conclude that 3, =
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Bn(2, paq) > 0. In other words, the (3, is bounded away from zero independently of the
meshwidth.

Hence, Thm. gives us quasi-optimal accuracy of the Galerkin solutions and,
asymptotically, we have

lu— un|1,n + [|lp _anL2(Q) =O(hm) for hy — 0,
once uniform shape-regularity is guaranteed.

Remark 5.29. Of course, the Babuska-Brezzi condition (B.38) can readily be satisfied
by using piecewise constant pressures in conjunction with a very “large” finite element
space for u, for instance, (S3(M))?. However, Thm sends the message that in
the case N'(B,) ¢ N(B) a very accurate approximation of the velocity does not gain
anything, because [[u — u,||;1 g will also depend on the best approximation error for
the pressure space.

Hence, for the sake of efficiency, it is highly desirable to have balanced velocity and
pressure finite element spaces that have similar power to approximate u and p. In the
case of the h-version of finite elements we should strive for the same asymptotic decay
of the best approximation error in terms of h .

In the case of the pair V,, x Q),, discussed in this section, this criterion is met, because,
assuming smooth u and p,

f fu=valy, =0 [ o=l = Ohar)

vn€Vn
gn eQn

5.3.5 A stabilized conforming finite element pair

In Sect B33 we saw that piecewise linear /bilinear velocities are “too small ” when com-
bined with piecewise constant pressure. A remedy for this instability is the augmentation
of the finite element space for the velocity. The augmentation can be so strong that even
a piecewise linear continuous approximation of the pressure unknown is feasible. The
discussion will be restricted to simplicial triangulations in two dimensions.

Definition 5.30. For a triangle K C R? we define the bubble augmented linear
Lagrangian finite element (“MINI-element”) (K,1lx,Yk) by
o Il =Py (K)+span{ i AoAs}, where \;, i = 1,2, 3, is the i-th barycentric coordinate
function for K, and
o Y = {v = v, v v(y™)}, where v,V V3 are the vertices of K, and %
18 its center of gravity.

Remark 5.31. The function A\; A3 is called a bubble function on K, because it is
positive everywhere in K and vanishes on 0K.
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Notation: The global finite element space arising from the finite element of Def.
on a simplicial triangulation M will be denoted by BS;(M).

As §;(M) C BS;(M), the approximation properties of BS;(M) are at least as good
as that of the linear Lagrangian finite elements: with v = ~y(pr) > 0

. 2 2
v”egg(M) lu— Vn”Hl(Q) < vhpm ‘u‘HQ(Q) Vu e (H*(Q))" . (5.46)

The Galerkin discretization of (B23d) will employ the conforming finite element spaces
o V, = (BS; (M)NH;(Q)* C (Hy(Q))? and
[ ] Qn = 81 (M)

Again, the core task is to verify that the Babuska-Brezzi condition (CBEII) holds
with 5, = 3,(Q2, ppm) > 0. This is done via the construction of a Fortin projector, see
Def. BET4l and Lemma

A suitable Fortin projector is built in several stages: the first involves a special pro-
jector, a so-called quasi-interpolation operator Q, : H'(Q) — S;(M). Let M be a
simplicial mesh M of Q C R?. To each node p € N (M) we associated an adjacent edge
F, € E(M). If p € T, we demand that F, C I

On F, (with endpoints p,q) we introduce a linear function

kp € Pi(Fp) 1 Kp(p) = 4‘Fp‘_1 , kplq) = _2|Fp‘_1 .

By elementary computations
/ N (€)4S(6) = Ap) VA< Pi(F). (5.47)
Then we define Q, : H'(Q) — S, (M) by
Qo) = 3 [ 0l€)m(©)as() by (5.48)

where by, is the global shape function of &;(M) associated with node p.

Lemma 5.32. The operator Q,, defined by ([E48) is a continuous projector H}(Q) —
S1(M) N HYQ), and satisfies

Qu vl <Vl Vv e HY(Q) (5.49)
[0 = Quvll iy < hat [l Vo€ H(Q). (5.50)

183



5 Special Finite Element Methods

Proof. The property Q, v, = v, for v, € §;(M) is clear from [E4D). If v € H}(Q) it
vanishes on all edges in I', so that no global shape function associated with a node in I"
will contribute to Q,, v.

In order to prove (:49) and (E50) we use a scaling technique. Pick a triangle K € M
and denote

U= U{F,: K'EM,FHF/#Q)}.

Scale U (ie. use an affine mapping ® : £ — a&, o > 0) such that, after scaling hp =1
(K is mapped to K by scaling). If F' is an edge in U, then Thm. teaches us that

S = ~(F) /F BE)p () AS(€) < 7 [l ey Vo€ HI(D) .

By the definition of Q,, in (B48) we conclude that with v, = v,(U) > 0

as

~ N -~ 1/77
R <nlvlpe YoeH(U). (5.51)

We can use the semi-norms, because @n preserves constants on U.
This constant preserving property together with (EER1l) enables us to apply the Bramle-
Hilbert lemma Lemma B which gives

Jyy = 72((7) >0 H@,ﬁ)\

~ R -~ 1/77
Ly =2 Oy Yo HY(U). (5.52)
The constants in (Lh2) and (A1) depend on the shape of all the triangles in U.
Next comes the crucial scaling argument: switching back to K/U and using simple
transformation formulas for the norms, we obtain

Quvliy <1y Yo € HY(U),
1Qnvll 2y <l [Vl Vo € H'(U) .

The constants v; and vy, are continuous functions of all the angles of the triangles in U.
These angles lie in a compact hypercube determined by pay, see Lemma EET4 On it
and 7, are bounded so that they can be chosen independently of K.

The proof is finished by the observation that the maximum number of other cell
neighborhoods whose interiors intersect U can be bounded in terms of pay. O

>From Q,, we construct Q : (Hj(2))? — V,, by componentwise application.

The second ingredient to the desired Fortin projector will be a projection onto the
space spanned by local bubble functions. For K € M set

B € span {\EANEY /ﬂKd§:1.
K
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Define
B, :={ve H (Q): vk € span {A\FAAF} VK € M},
and B,, : L*(Q2) — B, by

an|K::/vd§-ﬁK, KeM.
K
It is immediate that
/(U CBLu)dE =0 Voe LXQ). (5.53)
Q

Lemma 5.33. With a constant v = v(pa, pia)
Bu vl < v 10l 2y Yo € HY(Q) .
Proof. By an elementary scaling argument we find

I =(om) 0 Bkl < vhi” (5.54)

Using this, the estimate of the lemma can be accomplished by the Cauchy-Schwarz
inequality:

2
|an|§11(9) = Z ‘BnUﬁ{l(K) = Z (/deﬁ) ‘ﬂKﬁ{l(K)

KeM KeM

<oht 31K [ v dg < amid ol -
KeM K

O

Remark 5.34. Hidden in the estimate of Lemma is an inverse estimate, cf.
Lemma B2l Therefore, the quasi-uniformity measure of M will come into play.

Componentwise application of B, yields B, : (Hi(Q))* — (B,)*> C V,, which is
obviously continuous.

Lemma 5.35. The operator B, satisfies
b(V - BnVaQH) =0 VQH € Qn :

Proof. First, we use integration by parts according to (EGH), and observe that v, B, v
vanish on I'; and that grad ¢, is M-piecewise constant

b(V - Enva QH> - / diV(V - an> “Qn d€ = _/ <V - an7 grad qn> d£ =0 )
Q Q

where the last equality is clear from (E253)). O
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Remark 5.36. The previous lemma tells us that the operator B,, : Hj(Q) — Hj(Q) is
not uniformly continuous in the meshwidth h,,. Therefore, it cannot be used as Fortin-
projector to show that the constant /3, in (LBBI]) is uniformly bounded away from zero,
even when hys — 0.

However, the operator B, is a key building block for the the desired ha-uniformly
continuous Fortin projector

Foi=Q,+B,(Ild—Q,) . (5.55)

This operator is readily seen to be a Fortin projector according to Def. 514k by Lemma B35
we conclude for any ¢, € Q,

b(Fnv,q,) =b(Q,v) +b(B.(Id—Q,)Vv) Lemma B b(v —Q,v,¢,) +b(Q,v) =b(v,¢,) ,
and continuity follows from Lemma and Lemma B33
Fr VI < 1Qn Vi) + [Balld = Qu) vl (q)
GI9
< Vg + Ball2@)e ) 1(1d = Qu) vl 120
((sws10)) .
< Vi) + YA b IV ) < V)

with v = v(pum, i) Appealing to Lemma the first Babuska-Brezzi condition is
straightforward. The uniform stability of the pair V,, x @Q),, of finite element spaces for
the mixed variational formulation of the Stokes problem is established.
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6 Adaptive Finite Elements

In this chapter we only consider the primal variational formulation of a second order
elliptic boundary value problem

—Au=f inQ , wu=0 or (gradu,n)=0 onl. (6.1)
in a bounded polygon Q C R? with Lipschitz boundary I'.

Definition 6.1. A Galerkin discretization of a variational problem is called adap-
tive, if it employs a trial space V,, that is based on non-uniform meshes or non-uniform
polynomial degree of the finite elements. We distinguish

e a priori adapted finite element spaces, which aim to take into account known
features of the exact solution.

e a posteriort adapted finite element spaces, whose construction relies on the data
of the problem.

The next example shows that a posteriori adaptivity can dramatically enhance accu-
racy:

Example 6.2. If we knew the continuous solution © € V of the linear varitional
problem ([VP)), we could just choose V;, := span{u} and would end up with a perfect
Galerkin discretization.

Three basic policies can be employed to achieve a good fit of the finite element space
and the continuous solution:

e adjusting of the mesh M while keeping the type of finite elements (h-adaptivity).

e adjusting the local trial spaces (usually by raising/lowering the local polynomial
degree) while retaining a single mesh (p-adaptivity).

e combining both of the above approaches (hp-adaptivity).
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T

Figure 6.1: Polygon 2 and notation for the corners.

6.1 Regularity of solutions of second-order elliptic
boundary value problems

If the geometry does not interfere, the solution of (GJl) is as smooth as the data f
permit:

Theorem 6.3. If 002 is smooth (i.e. O has a parameter representation with C*
functions), then for the solution w of {G1) it holds

fe Q) = uec H*"Q) forkecNy,
and

vk € No, Iy =90 k) : lullgerey < VQE) 1 fllgnqy VS € HYQ).
Similar results hold for Neumann boundary conditions on the whole of 0S2.

If O has corners (as in the case of a polygonal domain), the results from the previous
section do not hold any longer.

Theorem 6.4. Let Q C R? be a polygon with J corners ;. Denote the polar coor-
dinates in the corner w; by (r;,0;) and the inner angle at the corner mw; by w; as in
Figure [6 Additionally, let f € H™175(Q) with s > 1 intege?ﬂ and s # A, where the

!The result holds for s > 0 non-integer as well. Since we only defined the spaces H"(Q) for k integer,
we do not go into the details here.
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A\ji are given by the singular exponents

Ajk = km for ke N. (6.2)
Wi
Then, we have the following decomposition of the solution v € H} () of the Dirich-
let problem (&1l) into a regular part (i.e. with the regularity one would expect from
a smooth boundary according to Thm. [623) and finitely many so-called singular func-
tions s;(r,0):
J

w=u Yy () Y apmsi(ry, ;). (6.3)

j=1 Ajp<s
Here, u® € H*(Q) and v is a C* cut off function ( =1 in a neighborhood of 0). The
singular functions s;, are explicitly given by

A\ji mon-integer: sik(r, 0) = r* sin(A\j0),

Ajk € N sjk(r,0) = % (In7) (sin(Ajx0) + 0 cos(Ajx)).

Figure 6.2: Singular functions s;, so, and s3 at a corner with w = 37/4

For the homogeneous Neumann problem in (&1I), sin has to be replaced by cos and
vice-versa.
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Figure 6.3: Corner 7; with changing boundary conditions and the infinite sector S,,.

Remark 6.5. The coefficients a;;, in (E3]) depend only on f and are called (gener-
alised) stress intensity factors.

Remark 6.6. At first glance, the decomposition (E3) appears to be very special and
restricted to the problem (EJI). Yet, similar decompositions with suitable s;x(r, §) hold
for all elliptic boundary value problems of the form

—div(Agradu)=f inQ , wu=0 onlp, (Agradu,n)=0 onIy.

Generally, s;1.(r,0) = r%* ©;(0) is a non-trivial solution of the homogeneous differential
equation in an infinite sector S with a tip at the singular point: Two examples should
clarify this:

Example 6.7. Consider —Au = f in 2 with mixed boundary conditions at ;. Let
7; € 02 be a boundary point where the type of the boundary conditions changes from
Dirichlet to Neumann (cf. Figure B.3]).

In the infinite sector

S, ={(r0):0<r<oo, 0<0<w},

we are looking for non-trivial solutions of the homogeneous problem

O0s

“ 671‘9:0

of the form s(r,0) = r* ©(). Using s = r* ©(F), it follows in S,;:

As=0in S
0=As=7r"2(0"+A0) forr >0,
i. e. the pairs (A, ©(f)) are eigenpairs of a Sturm-Liouville problem

LO=0"+XO0=0in (O,w), ©(0)=0, Ow)=0.
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S

Figure 6.4: Corner P; where two materi- Figure 6.5: Cracked panel.

als connect.

One recalculates that the eigenpairs are explicitly given by
MNe=(k—1/2) 5 | O4(0) = cos(\B), k=1,2,3,....
w

Note: even if w = 7, i.e. for changing boundary conditions on a straight edge, there
exists a singularity 772 cos(?/2) for changing boundary conditions.

Example 6.8. Now, let us assume that A is piecewise constant with respect to a
polygonal sub-division of Q: let  C R? be a polygon and u|sq = 0. Let 7; be a corner,
where several “materials” connect, i.e. = Q; U Qs with A|g, = A; = const, i = 1,2,
see Fig. 64l Then, s(r, ) solves

Ls =div(A grads) =0in S and s =0 on 0S
in the sector S, if (A, ©) is a solution of the eigenvalue problem
LO:=r*L(r*O)=0in 8, ©(0) =0O(w;) =0.

By homogeneity, £(0y) does not depend on r but has piecewise constant coefficients
in (0,w;). As before, there are eigenpairs (A, ), k = 1,...,00. However, the eigen-
functions ©(#) are only piecewise smooth. They have a kink at 0 = w} < w;. As before,
on the other hand, the eigenvalues are real and 0 < Ay < Ay....

Example 6.9. Consider the pure Neumann problem for —Au = f on a domain with
a crack (tip of the crack at the origin as in Figure BH). Here w = 27 and therefore

\p = 2T = g and
> ko
u=u+ E ar'? cos (7) .

2
k=1

191



6 Adaptive Finite Elements

Remark 6.10. Note that the singular functions sj;(r,0) in (B3) have a singularity
at r = 0 whereas they are smooth for » > 0. Therefore, the solution u of the Poisson
problem (B) with a smooth right hand side f is smooth in the interior of . The
singular behaviour of u is restricted to the corners ;.

Remark 6.11. The decomposition of the solution in Theorem shows that for w; >
7 the following holds: A\;; = 7/w; < 1. Additionally, it follows from (0% s;1)(r;,60;) ~
T;\j e for r; — 0 that the derivative 0% of the singular functions s;; for |a| = 2 is not
square integrable since \j; — |a| < —1, i.e. for |a| =2 we have

(8% s1) (15, 0;)]> ~ r; 2% ¢ L'(9).
The shift theorem Thm. does no longer hold.

Bibliographical notes. Corner and edge singularities for solutions of elliptic problems
are discussed in [20, B0, B6].

6.2 Convergence of finite element solutions

Let u, € Sn(M,) stand for the Galerkin solution of (GII) obtained by means of
Lagrangian finite elements of uniform polynomial degree m € N on the mesh M,,, see
Sect. B8l Temporarily, we will allow d € {1,2,3}.

Let {M,,} ~, denote a uniformly shape-regular and quasi-uniform family of triangu-
lations of the polygon 2 such that A, := hp, — 0 as n — oco. From Sect. we know
that, if the continuous solution w satisfies u € H'(Q), ¢t > 2, we have, as n — oo, the
asymptotic error estimate

[t — | i) < YRR | gy (6.4)

with v > 0 independent of n and w.

For a unified analysis of the h-version and p-version of finite elements and, in partic-
ular, on non-uniform meshes it is no longer meaningful state a-priori error estimates in
terms of the meshwidth.

Hence, let us measure the “costs” involved in a finite element scheme by the dimen-
sion of the finite element space, whereas the “gain” is gauged by the accuracy of the
finite element solution in the H'-norm. For the h-version we first assume a uniformly
shape-regular and quasi-uniform family {M,,} 7, of simplicial meshes. In the case of
Lagrangian finite elements of polynomial degree m we have the crude estimates

N, :=dim(S,,(M,)) < (d +m

<("* )-uMn S M, ~ Ryl

n
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with constants depending on shape-regtularity and m. Thus, if ¢ > m + 1 we get
asymptotically

[ = unll 10y < YN (6.5)

The constant v depends on €2, A and the bounds for pay,, ptam, . This reveals an alge-
braic asymptotic convergence rate of the h-version of Lagrangian finite elements
for second order elliptic problems.

However, even for small m the regularity u € H™!(€) cannot be taken for granted.
Consider d = 2 and remember that from Sect. it is merely known that for f €
H*2(Q):

uw=u’+ Using (6.6)

with a smooth part u® € H*(Q

), k > 2, and with a singular part e, which is a (finite!)
sum of singular functions s(r;, 6;),

which have the explicit form
s(r,0) =r*0(0) (6.7)

with piecewise smooth O, where 0 < A\ < k — 1 (we assume here that logr terms
are absent). The singular functions (B7) are only poorly approximated by Lagrangian
finite element functions on sequences of quasi-uniform meshes. For the singular functions
s(r,0) as in (1) and with (r, §) denoting polar coordinates at a vertex of €2 the (optimal)
error estimate
N e P A A S

holds, where again N,, := dimS,,(M,,) = O(h,?) denotes the number of degrees of
freedom.

For a sequence {M,} -, of quasi uniform meshes one therefore observes only the
suboptimal convergence rate

=l g1 gy < AR < N AT (6.8)

where A* =min{\;, : j=1,...,J, k=1,2,...}, as h, — 0 (or for N,, — 00), instead
of the optimal asymptotic convergence rate (EH) supported by the polynomial degree of
the finite element space.

Since often \* < 1, one observes even for the simple piecewise linear (m = 1) elements
a reduced convergence rate, and for m > 1 we hardly ever get the optimal asymptotic

rate O(Nn_m/d).

Remark 6.12. If the exact solution w is very smooth, that is, ¢ > 1, raising the
polynomial degree m is preferable (p-version), because asymptotically for m > ¢ we
have N, ~ m?h~% and, thus the estimate (see Remark EL2X)

hM ) min{m-+1,t}—1

inf — Un < ’ —
Lt = vl < s ae) (2

||U”Ht(9) : (E2T)
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T

K2 ™5

T

\
K1 P
Ko
T

71']‘ K1

Figure 6.6: Polygon Q with corner 7r;, subdomain conv(7;, K1, Ka) adjacent to it and its
affine map F' to the standard vertex K.

gives
lu =l g1y < AN (6.9)

For large t this is clearly superior to (&3).

The bottom line is that low Sobolev regularity of the exact solution suggests the use
of the h-version of finite elements, whereas in the case of very smooth solutions the
p-version is more efficient (w.r.t. the dimension of the finite element space).

Remark 6.13. If the exact solution is analytic in Q, that is, it is C* and can be
expanded into a locally convergent power series in each point of €2, then the p-version
yields an exponential asymptotic convergence rate

v = tn | g1y < v exp(—7'NY) (6.10)

with 7,7/, 6 > 0 only depending on problem parameters and the fixed triangulation, but
independent of the polynomial degree m of the Lagrangian finite elements.

6.3 A priori adaptivity

The developments of Sect. give plenty of information about the structure of the
solutions of (E3) for smooth data f. It is the gist of a priori adaptive schemes to take
into account this information when picking the finite element space.

This can overcome the poor performance of Lagrangian finite elements on quasi-
uniform meshes pointed out in Sect.

6.3.1 A priori graded meshes

One option is judicious mesh refinement towards the vertices of the polygon.
Consider the polygon €2 shown in Fig. B In 2, consider any vertex ; (In Fig.

194



6 Adaptive Finite Elements

Figure 6.7: Mapping for a re-entrant corner at ;44

we chose a convex corner, the approach to a re-entrant corner at m;; is indicated in
Fig. B1). We denote again by (r,6) polar coordinates at vertex 7r;, and by s(r,0) a
singular function as in (6.7)

s(r,0) = r*0(0)

with a smooth ©(f). The triangle K = conv(w;, k1, k2) denotes a neighbourhood of
vertex 7r; in  (shown shaded in Fig. B.6)). By means of an affine map ® the triangle

K is mapped onto the reference triangle Ky with polar coordinates (7, 5) The singular
function s(r,0) in € is transformed by ® into

57,0)=70(0) inK,,
with the same exponent A but with another C'*°-function ©(6):
Example 6.14. Let 7; = (0,0), (1, z2) stand for the coordinates in (2,

ry=rcost , xy=rsinf

A

(m) _F (?1) _ = (@sﬁ)
Ty Zo sin 6

s(r,0) = r* ©(cos 0, sin )

and

denote the singular function in (E1). To prove that s(r,#) is, in the coordinates Z1, T,
once again of the form (E7) let F = (f;;)1<ij<2. Then

r?=al4+as = (fuZi+ fi2T2)” + (fo1 T1 + fo2 7o)

= 7/’\2 {(fn COS é\—F f12 sin 5)2 + (f21 COS ‘/9\4— f22 sin 5)2} s
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M, g>1 M, g<1

M M1

n n

Figure 6.8: Graded meshes M? in Q =)0, 1], cases 3 > 1 and 3 < 1.

and

~

r* = P {(f1 cos 0+ fis Sin§)2 + (fa1 cos 0+ fo Sin§)2}% = 7 6,(0),

with a smooth (analytic) function @1(@\). Analogously, we have that ©(6) = &, (6) with
a smooth function ©5(0).

Due to the transformation theorem it is therefore sufficient to investigate the finite ele-
ment approximation of s(r, #) in (£7) in the reference domain K as shown in Figure .0
In the case of a re-entrant corner, the reference domain consists of three triangles, see
Fig. B, and the ensuing considerations can be applied to each of them.

In what follows we show that by using so-called algebraically graded meshes M?# at
the vertices of { the optimal asymptotic behavior O(N~"/2) of the best approximation
error of Lagrangian finite elements of uniform global degree m can be retained for singular
functions as well.

Definition 6.15. A family {MP} " of meshes of a computational domain Q C R?
15 called algebraically graded with respect to ™ € ) and grading factor 3 > 1 if

(i) the meshes are uniformly shape-regular, and

(i) with constants independent of n and h,, = hoas
VK e MP, m ¢ K1 hg ~n tdist(m, K)7 .

We will describe the concrete construction of algebraically graded meshes M?n € N,
with grading factor # > 1 n € N on the reference domain K, with respect to the vertex
(8), see Fig. B3

Construction 6.16 (Graded mesh on reference triangle). On K, = convex{()), (;), (})}
we proceed as follows:
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Ko

L,

1

Ko

Figure 6.9: Graded mesh for grading factor (3

5
7j

& & &

= (9/5)".
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6 Adaptive Finite Elements

1. Construct a partition 0 = 7 < 1" < --- < 7' =1 of |0; 1] by setting 77" := (i/n)",
=1 ...,n.

2. Use this partition to define the layers
Li={€Ky: 7/, <& +&<1y, j=1,...,n.
3. Equip each layer L;, j = 1,...,n with a simplicial triangulation M£|L]- such that

a) their union yields a simplicial triangulation of Ko,

b) the shape regularity measure of MQ‘LJ_ (see Def. .17) is uniformly bounded
idependently of j and n,

c) for each K € MQ‘LI we have hi =~ 7; — 7;_1 with constants idependent of j
and n, and

d) M%Ll consists of a single triangle K* adjacent to (8)
Exercise 6.1. Write a small program that creates an algebraically graded mesh M?#,

B > 1, n € N, of the reference triangle from (Ed) and stores it in a file in the format
described in Remark B141

Remark 6.17. For 3 = 1 the meshes M¥? are quasi-uniform with meshwidth 1/n.

Lemma 6.18. Fix 3 > 1. Then, with constants only depending on the bounds on the
shape-reqularity measure p(M£|Lj) and quasi-uniformity measure u(./\/lgwj) we find

B i\
hg~= (< VK e MP,, | (6.11)
n\n L
and
M R (6.12)

Proof. Pick n € Nand j € {2,...,n}. By the mean value theorem we find

. B—1 -\ B-1
—1
é(L_) SU_UASEQQ ,
n n n n

Together with hg- = n™? we conclude the first assertion of the lemma.
To confirm the second, we start with the volume formula

.\ 28 ) 283 N 26-1
2|L,| = (%) - (%) ~ % (%) . (6.13)

As a consequence of (B.I1)), the area of a triangle C L; is

2|K|~h2~62 N ke e 6.14

None of the constants depends on n and j. Dividing (E13) by (E14) yields (E12). O
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Corollary 6.19. The family {M?}, n € N, 3 > 1, of meshes emerging from con-
struction is algebraically graded with respect to (8) and grading factor [3.

Corollary 6.20. The algebraically graded meshes MP, n € N, of Ko constructed as
above for B > 1 satisfy

hi = hyo =0 tME T2,
with constants independent of n.

As a consequence, h(M?P) — 0 for n — oo, if 3 > 1. Moreover, for fixed m € N, we
get from Cor. that

N, = dim S,,(MP) < yiMP < yn?

1
holds with a constant independent of n. As, again by Cor. BE20, n~! < vN,, ?, we deduce
from Thm. that for the regular part u® € H™™(Kj) of the decomposition ([E8) of
the solution u € H}(Q) of —Au = f holds

min ‘ ‘uo

) < Huo —lu
UnE€ESm(MB)

O m —m
i1 gy < Vh S AN (6.15)

— Un HHl(KO
with v = ~vy(m, p Mﬁ)' Here | is the finite element interpolation operator for S,,,(M?), cf.
Sect. B0

This implies that the regular part u° of the solution u can also be approximated on
algebraically (-graded meshes at the optimal rate (64, independently of the size of
B > 1 (the size of the constant v in the error estimates (1) depends of course on [
and possibly grows strongly with g > 1; for fixed  and n — oo the convergence rate
([ETH) is optimal, however).

Let us now consider the singular part of u in the decomposition (EH). According to
(E3) the solution ugy, is a finite sum of terms of the form (B7) (the treatment of terms
of the form 7*|logr| ©(6) is left to the reader as an exercise), where ©(0) € C*([0,w])
is assumed without loss of generality, and where A > 0.

Theorem 6.21. Let s(r,0) = r* O(0) with A > 0 and © € C>([0,7/2]) for (r,0) € Ky
as in Fig. 6.9 Let further
B > max{m/A\, 1}.

Then there holds, as N,, = dim S,,(M?) — oo

|3

min |3_U"‘H1(Ko) S’}/(m, A?ﬁ) Nn— )
'UnESm(Mg)

i.e. for 3> m/\ the optimal asymptotic convergence rate ([0.4) for smooth solutions u
18 recovered.
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Proof. The proof relies on local estimates for the interpolation error s —Is For the sake
of simplicity we restrict the discussion to the case of m = 1 and leave the generalization
to arbitrary polynomial degree to the reader. Hence, | designates linear interpolation on
M2,

Let K* € M? denote the triangle which contains the origin (8) in its closure. We are
going to demonstrate that the contribution of this triangle to the interpolation error is
negligible.

First, using polar coordinates, observe that

Si{l(K*)<i72<(gi)2+ Cg;) ) rd@dr-//( o)) + GM@’(@))2> rdf dr
/A2 Dol 421 g = (@) (14 A2) (%) -

Since I(s) is linear on K*, we find
Vsl ey = 1B 772 (501,00 + (0, 1)%) = Y2ri N (©(0)* + O(7/2)°)
1\ 20>
—r© =@ (1)

n

Thus, a simple application of the triangle inequality yields

, 1\ 297
s =110 < () (5) <N,
Next, consider K, \ K*. For z € K| define the piecewise constant function h(x) by
h(z)|x = hx VK € MP.
Then, the local interpolation error estimate of Thm. (withr =1, m=1,1t=2)

yields

s — s = E ls — s
HY(Ko\K*) HY(K)
KeM,
K#AK*

<7 Y Wi sl =7 / h2 | D2s[? d .
KeM,, Ko\K~
K#K*
The construction of the graded mesh implies that at the point & € K, \ K* holds
r = [€] > yn~" with 4 > 0 independent of n,
(&) < yn ' ! TPID%s| < gt
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Hence, for n > 1,

1

/ (h(€))*|D*s|* d€ < 7/ 2 p20-1/B) 4224 . .
Ko\To 1/2/2n—5
_ _ 1 _ B
< ['yn 2 .22 2/6] Vet <yn~? <N,

which implies the assertion. Here, A > 3! was used. i.e. , either A\ > pand f =1 or
A<pand (> p/A O

Exercise 6.2. Examine what happens for m = 1 and A\ = m/f in the setting of the
previous theorem.

Remark 6.22. From Thm. B.21] we learn that either A > m and =1 or A < m and
B > m/X will ensure the optimal rate of convergence of the finite element solution in
terms of the dimension of the finite element space.

Corollary 6.23. For Ky as shown in Fig. and kmax such that g, = {max\ :
>‘k < p}7 we have u = UO + Using with UO - HP-H(K()) and

kmax

Using = Z Qg TAk (I)k(8) )
k=1

where we assume that oy # 0, and 0 < A\ < Xy < ..., and @, € C=([0,w]). Then for
m > 1, /> max{1,m/A\} it holds
Min [tsing = V] g1 gy < YN with v = ~y(p, o, 3) - (6.16)
vESH(ME)
Remark 6.24.

1. If m/A; > 1 we achieve with the grading factor

8> p/\ (6.17)

the same convergence rate as for smooth solutions v with a quasi uniform trian-
gulation.

2. For fixed N we have to increase 3 (i. e. the grading must be more pronounced) if
a) m is raised and b) if the singular exponent A; is reduced.

3. Usually the singular exponent A; > 0 is unknown. Thm. shows, however, that
£ > 1 must only be chosen sufficiently large in order to compensate for the effect
of the corner singularity on the convergence rate of the FEM. The precise value of
A1 is not necessary.

201
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4. No refinement is required, if Ay > m. This is the case e.g. for m = 1 and the
Laplace equation in convex polygons €2, where \; := m/w; > 1. For m > 1 mesh
refinement near vertices is also required in convex domains, in general.

Exercise 6.3. Let m > 1. Discuss the estimate |s — I,,,s| g1 (k,) in detail, in particular
the treatment on Ky of the error (l,, —ly)s, where |, is the finite element interpolation
operator for S,,(M?5).

The preceding analysis at a single vertex can be transferred to the general polygon:
let Q C R? denote a polygon with straight sides and

feH2(Q), k>2.

Let further u € H}(Q) denote the solution of the homogeneous Dirichlet problem for
—Awu = f. Then, for every m > 1 there exists a § > 1 such that for k£ > m + 1 it holds

inf ‘U — Un|H1(Q) < ’YN_m/2 )
U'nesm(MEL)

for N = dim S,,,(M?) — .
Bibliographical notes. More details on approximation on graded meshes are given in
[36], Sect. 4.3].

6.4 A posteriori error estimation

The error estimates (E23) and also those of (23)) are a-priori, ie. the error bound
already holds before calculating u,, and without detailed knowledge of u,. Two main
drawbacks of these estimates are that

1. unless restrictive assumptions on the data are made, the regularity of the exact
solution is unknown,

2. the constants in the estimates are either unknown or only given by very pessimistic
upper bounds.

Therefore, a-priori error estimates allow only to estimate the ratio accuracy vs. num-
ber of degrees of freedom asymptotically under some regularity assumptions on the
(unknown) exact solution, but they are not suitable for a stopping criterion indicating
that a prescribed accuracy has been reached.

In practice, once the finite element solution u,, is given, the following questions arise:

1. Is it possible to use u, for computing a bound for a suitable norm of the error
U — Up?

2. Can the program itself refine the mesh M (h-refinement) and increase the poly-
nomial degree m (p-refinement) respectively, in an optimal fashion?
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3. When should this process stop? (stopping criterion)

We will investigate these questions for the model problem (BG.1]) in two dimensions, the
case of the h-version of lowest order Lagrangian finite elements on triangular meshes,
and for the H'-norm.

In this setting these questions can be answered by “yes”. the so-called local a-
posteriori error estimators use the finite element solution u,, € S,,,(M) for computing
bounds for |[u — un|[ 41 (). The basic idea behind every a-posteriori error estimate is the
following: Because the exact solution u is unknown, we can only use the differential
equation. Therefore, an error estimate always quantifies how well the finite element
solution u,, solves the differential equation.

Definition 6.25. Given a mesh M and an associated finite element solution wu, of
boundary value problem with exact solution u, a local a-posteriori error estimator
is a mapping n : M — RT. Individual numbers n* = n(K), K € M, are known as
elemental error indicators and the sum

EST :— (ZKE M(nK)2)1/2

1s the global error estimate.

The local a posteriori error estimator n is called reliable, if, with a constant v > 0
only depending on the parameters of the continuous problem and the shape-regqularity
measure of M (and independent of the data of the problem, hay and pip),

lu = un|| <~ EST

The local a-posteriori error estimator n qualifies as efficient, if, with a constant v > 0
as above

<y lu— i, VK€M,
Here wg is a local M-neighborhood of K.

Remark 6.26. The norm ||-|| that occurs in the above definition will often be the
energy norm arising from an s.p.d. linear variational problem. In the concrete case of

problem (G)) it is the H'-norm.

Remark 6.27. Efficiency of a local a posteriori error estimator implies

EST ZKeM(U ) _VZKEMHu Unlly, < v llu—unll”

if the norm ||-|| arises from local contributions and the M-neighborhoods wy enjoy a
finite overlap property.
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6.4.1 Residual error estimators

Consider a linear variational problem (LVP]) with bilinear form b and its Galerkin
discretization based on V,, C V, see Sect. [[4 The functional r € V* defined by

r(v) = (1, V)yuyy = ([iV)yuxy = blug,v) veV
is called the weak residual. It is connected with the discretization error
e=u—u, €V
by the error equation
b(e,v) = (r,v) 1y, Y EV. (6.18)
Let the assumptions of Thms. [LT7Aand [L30 be satisfied. Then, the V-norm discretization
error can be estimated by

|b(e, v)|
Vs llelly < sup === |Irll,. < lbl[fle]l, - (6.19)

veV\{0} HUHV

Thus, the dual norm of the weak residual functional provides an upper and lower bound
for the V-norm of the Galerkin discretization error.
In turns,

1. to get an upper bound for ||7||;,. exploit Galerkin orthogonality, ([LIH)

b(u — up,v,) =0 Yu, €V, (C18)
which means that
rw)=r(v—uv,) YveV, v, eV,,

and plug in a suitable “interpolant” v,, for v.

2. to estimate |[|r|
definition

v+ from below use an appropriate “candidate function” v in the

r(v)
. = sup )
v vev\{0} HUHV

7]

For the model problem we have

b(u,v) = /Q (gradv,gradu) d¢ |, V =Hy(Q) , V,:=S(M)NH ).

204



6 Adaptive Finite Elements

Given the finite element solution u,, € V,,, the weak residual will be
r(v) = ZKEm /K fv — (grad u,, grad v) d§ .

Next, we apply integration by parts on each element K € M:

r(v) = ZKeM /K fod€ — /aK (grad u,, ngx) vdS
= ZKEN[/Kfvdg— Z [(grad u,, np)], vdS,

FeE(M)
F¢gr

where [-], stands for the jump of a globally discontinuous functions across the edge F,
and Au,, = 0 on K was used.

Now, recall the quasi-interpolation operator Q, : H'(Q) — &;(M) introduced in
Sect B33 see (4R). According to Lemma B32, it is continuous on H'(Q) and a
projection H} () — V,. Unfortunately, Q, is not perfectly local, which forces us to rule
out meshes, for which the size of cells varies strongly over small distances:

Definition 6.28. Given a mesh M its local shape regularity measure u5 is

defined by
(s = max{hr/n : K, K'e M, KNK' #0} .

To begin with, checking the details of the proof of Lemma BE32 we find that, with
v =(pms 155) > 0,

v = Quvllp2) < Yhi Vg, YU E H'(Q), KeM, (6.20)
where
wi = J{K': Ke M, KNK#0}, KeM.
We need a similar result for edges:

Lemma 6.29. Let F be an edge of the triangular mesh M of Q). The quasi-interpolation
operator Q,, from ([BA8) allows the estimate

[0 = Qu vl 2y < V|72 V) YV € HY(Q),
loc

with v = y(pam, pyg) > 0 independent of F', and

wF::U{F: KeM,KNF#0}.
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Proof. The proof is based on a scaling argument similar to that of Lemma B.32 [
Use the representation derived above combined with Galerkin orthogonality

r(v) K M/ flv—Q,v)d€ — g [(grad u,,np)|, (v —Q,v)dS
€ Fe&(M)
FgT
= ZKEM Hf||L2(K) lv — UHLQ(K + Z [(grad u"7nF>]F||L2(F) v — QnU”L?(F) ;
Feg(M)
FgT

the estimates (620) and of Lemma

< (3 o I gy sy + 0 1 grad i, me)lpl g o)

FeE(M)
FgT

and the Cauchy-Schwarz inequality

=7 {<ZKEM h%{ ||fH2L?(K)>1/2 <ZKEM |U‘§{1(w;{))
# (3 Flrad e nelleln) (3 |U\§{1<MK>)1/2}

1/2

Fe&E(M) FeE(M)
Fgr Fgr

=7 { (ZKEM hi ||f||i2(K)> & (ZKGM ZK,EWK |U|§{1(Kl)>1/z
+< 2 17 HKgradu"’nF”FHi?(F) < )3 ZK/ |U\H1(K’>l/2}

Fe&(M) Fe&(M)

Fgr FgT
9 9 1/2 9 1/2
<79 (X e M)+ (X 1P Igradun ne))elliage ) 0l -
FeE(M)
F¢r

For the final step we resorted to the finite overlap property of the neighborhoods wg
and wp that results from Lemma FET8. Summing up, we have

1/2
Il sy = lirlly - <7 { (3, Pl )+ (6:21)
1/2
(> 1Pl erad un npplag ) )
FeE(M)
F¢r

This motivates the following choice of the elemental error indicators

) =3, ety Sk (6.22)

Fe&(K)
ngr
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where

2 2
My = hi Hf”L2(K) , np = he[|[{grad u,, nF>]FHL2(F) (6.23)
The resulting residual a posteriori error estimator will be reliable:

Theorem 6.30. With a constant v = y(ppm, ) > 0 the local a posteriori error

estimator defined in (B22) and [@Z3) satisfies
2 2 2
lelinq) = [t = unlgg) = Irllg-10) < VZKeM(nK)2 :
Proof. Straightforward from (G21). O

Remark 6.31. For the residual error estimator the exact value of the “reliability
constant” « is unknown. Only a crude (often very pessimistic) estimate is avialable.
Therefore, EST < 7 cannot guarantee that the discretisation error (in H'-norm) is
really smaller than 7.

Theorem only guarantees that a smaller tolerance 7 implies a smaller discreti-
sation error. Furthermore, the dependence of v on the shape regularity of M entails
preserving the shape-regularity measure of the triangles € M has to be controlled during
any adaptive refinement.

The next theorem asserts that the a posteriori error estimator constructed above is
also efficient:

Theorem 6.32. For all K € M, F € EM), F C Q, we have for the local error
constributions from (623

NK < g (‘6|H1(wK) +hK Hf_TKHLQ(K)> ) (624)

nr < g <‘6|H1(wp) +hF Hf _TKHLQ(wF)> ) (625)

with constants v = y(pam, piss) > 0, and

Fr = |K|—1/des.

Proof. The main idea is to plug particular “locally supported test functions” into the
weak residual. These particular test functions will be bubble functions, cf. Sect. B30

e Element bubble functions B = A1 A3, where \;, ¢ = 1,2, 3, are the barycentric
coordinate functions for triangle K.

e Edge buble functions fr = byby, F' € E(M), where p, q € N (M) are the endpoints
of the edge F' = [p, q] and b, stands for “hat function” associated with node p.
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Note that Bx € P3(K) and Op; € P2(K) for each triangle K adjacent to the edge F.
Moreover,

supp fx = K, suppfp = J{IK: K e M, FCK}.

First, we tackle (24]) and take a close look at Sx. Simple scaling arguments confirm
that with constants only depending on pg

Alternatively, these estimates can be obtained by applying the formulas of Sect. 9.2 By
the Bramble-Hilbert Lemma lemma B and the transformation techniques of Sect. B2,
we also get

By =7(px) > 01 ||B =Bl o) S vhc VE €M, (6.26)
with the mean value

B K7 [ e
K
We pick some K € M and continue by observing that
Bu =0 . [ (7-TFrdg=0.
K
This means

e = W3 1 Wiy = e (I = Tcllagaey + 1l ) - (6.27)

Then integration by parts introduces the residual

_ —2 1 - 1 —
h%(HfKHi%K):h%(fi{E/KﬂKdgzhi(fKi/KfKﬁKdg

o h%{?K ( A F )
=5, /K(f+ un)ﬁKd£+/K(fK f)Brk A&
_ h%{f}( ( B I )
= 5 /KfﬁK (grad u,, grad B) d€ + /K(fK [)Bx dg
and using the error equation b(e,v) = r(v) yields
_ h%{?K ( o _ )
= B, /K<grade,grad6K) d§+/K(fK [)Bk d€
h2 T —
< %}{K <‘6|H1(K) : ‘ﬁK|H1(K) + Hf - fKHLz(K) ||ﬁKHL2(K)>
€2 p2f —
< 7 %KK (‘e‘Hl(K) + e || f = fKHL?(K))
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For fj # 0 this implies

— 1 —
fK < ’ym (‘6|H1(K) +hK Hf_fKHLQ(K)) )

which can be plugged into (G21).:

_ _ 2
Ny < hi Hf - fKHiz(K) +7 <‘6|H1(K) + hi Hf - fKHL?(K))

< (W 1 = oy + el ) -

All the constants merely depend on pg. This proves (E24)).

To prove (E23), we pick an edge F' € £(M) and use the edge bubble function G €
H}(wr), which is piecewise quadratic in elements K C wp with values 0 at the boundary
nodes of wp and Br(pr) = 1 in the midpoint gy of F. Then,

/ BrdS < mhr |Brlgi,y =7 |lgrad Brl 12wy, (6.28)
P

with constants only depending on the shape regularity of M and the local shape regu-
larity measure. Since u,, € §;(M), obviously

duy,
[ ¢ ] = constant on edge F',
8nF

and, for wp = K, U K_, we have

5] = = [ [5] peas

1
- Y2 hp /F br <gradun‘K+ N gradu”}K_’nF> ds,
1
T ehe /F & <grade}K+ —grade}KJnF> ds,
with np = ng, = —ng . Because 3r € Hj(wp), it follows by integration by parts in

K,

/ﬁF <grade‘K+,nF> ds:/ (BrAe + (grad Or, grad e)) d€
F K

+

< Bl A2k, + || grad Brl| 2k, || grad el| L2k,
< K ") Bel oo 1l z2ies) + sl grad el 2,
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since Ae = Au = —f on K. An analogous estimate is valid in K_. It implies
[6un} < 1 (KN 2y + 1E-1PI flleac) + 27s) grad el 2o }
onpliF| = vhs " - "
Y4
< . {hac N f 2,y + P |1 f || 2y + 273l grad e] 2, }
€23 ~,
< —h{mq + ni_ + 273/ grad €HL2(MF)}.
YehnF

By the definition of the edge indicators ng, i. e.

(nr)* = he || [(np, grad u,)]F |32 = b3

Ouy,
[GEF]F

it follows that

2
i 2
(np)* < 7% {nK, +nx_ + 273 | grad el r2(y) }

and with (624) in K, and K_, (629) follows. O
The estimates (6.24)) and (G25) mean that

Z My + Z 77F<C{ e‘Hl(Q Z Wi |If = fK||L2(K}'

KeM FEEQM) KeM
Together with the assertion of Thm. we conclude that EST is equivalent to the H'!-
norm of the discretization error up to (higher order) approximation errors of f. However,
the equivalence constants depend on the shape-regularity measure of the mesh, and will,
in general, be elusive.

Bibliographical notes.  There are many books on a posteriori error estimation, e.g.
2l A0,

6.5 Adaptive mesh refinement

The considerations in Sect. demonstrate that judicious mesh refinement can
compensate the reduced convergence rate of the FEM caused by singularities of the
exact solution u at the corners of €). The grading exponent 3 in the graded mesh
depends only on the smallest singular exponent A in (E1), but not on the precise form
@2D) of the corner singularities. Nevertheless, in practice it is desirable to choose the
refined meshes not a-priori, but depending on information about u that is gleaned during
the computation. Thus, for a given specific problem the mesh can precisely be tailored
to the solution u by a posteriori adaptive mesh refinement.
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6 Adaptive Finite Elements

Input: e Coefficients and right hand side for boundary value problem
e Initial triangulation M, with good shape regularity measure

e Tolerance 7 > 0

1. Set k := 1.

2. Compute the finite element solution wu; on the triangulation M, by assembling
and solving a sparse linear system of eqations.

3. Compute the local error indicators n€ for each K € M,,.
4. IF EST < 7 for EST according to (£29), THEN STOP.

5. Mark all cells € M, for which

7™ > 0 max{n®, K € M} forsome 6 €]0,1].

6. Create a new triangulation My, by refining all marked cells of M.

7. k: =k -+ 1 and GOTO STEP 2.

Algorithm 6.1: Basic adaptive algorithm for the h-version of finite elements for a linear
elliptic boundary value problem

6.5.1 Adaptive strategy

The one main ingredient of of adaptive mesh refinement methods is a-posteriori error
estimation as explained Sect. There we derived an efficient and reliable local a
posteriori residual error estimator 7 : M — R (see Def. B.20) for the model problem
([ET) discretized by means of lowest order Lagrangian finite elements.

The local a posteriori error estimator provides elemental error indicators n”, K € M,
which will steer the adaptive construction of a sequence of meshes. Moreover, provided
that 7 is reliable,

EST := (ZKeM(nK)%V? (6.29)

will supply information about the norm of the discretization error. Hence, checking EST
against a prescribed tolerance 7 can serve as a stopping criterion for the adaptation
loop, see Algorithm BT1

Remark 6.33. The selection factor 6 in Algorithm is usually chosen to be slightly
less than 1, e.g., 0 =~ 0.9.
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6 Adaptive Finite Elements

Other marking strategies are conceivable, for instance, to mark all cells for which

1
(n™)?* > eliMk ZKeM(nK)2 , 0=09.

The heuristics behind Algorithm is that one should

strive for the equidistribution of the local errors.

The hope is that this will lead to the most economical way to compute the finite
element solution.
The adaptive algorithm is based on the fundamental premises that

locally enhancing the resolution of the finite element space can cure local errors.

This is generally true for elliptic boundary value problems that arise from a minimiza-
tion principle, see Sect. 2.6l However, whenever transport or wave propagation play a
crucial role in a mathematical model, errors in one part of the computational domain
can have causes in another part. In this case the policy of Algorithm is pointless,
even if the n are closely related to a localized error norm.

6.5.2 Algorithms

Step 6 of Algorithm still needs to be specified in detail. We will discuss it for sim-
plicial triangulations in two dimensions, the type of meshes for which we have presented
the error estimator in Sect.

When refining a triangulation we have to take pains that

e the new triangulation remains a conforming triangulation of the computational
domain €2, see Def. B,

e iterating the procedure the shape regularity measures of the resulting triangula-
tions remain below a bound that is only slightly larger than the shape-regularity
measure of the intial triangulation,

e the local quasi-uniformity measures of the created meshes remain uniformly small.

Otherwise the performance of the local a posteriori error estimator can no longer be
guaranteed.

In the sequel we will sketch the red-blue-green refinement scheme for a two-
dimensional triangulation consisting of triangles that meets the above requirements.

Definition 6.34. Red refinement splits a triangle into four congruent triangles by
connecting the midpoints of the edges, see Fig. [0 10
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6 Adaptive Finite Elements

/‘\ 0

Figure 6.10: Subdivision  of  triangle
K into 4 congruent sub-
triangles K, i =1,2,3,4.

Figure 6.11: Two triangles Ky, Ki: red
refinement of 77 alone results
in hanging node “x”.

In order to avoid hanging nodes, types of refinement other than red refinement have
to be used, c¢f. Fig. BI1 Therefore, in two dimensions there are two more types of
refinement:

1

Figure 6.12: Green refinement of K re- Figure 6.13: Blue refinement of K
sults in Kl,KQ. Spawns Kl,KQ,Kg.

Definition 6.35. Green refinement (longest edge bisection) of a triangle splits it
into two by connecting the midpoint of its longest edge with the opposite vertex.

Definition 6.36. Blue refinement partitions a triangle K into three sub-triangles
by first carrying out green refinement, and thereafter halving one of the edges of Ty
that has not been subdivided in the green refinement by connecting its midpoint with the
midpoint of the longest side of K (see Figure [613).

These local refinement patterns can be combined into a mesh refinement algorithm,
see Algorithm

Theorem 6.37. If the angles of the triangles of the initial mesh Mg are bounded
from below by a > 0, then all angles of all triangles of all meshes arising from repeatedly
applying Algorithm are bounded from below by /2.

Proof. See [32]. O
Definition 6.38. Two meshes M and M’ are called nested and we write M < M/,
if
VKeM: IScM: K= U K.
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6 Adaptive Finite Elements

Input: e Conforming simplicial triangulation M of polygonal computa-
tional domain Q C R2.

e Set R C M of marked cells of M.

1. Carry out red refinement according to Def. of all triangles in R. This will
create a new non-conforming triangulation M. Set j := 0.

2. Define
H = {K € MY : K has a hanging node} .
3. Set j := j + 1. Create MU by red refinement of all triangles of MU~1 that have
three hanging nodes.

4. Carry out green refinement according to Def. of all triangles in M®) that have
a single hanging node on their longest edge = MUTD_ Set j := j + 1.

5. Carry out blue refinement according to Def. of all triangles in MY with
hanging nodes. If one of those had been located on the longest edge, then no
hanging nodes must remain. This yields MU+D. Set j := j + 1.

6. IF M) is non-conforming, THEN GOTO STEP 2

Algorithm 6.2: Red-green-blue refinement of a simplicial triangulation in two dimensions

It is obvious that successive application of Algorithm creates a nested sequence of
conforming simplicial triangulations of (2.

Theorem 6.39. Let M, M’ be two conforming triangulations of a single computa-
tional domain 2. Then, for any m € N,

M<M = §,M)cCS,(M).

Proof. This is a straightforward consequence of the alternative definition of the La-
grangian finite element space on simplicial meshes, e.g.,

Sp(M)={ve H'(Q): vx € Pn(K) VK € M},

see Sect. BI0, because, when the (closed) simplex K is the union of (closed) simplices
Ky,...,Kp, L € N, then

Pon(K) C{ve C%K): vk € Pn(K) VK € S},
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6 Adaptive Finite Elements

where S C M’ such that K = J,orcg K. O
As a consequence of Thm. .39 and the quasi-optimality of the finite element solutions,

adaptive refinement according to Algorithm will, eventually, lead to a more accurate
solution, see [14].

Bibliographical notes.  Algorithmic details about mesh refinements in two and three
dimensions can be found in [32 @, 29].
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