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Mistakes

We would like you the report if you discover any mistakes in the lecture notes to Patrick
Meury by Email. The mistakes which are already known are published on the web on
http://www.math.ethz.ch/undergraduate/lectures/ws0304/math/numpde1/serien .

If you report a mistake, please include the precise location and description of the
mistake and (if possible) the correct version as well. Please do not send in any
attachments!

Example 0.1 (Report of a Mistake).

From: Thomas Wihler <twihler@math.ethz.ch>

To: Patrick Meury <meury@sam.math.ethz.ch>

Subject: Mistake in the lecture notes, p. 25

Hi,

I found a mistake on page 25 of the lecture notes. In equation (0.12)

it says

a = 1

and the correct version would be

a = 2

Regards

Thomas Wihler

Every reported mistake is noted on the web page along with the reporting date and
(if already done) the date of the correction. The date of the correction refers to the date
of a printed release. If the date of a known mistake is younger than the date of your
lecture notes, then the mistake is known but not yet corrected in your release.

Version

This release was printed on March 17, 2004.
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1 Abstract Linear Variational Problems

This chapter establishes an abstract framework for the analysis of an important class
of numerical schemes for the discretization of boundary value problems for partial differ-
ential equations. This framework heavily relies on tools provided by modern functional
analysis. The study of functional analysis is strongly recommended to anyone who wants
to specialize in the numerics of partial differential eqautions.

1.1 Fundamental concepts

From linear algebra we recall the abstract definition of a vector space over a field
K. Throughout, we will only consider real vector spaces, i. e. K = R. The results can
easily be extended to complex vector spaces, i. e. the case K = C. For the remainder of
this section the symbols V and W will denote real vector spaces. Please keep in mind
that R can also be regarded as a real vector space.

More precisely, the relevant vector spaces will be function spaces. The underlying
sets contain functions Ω 7→ R, where Ω is a subset of Rn, or equivalence classes of such
functions. Addition and scalar multiplication are defined in a pointwise sense.

Example 1.1. Well known are the function spaces Cm(I) of m-times continuously
differentiable functions, m ∈ N, on an interval I ⊂ R.

Another example, known from elementary measure theory, is the space L2(Ω) of square
integrable functions (w.r.t. to Lebesgue measure dξ) on a “domain” Ω ⊂ Rn. In this
case the elements of the function space are equivalence classes of functions that agree
dx-almost everywhere in Ω. A generalization are the function spaces Lp(Ω), 1 ≤ p <∞,
see [26, Ch. 3], and the space L∞(Ω) of essentially bounded functions on Ω.

A subset of a vector space, which is closed with respect to addition and scalar multi-
plication is called a subspace.

A key role in the theory of vector spaces is played by the associated homomorphisms,
which are called linear mappings in this particular context.

Definition 1.2. Let V,W be real vector spaces. A mapping

• T : V 7→ W is called a (linear) operator, if T(λv + µw) = λT v + µTw for all
v, w ∈ V , λ, µ ∈ R. If W = R, then T is a linear form.
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1 Abstract Linear Variational Problems

• b : V × V 7→ R is called a bilinear form, if for every w ∈ V both v 7→ b(w, v)
and v 7→ b(v, w) are linear forms on V .

Obviously linear operators V 7→ W and bilinear forms V ×V 7→ R form vector spaces
themselves.

Notation: Symbols for operators and bilinear forms will be set in sans serif fonts.
Terminology distinguishes a few special linear operators

Definition 1.3. A linear operator P : V 7→ V on a vector space V is called a pro-
jection, if P2 = P.

Definition 1.4. If U is a subspace of a vector space V , then the operator IU : U 7→ V
defined by IU(u) = u for all u ∈ U is called the (canonical) injection.

We will need to measure the “size” of an element v of a vector space V . To this end,
we introduce a norm on V .

Definition 1.5 (Norm on a function space). A mapping ‖.‖V : V → R+
0 := {ξ ∈

R, ξ ≥ 0} is a norm on the vector space V , if it satisfies

‖v‖V = 0⇐⇒ v = 0 , (N1)

‖λv‖V = |λ| ‖v‖V ∀λ ∈ R ( or λ ∈ C), ∀v ∈ V , (N2)

‖w + v‖V ≤ ‖u‖V + ‖v‖V ∀w, v ∈ V. (N3)

Notation: Usually, the norm on a vector space X will be denoted by ‖·‖X .
The property (N1) is called definiteness, (N2) is known as homogeneity, and (N3) is

the so-called triangle inequality. One readily concludes the inverse triangle inequality

|‖v‖V − ‖w‖V | ≤ ‖v − w‖V ∀v, w ∈ V . (1.1)

If V is equipped with a norm ‖·‖V , it is referred to as a normed vector space (V, ‖·‖V ).
Every subspace of a normed vector space is understood as a normed vector space with
the same norm.

Example 1.6. For the particular function spaces introduced above suitable norms
are

‖u‖Cm(I) :=

m∑

l=0

sup
x∈I

∣∣∣∣
dku

dxk
(x)

∣∣∣∣ , (1.2)

‖u‖L2(Ω) :=

(∫

Ω

|u(x)|2 dξ

) 1
2

, (1.3)

‖u‖Lp(Ω) :=

(∫

Ω

|u(x)|p dξ

) 1
p

, 1 ≤ p <∞ , (1.4)

‖u‖L∞(Ω) := sup
x∈Ω

ess |f(x)| . (1.5)
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1 Abstract Linear Variational Problems

The norm ‖·‖V induces a metric in which the basic operations of addition and scalar
multiplications are continuous, and, thus, V becomes a topological vector space, see
[33, Ch. 1]. This makes it possible to define the convergence of a sequence {vk}∞k=1 ⊂ V :

vk −−−→
k→∞

v :⇔ lim
k→∞
‖vk − v‖V = 0 ,

and closed subsets of (V, ‖·‖V ):

Definition 1.7. A subset X0 ⊂ V is closed, if every sequence {un}∞k=1 ⊂ X0 which
converges in V has its limit in X0:

uk −−−→
k→∞

u =⇒ u ∈ X0.

The topological structure also implies a notion of continuity.

Definition 1.8. A linear operator T : V 7→W on normed vector spaces V,W is called
continous or bounded, if

∃γ > 0 : ‖T v‖W ≤ γ ‖v‖V ∀v ∈ V .

Then, the operator norm of T is given by

‖T‖V 7→W := sup
v∈V \{0}

‖T v‖W
‖v‖V

.

A bilinear form b : V × V 7→ R is continuous, if

∃γ > 0 : |b(v, w)| ≤ γ ‖v‖V ‖w‖V ∀v, w ∈ V .

The operator norm of b is defined by

‖b‖V×V 7→� := sup
v,w∈V \{0}

|b(v, w)|
‖v‖V ‖w‖V

∀v, w ∈ V

The operator norm is sub-multiplicative in the sense that, if U, V,W are normed vector
spaces and S : U 7→ V , T : V 7→W bounded linear operators, then

‖T S‖U 7→W ≤ ‖S‖U 7→V ‖T‖V 7→W .

Using the operator norms of Def. 1.8, the vector spaces of linear operators T : V 7→ W
and bilinear forms b : V × V 7→ R become normed vector spaces themselves. For them
we write L(V,W ) and L(V × V,R), respectively.

Linear forms play a crucial role in our investigations of variational problems:

Definition 1.9. The dual V ∗ of a normed vector space V is the normed vector space
L(V,R) of continuous linear forms on V .
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1 Abstract Linear Variational Problems

Notation: For f ∈ V ∗ we will usually write 〈f, v〉V ∗×V instead of f(v), v ∈ V (“duality
pairing”). The notation 〈·, ·〉 is reserved for the Euklidean inner product in Rn and | · |
will designate the Euklidean norm.

Example 1.10. Some well-known dual spaces of function spaces on Ω ⊂ Rn, for which
the duality pairing is based on the Lebesgue integral:

• for 1 < p <∞ we have (Lp(Ω))∗ = Lq(Ω), with p−1 + q−1 = 1, see [26, § 19].

• (L1(Ω))
∗

= L∞(Ω).

• (C0(Ω))
∗

is the space of regular complex Borel measures on Ω, see [34, Ch. 6].

We can also consider the dual V ∗∗ of V ∗. In particular we find that

ι :

{
V 7→ V ∗∗

v 7→ {g ∈ V ∗ 7→ 〈g, v〉V ∗×V }
(1.6)

defines a continuous linear operator.

Definition 1.11. A normed vector space V is called reflexive, if the mapping ι
defined in (1.6) satisfies

ι(V ) = V ∗∗ and ‖ι(v)‖V ∗∗ = ‖v‖V ∀v ∈ V .

Example 1.12. From Ex. 1.10 we see that the space Lp(Ω) is reflexive for any 1 <
p <∞. However, L∞(Ω) and L1(Ω) are not reflexive.

Exercise 1.1. Show that for a reflexive normed space V

‖v‖V = sup
g∈V ∗\{0}

∣∣〈g, v〉V ∗×V
∣∣

‖g‖V ∗
. (1.7)

Definition 1.13. For a linear operator T : V 7→ W on vector real spaces V,W we
introduce its adjoint operator T∗ by

T∗ :





W ∗ 7→ V ∗

h 7→
{
V 7→ R
v 7→ 〈h,T v〉W ∗×W

.

Example 1.14. Linear operators RN 7→ RM , N,M ∈ N, can be expressed through
M × N -matrices. Furthermore, the dual space of RN has the same dimension N and,
thus, can be identified with RN . The duality pairing is supplied by the usual Euklidean
inner product

〈ξ,µ〉(� N )∗×� := ξTµ =
∑N

k=1
ξkµk ∀ξ = (ξ1, . . . , ξN)T ,µ = (µ1, . . . , µN)T ∈ RN .

If T ∈ RM,N is the matrix belonging to a linear operator T : RN 7→ RM , then the
transposed matrix TTwill describe the adjoint operator T∗:

〈ξ,Tµ〉(� N )∗×� = 〈ξ,Tµ〉( � N )∗× � =
〈
TTξ,µ

〉
(
�
N )∗× � = 〈T∗ξ,µ〉(� N )∗×� .
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1 Abstract Linear Variational Problems

Exercise 1.2. Let U, V,W be reflexive normed vector spaces and S ∈ L(U, V ), T ∈
L(V,W ). Then the following holds true:

1. (T S)∗ = S∗ · T∗.

2. if T is surjective, then T∗ is injective.

3. if T is an isomorphism with bounded inverse T−1, then this also holds for T∗ and
we have (T−1)

∗
= (T∗)−1

4. ‖T‖V 7→W = ‖T∗‖W ∗ 7→V ∗
Definition 1.15. A normed vector space V is complete, if every Cauchy sequence
{vk}k ⊂ V has a limit v in V . A complete normed vector space is called a Banach
space.

Example 1.16. The function spaces Lp(Ω), 1 ≤ p ≤ ∞, and Cm(Ω), m ∈ N0, are
Banach spaces.

It is known that for Banach spaces V,W also L(V,W ) and L(V × V,R) will become
Banach spaces.

Bibliographical notes. Further information can be found in any textbook about
functional analysis, e.g. in [26, Ch. 2], [23, Ch. 2], and [41, Chs. 1&2]. An advanced,
but excellent, discussion of duality is given in [33, Ch. 4].

1.2 Generic theory

Throughout this section V will stand for a reflexive Banach space with norm ‖·‖V ,
and b will designate a continous bilinear form on V , that is b ∈ L(V × V,R).

Given some f ∈ V ∗ a linear variational problem seeks u ∈ V such that

b(u, v) = 〈f, v〉V ∗×V ∀v ∈ V . (LVP)

Theorem 1.17. The following statements are equivalent:

(i) For all f ∈ V ∗ the linear variational problem (LVP) has a unique solution uf ∈ V
that satisfies

‖uf‖V ≤
1

γs
‖f‖V ∗ , (1.8)

with γs > 0 independent of f .
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1 Abstract Linear Variational Problems

(ii) The bilinear form b satisfies the inf-sup conditions

∃γs > 0 : sup
v∈V \{0}

|b(w, v)|
‖v‖V

≥ γs ‖w‖V ∀w ∈ V , (IS1)

sup
v∈V \{0}

|b(v, w)|
‖v‖V

> 0 ∀w ∈ V \ {0} . (IS2)

Proof. (i) ⇒ (ii): Fix some w ∈ V and denote by gw ∈ V ∗ the continuous functional
v 7→ b(w, v). Let ug ∈ V be the unique solution of

b(ug, v) = 〈gw, v〉V ∗×V ∀v ∈ V ⇒ ug = w ,

from which we conclude (IS1) by (1.8)

‖w‖V = ‖ug‖V ≤
1

γs
‖gw‖V ∗ =

1

γs
sup

v∈V \{0}

|b(w, v)|
‖v‖V

.

By the reflexivity of V and (1.7)

‖w‖V = sup
g∈V ∗\{0}

∣∣〈g, w〉V ∗×V
∣∣

‖g‖V ∗
= sup

g∈V ∗\{0}

|b(ug, w)|
‖g‖V ∗

≤ 1

γs
sup
u∈V

|b(u, w)|
‖u‖V

, (1.9)

where (1.8) has been used in the final step. This amounts to (IS2).
(ii) ⇒ (i): Let u1, u2 ∈ V be two solutions of (LVP) for the same f ∈ V ∗. Then

b(u1−u2, v) = 0 for all v ∈ V , and from (IS1) we immediately infer u1 = u2. This shows
uniqueness of uf .

To prove existence of solutions of (LVP) we define the following subspace of V ∗:

V ∗b :=
{
g ∈ V ∗ : ∃w ∈ V : b(w, v) = 〈g, v〉V ∗×V ∀v ∈ V

}
.

Let {gk}∞k=1 be a Cauchy-sequence in V ∗b . Since V ∗ is complete, it will converge to some
g ∈ V ∗. By definition

∀k ∈ N : ∃wk ∈ V : b(wk, v) = 〈gk, v〉V ∗×V ∀v ∈ V . (1.10)

Thanks to the inf-sup condition (IS1), we have for any k,m ∈ N

‖wk − wm‖V ≤
1

γs
sup

v∈V \{0}

∣∣〈gk − gm, v〉V ∗×V
∣∣

‖v‖V
=

1

γs
‖gk − gm‖V ∗ .

Hence, {wk}∞k=1 is a Cauchy-sequence, too, and will converge to some w ∈ V . The
continuity of b and of the duality pairing makes it possible to pass to the limit on both
sides of (1.10)

b(w, v) = 〈g, v〉V ∗×V ∀v ∈ V ,

7



1 Abstract Linear Variational Problems

which reveals that g ∈ V ∗b . Recall Def. 1.7 to see that V ∗b is a closed subspace of V ∗.
Now, assume that V ∗b 6= V ∗. As V ∗b ⊂ V ∗ is closed, a corollary of the Hahn-Banach

theorem, see [33, Thm. 3.5], confirms the existence of z ∈ V ∗∗ = V (V reflexive!) such
that

〈g, z〉V ∗×V = 0 ∀g ∈ V ∗b .
By definition of V ∗b this means b(v, z) = 0 for all v ∈ V and contradicts (IS2).

Eventually, (1.8) is a simple consequence of (IS1), of the definition of uf , and of the
definition of the norm on V ∗. �

The estimate (1.9) instantly confirms that the inf-sup conditions (IS1) and (IS2) in-
volve

sup
v∈V \{0}

|b(v, w)|
‖v‖V

≥ γs ‖w‖V .

Remark 1.18. In order to verify the inf-sup condition (IS1) we can either tackle

sup
v∈V \{0}

|b(w, v)|
‖v‖V

≥ γs ‖w‖V ∀w ∈ V or sup
v∈V \{0}

|b(v, w)|
‖v‖V

≥ γs ‖w‖V ∀w ∈ V .

Then one fixes an arbitrary w ∈ V and strives to find a “candidate” v = v(w) ∈ V such
that, for γ1, γ2 > 0

b(w, v) ≥ γ1 ‖w‖2V and ‖v‖V ≤ γ2 ‖w‖V .

This will imply (IS1) with γs ≥ γ1γ
−1
2 . Of course the corresponding inf-sup condition

(IS2) needs to be verified as well, but usually this is very easy.

Remark 1.19. The assertion (i) of Thm. 1.17 amounts to the statement that (LVP)
is well posed in the sense that a unique solution exists and depends continuously on the
data of the problem. The right hand side functional f is regarded as input data.

Obviously, for fixed w ∈ V the mapping v 7→ b(w, v) belongs to V ∗. Hence we can
define a mapping B : V 7→ V ∗ associated with b by

〈Bw, v〉V ∗×V := b(w, v) ∀v, w ∈ V . (1.11)

Exercise 1.3. The B from (1.11) provides a linear continuous operator with norm

‖B‖V 7→V ∗ = ‖b‖V×V 7→� . (1.12)

Using this operator B associated with b we can concisely state (LVP) as

u ∈ V : B u = f . (1.13)

The equation (1.13) is called the operator notation for (LVP). Thm. 1.17 asserts that
the inf-sup condition (IS1) and (IS2) guarantee that B is an isomorphism and that∥∥B−1

∥∥
V ∗ 7→V ≤ γ−1

s .
There is a simple sufficient condition for the inf-sup conditions of Thm. 1.17:

8
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Definition 1.20. A continuous bilinear form b on a normed space V is called V -
elliptic with ellipticity constant γe > 0, if

|b(v, v)| ≥ γe ‖v‖2
V ∀v ∈ V .

It is evident that a V -ellipticity of the bilinear form implies both inf-sup conditions
(IS1) and (IS2) with γs = γe.

Exercise 1.4. On the Banach space C0([0, 1]) (equipped with the supremum norm)
consider the bilinear form

a(v, w) :=

∫ 1

0

v(x)w(x) dξ .

Show that the inf-sup condition (IS1) is not satisfied.

Exercise 1.5. First of all let Ω :=]− π, π[, then show that the following holds true:

(i) Define the subspace U ⊂ L2(Ω) by

U :=
{
u ∈ L2(Ω); u(x) = u(−x) ∀x ∈ Ω

}
.

Show that V := U × U is a closed subspace of L2(Ω)× L2(Ω).

(ii) The bilinear form

b((u, p), (v, q)) :=

π∫

−π

u(x)v(x) dξ +

π∫

−π

sin(x)p(x)v(x) dξ −
π∫

−π

sin(x)u(x)q(x) dξ

is continuous on the Banach space V . Show that a variational problem based on
this bilinear form will in general fail to possess a unique solution.

Bibliographical notes. For further information and details the reader is referred to
[22, Sect. 6.5] or to [36, Sect. 1.3].

1.3 Symmetric positive definite variational problems

Definition 1.21. A bilinear form b on a vector space V is called symmetric, if

b(v, w) = b(w, v) ∀v, w ∈ V .

A special class of symmetric bilinear forms often occurs in practical variational prob-
lems:

9
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PSfrag replacements

η
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α

Figure 1.1: Angle α(ξ,η).

Definition 1.22. A bilinear form b on a real vector space is positive definite, if
for all v ∈ V

b(v, v) > 0 ⇔ v 6= 0 .

A symmetric and positive definite bilinear form is called an inner product.

In the sequel V will stand for a Banach space with norm ‖·‖V . We also adopt the
symbol a for a generic inner product on V .

First, observe that every V -elliptic bilinear form is positive definite. Second, recall
that an inner product a induces a norm through

‖v‖a := a(v, v)
1
2 v ∈ V .

The fundamental Cauchy-Schwarz-inequality

a(v, w) ≤ ‖v‖a ‖w‖a ∀v, w ∈ V (CSI)

ensures that a will always be continuous with norm 1 with respect to the energy norm.
Moreover, we have Pythagoras’ theorem

a(v, w) = 0 ⇔ ‖v‖2
a + ‖w‖2a = ‖v + w‖2

a .

In the context of elliptic partial differential equations a norm that can be derived
from a V -elliptic bilinear form is often dubbed energy norm. Vector spaces that yield
Banach spaces when endowed with an energy norm offer rich structure.

Definition 1.23. A Hilbert space is a Banach space whose norm is induced by an
inner product.

Exercise 1.6. If an inner product a is V -elliptic and continuous in Banach space V
then (V, ‖·‖a) is a Hilbert space.

Notation: In the sequel, the symbol H is reserved for Hilbert spaces. When H is a
Hilbert space, we often write (·, ·)H to designate its inner product.

10
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Example 1.24. Let H = R2 be the set of all vectors in the plane. H is a Hilbert
space with the Euclidean norm

|ξ|2 =
(
ξ2

1 + ξ2
2

)1/2
for ξ ∈ R2

and the inner product

〈ξ,η〉 = ξ1η1 + ξ2η2 .

For ξ,η ∈ R2, the angle α(ξ,η) between ξ and η (cf. Figure 1.1) is given by

cos (α(ξ,η)) =
〈ξ,η〉
|ξ| |η| .

This can be used as a general definition of an angle between elements of a Hilbert space.

Example 1.25. Another well known Hilbert space is L2(Ω), Ω ⊂ Rd, with inner
product

(u, v) :=

∫

Ω

u(x) v(x) dξ , u, v ∈ L2(Ω) .

This is the definition for real-valued u, v. In the case of complex valued functions,
complex conjugation has to be applied to v.

Based on a continuous bilinear form, we can always indentify a normed vector space
with a subspace of its dual space. If we deal with a Hilbert space and this identifica-
tion is based on the inner product, it becomes an isomorphism, the so-called Riesz-
isomorphism.

Theorem 1.26. For a Hilbert space H the mapping H 7→ H∗, v 7→ {w 7→ (v, w)H},
is a norm-preserving isomorphism (Riesz-isomorphism).

This means that we need not distinguish H and H∗ for Hilbert spaces. However, often
it is wise to keep the distinction between “functions” and “linear functionals” though
“H = H∗”.

Corollary 1.27. All Hilbert spaces are reflexive.

A Hilbert space framework permits us to generalize numerous geometric notions from
Euklidean space:

Definition 1.28. If H is a Hilbert space we call two subspaces V,W ⊂ H orthogonal,
and write V ⊥ W , if (v, w)H = 0 for all v ∈ V , w ∈ W . A linear operator P : H 7→ H
is an orthogonal projection, if P 2 = P and Ker(P ) ⊥ P (H).

11
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Next, we consider the following variational problem on a Hilbert space H with inner
product a(·, ·) and induced norm ‖·‖a: for f ∈ H∗ seek u ∈ H such that

a(u, v) = 〈f, v〉H∗×H ∀v ∈ H . (1.14)

Thanks to Thm. 1.17 this variational problem has a unique solution for all f ∈ H∗.

Exercise 1.7. The unique solution u of (1.14) satisfies ‖u‖a = ‖f‖H∗.

There is an intimate relationship of (1.14) with minimization problems for a coercive
quadratic functional. Remember that a mapping J : H 7→ R, a so-called functional, is
coercive, if lim

‖v‖H→∞
‖v‖−1

H J(v) = +∞ uniformly in ‖v‖H .

Theorem 1.29. The solution u ∈ H of (1.14) can be characterized by

u = arg min
v∈H

J(v) with J(v) = 1
2
a(v, v)− 〈f, v〉H∗×H .

Proof. If u denotes the solution of (1.14), a simple calculation shows

J(v)− J(u) = 1
2
‖v − u‖2a ∀v ∈ H . (1.15)

This shows that u will be the unique global minimizer of J .
It is easy to establish that J is strictly convex and coercive, which implies existence

and uniqueness of a global minimizer u. Now, consider the function

hv(τ) := J(u+ τv) τ ∈ R, v ∈ H .

h is smooth and, since u is a global minimizer

d

dτ
hv(τ)

|τ=0
= 0 ,

which is equivalent to (1.14), since any v can be chosen. �

Exercise 1.8. Show that the functional J from Thm. 1.29 is coercive on H.

1.4 Discrete variational problems

A first step towards finding a practical algorithm for the approximate solution of (LVP)
is to convert it into a discrete variational problem. We use the attribute “discrete” in
the sense that the solution can be characterized by a finite number of real (or complex)
numbers.

Given a real Banach space V with norm ‖·‖V and a bilinear form b ∈ L(V × V,R) we
pursue a Galerkin discretization of (LVP). Its gist is to replace V in (LVP) by finite
dimensional subspaces. The most general approach relies on two subspaces of V :

12
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PSfrag replacements
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Figure 1.2: b-Orthogonality of the error en = u− un with respect to Vn, if b is an inner
product

Wn ⊂ V : “trial space”, dimWn = N
Vn ⊂ V : “test space”, dimVn = N

, N ∈ N .

Notation: Throughout a subscript n will be used to label “discrete entities” like the
above finite dimensional trial and test spaces, and their elements. Often we will consider
sequences of such spaces; in this case n will assume the role of an index.

Given the two spaces Wn and Vn and some f ∈ V ∗ the discrete variational problem
corresponding to (LVP) reads: seek un ∈ Wn such that

b(un, vn) = 〈f, vn〉V ∗×V ∀vn ∈ Vn . (DVP)

This most general approach, where Wn 6= Vn is admitted, is often referred to as Petrov-
Galerkin method. In common parlance, the classical Galerkin discretization implies
that trial and test space agree. If, moreover, b provides an inner product on V , the
method is known as Ritz-Galerkin scheme.

If, for given b and f both (LVP) and (DVP) have unique solutions u ∈ V and un ∈ Wn,
respectively, then a simple subtraction reveals

b(u− un, vn) = 0 ∀vn ∈ Vn . (1.16)

Abusing terminology, this property is called Galerkin orthogonality, though the term
orthogonality is only appropriate, if b is an inner product on V . Sloppily speaking, the
discretization error en := u− un is “orthogonal” to the test space Vn, see Fig. 1.2.

Theorem 1.30. Let V be a Banach space and b ∈ L(V × V,R) satisfy the inf-sup
conditions (IS1) and (IS2) from Thm. 1.17. Further, assume that

∃γn > 0 : sup
vn∈Vn\{0}

|b(vn, wn)|
‖vn‖V

≥ γn ‖wn‖V ∀wn ∈ Wn . (DIS)

Then, for every f ∈ V ∗ the discrete variational problem (DVP) has a unique solution

13
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un that satisfies

‖un‖V ≤
1

γn
‖f‖V ∗n =

1

γn
sup
vn∈Vn

|f(vn)|
‖vn‖V

, (1.17)

‖u− un‖V ≤
(

1 +
‖b‖V×V 7→�

γn

)
inf

wn∈Wn

‖u− wn‖V , (1.18)

where u ∈ V solves (LVP).

Proof. It is clear that (DIS) implies the uniqueness of un. Since dimVn = dimWn, in
the finite dimensional setting this implies existence of un.

The remainder of the proof combines the triangle inequality and (1.17):

‖u− un‖V ≤ ‖u− wn‖V + ‖wn − un‖V
≤ ‖u− wn‖V +

1

γn
sup

vn∈V \{0}

|b(wn − u+ u− un, vn)|
‖vn‖V

∀wn ∈ Wn .

Eventually, use the Galerkin orthogonality (1.16) and the continuity of b to finish the
proof. �

Remark 1.31. One can not conclude (DIS) from (IS1) and (IS2) because the supre-
mum is taken over a much smaller set.

Remark 1.32. It goes without saying that for a V -elliptic bilinear form b, cf. Def.
1.20, the assumptions of Thm. 1.30 are trivially satisfied. Moreover, we can choose γn
equal to the ellipticity constant γe in this case.

Thm. 1.30 provides an a-priori estimate for the norm of the discretization error en.
It reveals that the Galerkin solution will be quasi-optimal, that is, for arbitrary f the
norm of the discretization can be bounded by a constant times the best approximation
error

inf
wn∈Wn

‖u− vn‖V ,

of the exact solution u w.r.t. Wn. It is all important that this constant must not depend
on f .

Remark 1.33. Many of our efforts will target asymptotic a-priori estimates that
involve sequences {Vn}∞n=1, {Wn}∞n=1 of test and trial spaces. Then it will be the principal
objective to ensure that the constant γn is bounded away from zero uniformly in n. This
will guarantee asymptotic quasi-optimality of the Galerkin solution: the estimate
(1.17) will hold with a constant independent of n. Notice that the norm of b that also
enters (1.18) does not depend on the finite dimensional trial and test spaces.

14
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In the sequel we will take for granted that b and Vn,Wn meet the requirements of
Thm. 1.30. The “Galerkin orthogonality” (1.16) suggests that we examine the so-called
Galerkin projection Pn : V 7→Wn defined by

b(Pnw, vn) = b(w, vn) ∀vn ∈ Vn . (1.19)

Proposition 1.34. Under the assumption of Thm. 1.30, the equation (1.19) defines
a continuous projection Pn : V 7→ V with norm ‖Pn‖V 7→V ≤ γ−1

n ‖b‖V×V 7→ � .

Proof. As a consequence of Thm. 1.30, Pn is well defined. Its linearity is straightfor-
ward and the norm bound can be inferred from (1.17). Also P2

n = Pn is immediate from
the definition. �

The Galerkin projection connects the two solutions u and un of (LVP) and (DVP),
respectively, through

un = Pnu . (1.20)

Proposition 1.35. If ∈L(V ×V,R) is an inner product on V and the assumptions of
Thm. 1.30 are satisfied, then the Galerkin projection associated with b is an orthogonal
projection with respect to the inner product b.

Proof. According to Def. 1.28 and the previous proposition, we only have to check
that Ker(Pn) ⊥ Wn. This is clear from (1.20) and the Galerkin orthogonality (1.16),
because

v ∈ Ker(Pn) ⇔ Pnv = 0 ⇔ (Id− Pn)v = v ⇔ v ∈ Im(Id− Pn) .

�
As in the previous section, we can cast (DVP) into operator form by introducing

Bn : Wn 7→ V ∗n , fn ∈ V ∗n through

〈Bnwn, vn〉V ∗n×Vn = b(wn, vn) ∀wn ∈ Wn, vn ∈ Vn , 〈fn, vn〉V ∗n×Vn = 〈f, vn〉V ∗×V
Using these operators, we can rewrite (DVP) as

Bn un = fn . (1.21)

Exercise 1.9. There is a canonical embedding V ∗ ⊂ V ∗n and the estimate ‖fn‖V ∗n ≤‖f‖V ∗ holds true.

Exercise 1.10. Let In := IVn : Vn 7→ V stand for the canonical injection, cf. Def. 1.4.
Then we have

Bn = I∗n ◦ B ◦ In . (1.22)
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Now, let us consider the special case that V is a Hilbert space. To hint at this, we
write H instead of V . It is surprising that under exactly the same assumptions on b,
Wn, and Vn as have been stated in Thm. 1.30, the mere fact that the norm of V = H
arises from an inner product, permits us to get a stronger a-priori error estimate [44].

Theorem 1.36. If V is a Hilbert space we obtain the sharper a-priori error estimate

‖u− un‖V ≤
‖b‖V×V 7→ �

γn
inf
vn∈Vn

‖u− vn‖V , (1.23)

if the assumptions of Thm. 1.30 are satisfied.

The proof of this result requires a lemma due to Kato [27]:

Lemma 1.37. Let H be a Hilbert space. If P ∈ L(H,H) is a non-trivial projection,
i. e. Id 6= P = P2 6= 0, then

‖P‖H 7→H = ‖Id− P‖H 7→H .

Proof. (i) First we consider the case dimH = 2, that is H ∼= R2 after a choice of
an orthonormal basis. Then both P and Id − P have rank 1, so that they possess a
representation

Pν = 〈β,ν〉α β,α,ν ∈ R2 ,

(Id− P)ν = 〈δ,ν〉γ δ,γ,ν ∈ R2 .

Since P2 = P and (Id− P)2 = (Id− P) we conclude that

〈α,β〉 = 1 and 〈δ,γ〉 = 1 .

Now, observe that

ν = Pν + (Id− P)ν = 〈β,ν〉α+ 〈δ,ν〉γ .

Setting ν = β, δ and forming the inner product with α,γ, respectively, we see

1 = |α|2 |β|2 + 〈δ,β〉 〈γ,α〉 ,
1 = 〈β, δ〉 〈α,γ〉+ |γ|2 |δ|2 ,

which implies |α| |β| = |γ| |δ|. Note that

‖P‖H 7→H = sup�
6=0

|〈β,ν〉|
|ν| = |α| sup�

6=0

|〈β,ν〉|
|ν| = |α| |β| ,

and similarly for Id− P. This proves the assertion for dimH = 2.
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(ii) For the general case, take into account that for any v ∈ H the space U :=
span{v,P v} is an invariant w.r.t. both P and Id− P. dimU = 1 boils down to P v = 0
or P v = v. As ‖P‖H 7→H ≥ 1 and ‖Id− P‖H 7→H ≥ 1 we immediately conclude

‖(Id− P)v‖V ≤ ‖P‖H 7→H ‖v‖V , ‖P v‖V ≤ ‖(Id− P)‖H 7→H ‖v‖V .

If dimU = 2, we can apply the result of (i) and get

‖(Id− P)v‖V ≤ ‖Id− P‖U 7→U ‖v‖V = ‖P‖U 7→U ‖v‖V ≤ ‖P‖H 7→H ‖v‖V ,

‖P v‖V ≤ ‖P‖U 7→U ‖v‖V = ‖Id− P‖U 7→U ‖v‖V ≤ ‖Id− P‖H 7→H ‖v‖V ,

Combining these estimates yields the assertion. �
Proof (of Thm. 1.36). Using (1.20) we can appeal to the previous lemma to estimate

‖u− un‖V = ‖(Id− Pn)u‖V = ‖(Id− Pn)(u− wn)‖V
≤ ‖Id− Pn‖V 7→V ‖u− wn‖V = ‖Pn‖V 7→V ‖u− wn‖V ,

where wn ∈ Wn is arbitrary. From

‖Pnw‖V ≤
1

γn
sup
vn 6=0

|b(Pnw, vn)|
‖vn‖V

≤ ‖b‖V×V 7→
�

γn
‖w‖V

we conclude ‖Pn‖V 7→V ≤ γ−1
n ‖b‖V×V 7→� , which finishes the proof. �

The other special case is that of Ritz-Galerkin discretization aimed at a symmetric,
positive definite bilinear form b. Then the Ritz-Galerkin method will furnish an optimal
solution in the sense that un is the best approximation of u in Vn.

Corollary 1.38. If b is an inner product in V , with which V becomes a Hilbert space
H, and Vn = Wn, then (DVP) will have a unique solution un for any f ∈ H∗. It satisfies

‖u− un‖b ≤ inf
vn∈Vn

‖u− vn‖b ,

where ‖·‖b is the energy norm derived from b.

Proof. Existence and uniqueness are straightforward. It is worth noting that the
estimate can be obtained in a simple fashion from Galerkin orhtogonality (1.16) and the
Cauchy-Schwarz inequality

‖u− un‖2
b = b(u− un, u− vn) ≤ ‖u− un‖b ‖u− vn‖b ,

for any vn ∈ Vn. �
Bibliographical notes. We refer to [21, Sects. 8.1 & 8.2] and [36, Sect. 2.3].
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1.5 The algebraic setting

The variational problem (DVP) may be discrete, but it is by no means amenable
to straightforward computer implementation, because an abstract concept like a finite
dimensional vector space has no algorithmic representation. In short, a computer can
only handle vectors (arrays) of finite length and little else.

We adopt the setting of Sect. 1.4. The trick to convert (DVP) into a problem that
can be solved on a computer is to introduce ordered bases

BV := {p1
n, . . . , p

N
n } of Vn ,

BW := {q1
n, . . . , q

N
n } of Wn ,

N := dim Vn = dimWn .

Remember that a basis of a finite dimensional vector space is a maximal set of linearly
indepedent vectors. By indexing the basis vectors with consecutive integers we indicate
that the order of the basis vectors will matter.

Lemma 1.39. The following is equivalent:

(i) The discrete variational problem (DVP) has a unique solution un ∈ Wn.

(ii) The linear system of equations

Bµ = ϕ (LSE)

with

B :=
(
b(qkn, p

j
n)
)N
j,k=1

∈ RN,N , (1.24)

ϕ :=
(〈
f, pkn

〉
V ∗×V

)N
k=1
∈ RN , (1.25)

has a unique solution µ = (µk)
N
k=1 ∈ RN .

Then

un =

N∑

k=1

µkq
k
n .

Proof. Due to the basis property we can set

un =

N∑

k=1

µkq
k
n , vn =

N∑

k=1

νkp
k
n, µk, νk ∈ R ,

in (DVP). Hence, (DVP) becomes: seek µ1, . . . , µN such that

b(
∑N

k=1
µkq

k
n,
∑N

j=1
νjp

j
n) =

〈
f,
∑N

j=1
νjp

j
n

〉
V ∗×V

18
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for all ν1, . . . , νN ∈ R. We can now exploit the linearity of b and f :

N∑

j=1

N∑

k=1

µkνjb(q
k
n, p

j
n) =

N∑

j=1

νj
〈
f, pjn

〉
V ∗×V . (1.26)

Next, plug in special test vectors given by (ν1, . . . , νN) = εl, l ∈ {1, . . . , N}, where εl is
the l-th unit vector in RN . This gives us

N∑

k=1

µkb(qkn, p
l
n) =

〈
f, pln

〉
V ∗×V , l = 1, . . . , N . (1.27)

As the special test vectors span all of RN and thanks to the basis property, we conclude
that (1.26) and (1.27) are equivalent. On the other hand, (1.27) corresponds to (LSE),
as is clear by recalling the rules of matrix×vector multiplication. �

Note that in (1.24) j is the row index, whereas k is the column index. Consequently,
the element in the j-th row and k-th column of the matrix B in (LSE) is given by
b(qkn, p

j
n).

Notation: Throughout, bold greek symbols will be used for vectors in some Euk-
lidean vector space Rn, n ∈ N, whereas bold capital roman font will designate matrices.
The entries of a matrix M will either be written in small roman letters tagged by two
subscripts: mij or will be denoted by (M)ij.

Corollary 1.40. If and only if the bilinear form b and trial/test space Wn/Vn satisfy
the assumptions of 1.30, then the matrix B of (LSE) will be regular.

Thus, we have arrived at the final “algebraic problem” (LSE) through the two stage
process outlined in Fig. 1.3. It is important to realize that the choice of basis does not
affect the discretization error at all: the latter solely depends on the choice of trial and
test spaces. Also, Cor. 1.40 teaches that some properties of B will only depend on Vn,
too.

However, the choice of basis may have a big impact on other properties of the resulting
matrix B in (LSE).

Example 1.41. If b induces an inner product on Vn = Wn, then a theorem from
linear algebra (Gram-Schmidt-orthogonalisation) tells us that we can always find a b-
orthonormal basis of Vn. Evidently, with respect to this basis the matrix associated with
b according to (1.24) will be the N ×N identity matrix I.

Lemma 1.42. Consider a fixed bilinear form b and finite dimensional trial/test space
Wn = Vn for the discrete variational problem (DVP). We choose two different bases

B := {p1
n, . . . , p

N
n } and B̃ := {p̃1

n, . . . , p̃
N
n } of Wn = Vn, for which

p̃jn =
N∑

k=1

sjkp
k
n with S = (sjk)

N
j,k=1 ∈ RN,N regular.
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(Continuous) variational problem (LVP): Bu = f

�
�

�
�Choose finite dimensional trial and test spaces Wn and Vn.

Discrete variational problem (DVP): Bnun = fn

�
�

�
�Choose bases of Wn and Vn

Algebraic problem (LSE): Bµ = ϕ

Figure 1.3: Overview of stages involved in the complete Galerkin discretization of an
abstract variational problem

Relying on these bases we convert (DVP) into two linear systems of equations Bµ = ϕ

and B̃µ̃ = ϕ̃, respectively.
If the discrete variational problem (DVP) possesses a unique solution, then the two

linear systems and their respective solutions are related by

B̃ = SBST , ϕ̃ = Sϕ , µ̃ = S−Tµ . (1.28)

Proof. Using (1.24) and the linearity of b we get

b̃lm = b(p̃mn , p̃
l
n) =

N∑

k=1

N∑

j=1

smkb(pkn, p
j
n)slj =

N∑

k=1

( N∑

j=1

sljbjk

︸ ︷︷ ︸
(SB)lk

)
smk = (SBST )lm ,

which gives the relationship between B and B̃. The other relationships are as straight-
forward. �

Remark 1.43. The lemma reveals that all possible Galerkin matrices B from (LSE)
that we can obtain for a given discrete variational problem (DVP) form a congruence
class of matrices. It is exactly the invariants of congruence classes that are invariants of
Galerkin matrices: symmetry, regularity, positive definiteness, and the total dimensions
of eigenspaces belonging to positive, negative, and zero eigenvalues.
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Exercise 1.11. For the case BV = BW , discuss the impact of reshuffling the basis
vectors in BV on the matrix B of (LSE).

Exercise 1.12. The linear system of equations (LSE) has been built using the bases
BV = BW = {p1, . . . , pN}. How will the matrix B be affected, when we switch to scaled
bases

B̃V = B̃W = {α1p1, . . . , αNpN} , αi ∈ R \ {0}, i = 1, . . . , N ?

Exercise 1.13. Let V be a Banach space and f ∈ V ∗. Let Vn ⊂ V be a finite
dimensional subspace of dimVn = n. Now let Bn := {p1, . . . , pn} be a basis of Vn. Find
a basis Bn

∗ of V ∗n such that the coefficient vector of f in V ∗n is given by
(
〈f, pk〉V ∗×V

)n
k=1

.

Exercise 1.14. The right hand side of (DVP) is mapped to the vector ϕ in (LSE).
Which basis of V ∗n renders ϕ according to (1.25) the coefficient vector of fn.

Remark 1.44. The constant γn in (DIS) is independent of the choice of bases. Nev-
ertheless, its computation for concrete Wn, Vn has to employ bases of Wn and Vn.

Let us assume that V is a Hilbert space with inner product (·, ·)V . After endowing
Wn, Vn with bases BW := {q1

n, . . . , p
N
n }, BV := {p1

n, . . . , p
N
n } we can express

‖vn‖2
V = µTMVµ , ‖wn‖2V = ξTMWξ ,

where

vn =

N∑

k=1

µkp
k
n , wn =

N∑

k=1

ξkp
k
n ,

MV :=
(
(pkn, p

j
n)V
)N
k,j=1

∈ RN,N , MW :=
(
(qkn, q

j
n)V
)N
k,j=1

∈ RN,N .

Reusing (1.24) we can convert (DIS) into

sup� ∈ � N\{0}
|µTBξ|

(µTMVµ)
1
2

≥ γn(ξTMWξ)
1
2 ∀ξ ∈ RN . (1.29)

Since MV and MW are symmetric and positive definite, there are“square roots”XV ,XW ∈
RN,N of MV ,MW such that, e.g., X2

V = MV and XV is s.p.d. itself. Thus, in (1.29) we
can replace

µ← X−1
V µ , ξ ← X−1

W ξ ,

and we end up with

sup� ∈� N\{0}
|µT (X−1

V BX−1
W )ξ|

|µ| ≥ γn|ξ| ∀ξ ∈ RN . (1.30)
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From numerical linear algebra we recall the singular value decomposition

X−1
V BX−1

W = UDVT ,

where U,V ∈ RN,N are orthogonal matrices and D ∈ RN,N is diagonal. The diagonal
entries of D = diag(σ1, . . . , σN), σk ≥ 0, are called the singular values of XV BXW . Since
multiplication with orthogonal matrices leaves the Euklidean norm of a vector invariant
and UTU = VTV = I, the replacement

µ← Uµ , ξ ← Vξ

gives the equivalent inequality

sup� ∈� N\{0}
|µTDξ|
|µ| ≥ γn|ξ| ∀ξ ∈ RN .

Hence, the smallest singular value of XV BWX is the largest possible value for γn.
If b is symmetric and BV = BW , then the singular values of XV BXW agree with

the eigenvalues of this matrix. These can be determined by solving the generalized
eigenvalue problem

ξ 6= 0, λ ∈ R : Bξ = λMV ξ .

For the remainder of this section we assume that trial and test spaces and their re-
spective bases agree. Any choice of basis B := {p1

n, . . . , p
N
n } for Vn spawns a coefficient

isomorphism Cn : RN 7→ Vn by

Cnµ =
N∑

k=1

µkp
k
n .

It can be used to link the operator form (1.21) of the discrete variational problem and
the associated linear system of equations (LSE) w.r.t. B.

Lemma 1.45. We have

B = C∗n ◦ Bn ◦Cn ,

where Bn : Vn 7→ V ∗n is the operator related to the bilinear form b on Vn, cf. (1.21), and
B is the coefficient matrix for b w.r.t. the basis B of Vn.

Proof. Pick any µ, ξ ∈ RN and remember that RN is its own dual with the duality
pairing given by the Euklidean inner product, that is

〈µ, ξ〉(� N )∗×� N = µTξ .
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Owing to Def. 1.13 and (1.24) we find

µTBξ = b(Cnξ,Cnµ) = 〈Bn Cnξ,Cnµ〉V ∗n×Vn = 〈Cn∗ Bn Cnξ,µ〉( � N )∗×� N = µT (Cn
∗ Bn Cn)ξ .

�
An important property of a regular matrix M ∈ RN,N , N ∈ N, is its spectral con-

dition number

κ(M) = |M|
∣∣M−1

∣∣ ,

where, by default, RN is equipped with the Euklidean vector norm, and |M| will always
stand for the operator norm associated with the Euklidean vector norm.

Lemma 1.46. If B is a matrix according to (1.24) based on a bilinear form b and a
trial/test space Vn (equipped with basis B) that satisfy the assumptions of Thm. 1.30,
then

κ(B) ≤ ‖Cn‖2�
N 7→V

∥∥C−1
n

∥∥2

Vn 7→
�
N

‖b‖V×V 7→ �
γn

,

where Cn is the coefficient isomorphism belonging to basis B, and γn is the if-sup constant
from (DIS).

Proof. By the definition of the operator norm, cf. Def. 1.8,

‖Bnwn‖V ∗n = sup
vn∈Vn

b(wn, vn)

‖vn‖V
≥ γn ‖wn‖V ∀wn ∈ Vn ,

which means

γn
∥∥B−1

n fn
∥∥
V
≤ ‖fn‖V ∗n ∀fn ∈ V ∗n ⇒

∥∥B−1
n

∥∥
V ∗n 7→Vn

≤ γ−1
n .

By Lemma 1.45 we have

B = C∗n ◦ Bn ◦Cn , B−1 = C−1 ◦ B−1
n ◦(C∗n)−1 .

Then the submultiplicativity of operator norms and (1.12) finish the proof. �

Exercise 1.15. Assume that b induces an inner product on V , which renders V a
Hilbert space. Given a finite dimensional subspace Vn ⊂ V denote by Cn the coefficient
isomorphism associated with a basis B of Vn. Then

λmax(B) = ‖Cn‖2�
N 7→V , λmin(B) =

∥∥C−1
n

∥∥2

Vn 7→
�
N ,

where, for some matrix M ∈ RN,N

λmax(M) := max{|λ| , λ is eigenvalue of M} ,
λmin(M) := min{|λ| , λ is eigenvalue of M} .
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Exercise 1.16. Let b be a bilinear form on V and Vh, VH be two nested subspaces
of V , that is VH ⊂ Vh. Equip both Vh and VH with bases Bh,BH and write Ch :
Rn 7→ Vh, n := dimVh, and CH : RN 7→ VH , N := dimVH , for the associated coefficient
isomorphisms.

(i) Based on Ch and CH determine the matrix representations of the inclusion map-
pings IhH : VH 7→ Vh and (IhH)∗ : V ∗h 7→ V ∗H , when dual bases are used for the dual
spaces.

(ii) How can the matrix BH ∈ RN,N associated with b w.r.t. BH be computed from
the matrix Bh ∈ Rn,n that we get as representation of b w.r.t. Bh?

Exercise 1.17. Given a finite dimensional subspace Vn ⊂ V , N := dimVn, endowed
with a basis B, let Cn be the associated coefficient isomorphism.

(i) Give a bound for the norm of the “matrix” M := C∗nCn : RN 7→ RN .

(ii) We can view Cn also as a mapping Cn : RN 7→ V into V . What is Ker(C
∗
n)?

Exercise 1.18. Consider the quadratic functional on L2(]0, 1[)

J(v) :=

1∫

0

(v(x)− exp(x))2 dξ .

(i) Formulate the linear variational problem related to the minimization of this func-
tional. Discuss existence and uniqueness of solutions.

(ii) This variational problem is to be discretized in a Ritz-Galerkin fashion based on
the following choices of trial/test spaces

a) Vn = span{xk, k = 0, . . . , n− 1},
b) Vn = span{sin(kπx), k = 1, . . . , n},
c) Vn = span{χ[ k−1

n
, k
n

], k = 1, . . . , n}, χI the characteristic function of the inter-

val I,

where n ∈ N is the discretization parameter that serves as index for a family of
trial/test spaces and also tells us dimVn. The characteristic function of an interval
is defined as

χ]a,b[(x) =

{
1 if x ∈]a, b[ ,

0 elsewhere .

Compute the resulting linear systems of equations that correspond to this trial/test
spaces, when the functions occurring in the above definitions are used as bases.
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(iii) Compute the condition numbers of the coefficient matrices of the linear systems of
equations from the sub-task (ii) for the schemes (b) and (c).

(iv) For the scheme (a) compute the condition numbers of the linear systems of equa-
tions from the sub-task (ii) with the use of MATLAB.

(v) For scheme (c) compute the L2(]0, 1[)-norm of the discretization error as a function
of the discretization parameter N .

Exercise 1.19. Consider the bilinear form a(u, v) :=
∫ 1

0
u(x)v(x) dξ on L2(]0, 1[).

Test and trial spaces Vn,Wn are indexed by n ∈ N and specified through their bases

BV := {x 7→ xk, k = 0, . . . , n− 1} , BW := {χ]tk−1,tk[, k = 1, . . . , n} ,

where tk = k/n and χ]tk−1,tk[ denotes the characteristic function of ]tk−1, tk[, see Ex. 1.18.
Write a MATLAB code that computes the inf-sup constant γn in (DIS) for this choice
of b, Vn, and Wn for a certain range of n.
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2 Elliptic Boundary Value Problems

In this chapter we study a few elliptic boundary value problems on bounded domains.
The focus will be on weak formulations, which fit the framework presented in the pre-
ceeding chapter. To this end we have to introduce appropriate function spaces that are
known as Sobolev spaces.

2.1 Domains

We consider the partial differential equations of interest on bounded, connected, and
open subsets of (the affine space) Rd, d = 1, 2, 3. These are called the (spatial) domains
of related boundary value problem and will be denoted by Ω. The topological closure Ω
of Ω will be compact and this is also true of its boundary Γ := ∂Ω := Ω \Ω. A domain
has an unbounded open complement Ω′ := Rd \ Ω.

Example 2.1. For d = 1 admissible domains will be open intervals ]a, b[, a > b, and
Γ = {a, b}.

Meaningful boundary values for solutions of partial differential equations can only
be imposed if we make addition assumptions on Γ. First, we recall that a function
f : U ⊂ Rd 7→ Rm, d,m ∈ N, is Lipschitz continuous, if there is a γ > 0 such that

|f(ξ)− f(η)| ≤ γ|ξ − η| ∀ξ,η ∈ Rd .

Definition 2.2. A domain Ω ⊂ Rd is called a Lipschitz domain, if for every x ∈ Γ
we can find an open neighborhood U in Rd such that there is a bijective mapping

Φ = (Φ1, . . . ,Φd)
T : U 7→ R := {ξ ∈ Rd, |ξk| < 1} ,

which satisfies

1. Both Φ and Φ−1 are Lipschitz continuous.

2. Φ(U ∩ Γ) = {ξ ∈ R : ξd = 0}.

3. Φ(U ∩ Ω) = {ξ ∈ R : ξd < 0}.

4. Φ(U ∩ Ω′) = {ξ ∈ R : ξd > 0}.
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2 Elliptic Boundary Value Problems

If Φ can be chosen to be k-times continuously differentiable, k ∈ N, then Ω is said to
be of class Ck.

The reader should be aware that there are a few examples of simple domains that do
not qualify as Lipschitz domains.

PSfrag replacements

Ω
PSfrag replacements

Ω

PSfrag replacements

Ω

Figure 2.1: Domains that are not Lipschitz: slit domain (left), cusp domain (middle),
crossing edges (right)

A profound result from measure theory asserts that a Lipschitz continuous function
with values in R is differentiable almost everywhere with partial derivatives in L∞.
Therefore we can be define the exterior unit vectorfield n : Γ 7→ Rd by

n(ξ) :=

(
∂Φd
∂ξ1

(ξ), · · · , ∂Φd
∂ξd

(ξ)
)T

∣∣∣∣
(
∂Φd
∂ξ1

(ξ), · · · , ∂Φd
∂ξd

(ξ)
)T ∣∣∣∣

for almost all ξ ∈ Γ , (2.1)

where Φd is the d-th components of a Φ from Def. 2.2 that belongs to a neighborhood
of ξ.

In almost all numerical computations only a special type of Lipschitz domains will
be relevant, namely domains that can be described in the widely used CAD software
packages.

Definition 2.3. In the case d = 2 a connected domain Ω is called a curvilinear
Lipschitz polygon, if Ω is a Lipschitz domain, and there are open subsets Γk ⊂ Γ,
k = 1, . . . , P , P ∈ N, such that

Γ := Γ1 ∪ · · · ∪ ΓP , Γk ∩ Γl = ∅ if k 6= l ,

and for each k ∈ {1, . . . , P} there is a C1-diffeomorphism Φk : [0, 1] 7→ Γk.

The boundary segments are called edges, their endpoints are the vertices of Ω. A
tangential direction can be defined for all points of an edge including the endpoints,
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2 Elliptic Boundary Value Problems

Figure 2.2: Curvilinear polygon with added angles at vertices

which gives rise to the concept of an angle at a vertex, see Fig. 2.2. The mappings Φk

can be regarded as smooth parametrizations of the edges. An analoguous notion exists
in three dimensions. To give a rigorous definition we appeal to the intuitive concept
of a closed polyhedron in R3, which can be obtained as a finite union of convex hulls
of finitely many points in R3. The surface of a polyhedron can be split into flat faces.
Moreover, it is clear what is meant by “edges” and “vertices”.

Definition 2.4. A connected domain Ω ⊂ R3 is called a curved Lipschitz polyhe-
dron, if

1. Ω is a Lipschitz domain.

2. there is a continuous bijective mapping Φ : ∂Π 7→ Γ , where Π is a polyhedron with
flat faces F1, . . . , FP , P ∈ N.

3. Φ : F k 7→ Φ(F k) is a C1-diffeomorphism for every k = 1, . . . , P .

We call Φ(Fk) the (open) face Γk of Ω. Further, Φ takes edges and vertices of Π to
edges and vertices of Ω.

Based on the parametrization we can introduce the surface measure dS and define
integrals of measurable functions on Γ

∫

Γ

f(ξ) dS(ξ) :=
P∑

k=1

∫

Fk=Φ−1(Γk)

f(Φ(ξ̂))

√∣∣∣det(DΦ(ξ̂)TDΦ(ξ̂))
∣∣∣dξ̂ , (2.2)

where dξ̂ is the d− 1-dimensional Lebesgue measure on the flat face Fk = Φ−1(Γk).
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2 Elliptic Boundary Value Problems

Definition 2.5. A subset Ω ⊂ Rd is called a computational domain if it is of class
Ck, k ≥ 1, or

– a bounded connected interval for d = 1.

– a curvilinear Lipschitz polygon for d = 2.

– a curved Lipschitz polyhedron for d = 3.

Bibliographical notes. More information about classes of domains and their definition
can be found in [43, § 2], [19, Ch. 1], and [36, Sect. A.1].

2.2 Linear differential operators

Let α ∈ Nd0 be a multi-index, i. e. , a vector of d non-negative integers:

α = (α1, . . . , αd) ∈ Nn0 .

Set |α| := α1 + · · ·+ αn and denote by

∂
�

:=
∂α1

∂ξα1
1

· · · ∂
αn

∂ξαnn

the partial derivative of order |α|. Remember that for sufficiently smooth functions
all partial derivatives commute. Provided that the derivatives exist, the gradient of a
function f : Ω ⊂ Rd 7→ R is the column vector

grad f(ξ) :=

(
∂f

∂ξ1
(ξ), . . . ,

∂f

∂ξ1
(ξ)

)T
, ξ ∈ Ω .

The divergence of a vector field f = (f1, . . . , fd) : Ω ⊂ Rd 7→ Rd is the function

div f(ξ) :=
d∑

k=1

∂fk
∂ξk

(ξ) , ξ ∈ Ω .

The differential operator ∆ := div ◦ grad is known as Laplacian. In the case d = 3 the
rotation of a vectorfield f : Ω ⊂ R3 7→ R3 is given by

curl f(ξ) :=




∂f3

∂ξ2
(ξ)− ∂f2

∂ξ3
(ξ)

∂f1

∂ξ3
(ξ)− ∂f3

∂ξ1
(ξ)

∂f2

∂ξ1

(ξ)− ∂f1

∂ξ2

(ξ)




, ξ ∈ Ω .
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Notation: Bold roman typeface will be used for vector-valued functions, whereas plain
print tags R(C)-valued functions. For the k-th component of a vector valued function f
we write fk or, in order to avoid ambiguity, (f)k.

For twice continuously differentiable functions/vectorfields we have

curl ◦ grad = 0 , div ◦ curl = 0 . (2.3)

Transformations of vectorfields and functions under a change of variables will play a
key role in both theory and implementation of numerical methods for partial differential
equations. From another perspective, a change of variables can also be regarded as a
transformation to another domain, but these points of view are perfectly dual.

The right transformation of a function crucially depends on the kind of differential
operator that will act on the function in the actual model equations. The reason is that
functions and vectorfields occur as mere representatives of certain tensors, which have
their distinct transformation rules.

Φ

Ω̂

Ω

Pullback û := u ◦Φ

Figure 2.3: Mapping of the domain

Let us assume a diffeomorphic mapping Φ : Ω̂ 7→ Ω, Ω̂,Ω ⊂ Rd. The transformation
of a potential type (scalar) function u : Ω 7→ R is a straighforward pullback

FTΦ u := u ◦Φ : Ω̂ 7→ R . (FT)

Notation: It it is clear from the context, what the underlying change of variables
is, we will write û := u ◦ Φ. In contrast to (FT) this does not really designate the
transformation of a 0-tensor, but merely a plain change of variables (for functions and
vectorfields alike).

A second class of functions are so-called densities v : Ω 7→ R, whose transformation
has to ensure that ”mass”, that is, the integral of v over a part of Ω is conserved. As
a consequence of the transformation theorem for integrals, we find the correct transfor-
mation

DTΦ v = | detDΦ|(v ◦Φ) . (DT)

Here, DΦ : Ω̂ 7→ Rd,d stands for the Jacobi matrix of Φ.
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Another important class of functions comprises gradient type vectorfields u : Ω 7→ Rd.
For them the appropriate transformation reads

GTΦ u := DΦT (u ◦Φ) . (GT)

The next result underscores that (GT) is the correct transformation of gradients.

Lemma 2.6. For any continuously differentiable function u : Ω 7→ R

GTΦ(grad u) = ĝrad(FTΦ u) ,

where ĝrad indicates that the gradient is computed w.r.t. the -̂variables.

Proof. A straightforward application of the chain rules confirms

∂

∂ξ̂k
u(Φ(ξ̂)) =

〈
grad u(Φ(ξ̂) ,

∂Φ

∂ξ̂k

〉
,

which amounts to the assertion of the lemma written componentwise. �
Moreover, the transformation (GT) leaves path integrals invariant:

Lemma 2.7. Let γ be a piecewise smooth oriented curve in Ω̂. Then
∫

γ

GTΦ u · ds =

∫

Φ(γ)

u · ds

for all continuous vectorfields u ∈ (C0(Ω̂))d.

Proof. Assume a piecewise smooth continuous parameterization γ : [0, 1] 7→ γ(t) ∈ Ω̂.
Then, by the definition of the path integral,

∫

γ

GTΦ u · ds =

1∫

0

〈
DΦ(γ(τ))Tu(Φ(γ(τ))),

dγ

dt
(τ)

〉
dτ

=

1∫

0

〈
u(Φ(γ(τ))),

d

dt
(Φ ◦ γ)(τ)

〉
dτ =

∫

Φ(γ)

u · ds .

�
Notation: The symbol ·ds is used to indicate the path integral of vector field along a

piecewise smooth curve with respect to the arclength measure. Similarly, we use ·ndS to
refer the integration of the (exterior) normal component of a vectorfield over an oriented
piecewise smooth surface (d− 1-dimensional manifold)

Another type of vector fields that we will often come across are flux fields. Their
behavior under a change of variables is governed by the Piola transformation

PTΦ u := | detDΦ|DΦ−1(u ◦Φ) . (PT)

Of course the transformation of a flux field should leave the total flux through any
oriented surface invariant:
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Lemma 2.8. Let Σ̂ be an oriented piecewise smooth d − 1-dimensional submanifold
(“surface”) in Ω̂ and Σ ⊂ Ω its image under Φ. Then

∫
�
Σ

PTΦ u · ndŜ =

∫

Σ

u · ndS

for any continuous vectorfield u ∈ (C0(Ω̂))d.

Taking the divergence of a flux field produces a density, which is reflected by the
following commuting diagram:

Lemma 2.9. For any continuously differentiable vectorfield u on Ω we have

DTΦ(div u) = d̂iv(PTΦ u) .

Proof. Pick some bounded subdomain Û ⊂ Ω̂ with smooth boundary. Thanks to
Lemma 2.8, applying Gauss’ theorem (Thm. 2.17 in Sect. 2.4) twice shows
∫

�
U

d̂iv(PTΦ u) dξ̂ =

∫

∂
�
U

PTΦ u · ndŜ =

∫

∂U

u · ndS =

∫

U

div u dξ =

∫

�
U

DTΦ(div u) dξ̂ ,

where U := Φ(Û) ⊂ Ω. Since, Û is arbitrary and u continuously differentiable, the
assertion follows immediately. �

For d = 3, the transformations GTΦ and PTΦ fit the curl-operator in the sense of the
following commuting diagram:

Lemma 2.10. For any u ∈ (C1(Ω))3 holds true

PTΦ(curl u) = ĉurl(GTΦ u) .

Proof. Let Σ̂ ⊂ Ω̂ denote some smooth oriented two-dimensional submanifold of Ω̂.
Let Σ be its image under the transformation Φ. Recall Stokes’ theorem

∫

∂Σ

u · ds =

∫

Σ

curl u · ndS ∀u ∈ C1(Ω) ,

where ∂Σ bears the induced orientation.
Similar to the proof of Lemma 2.9 can exploit Lemmas 2.8 and 2.7

∫

�
Σ

ĉurl(GTΦ u) · ndŜ =

∫

∂
�
Σ

GTΦ u · ds =

∫

∂Σ

u · ds

=

∫

Σ

curl u · ndS =

∫

�
Σ

PTΦ(curl u) · ndŜ.

The “test surface”Σ being arbitrary, the assertion is proved, because u has been assumed
to be smooth. �
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2.3 Second-order boundary value problems

Second order boundary value problems (BVPs) provide the most important class of
models for stationary (equilibrium) phenomena: on a bounded Lipschitz domain Ω ⊂ Rd,
d = 1, 2, 3, we consider the partial differential equations

j = −A(ξ) grad u , (FL)

div j = f − c(ξ) u . (EL)

The scalar function u : Ω 7→ R is called a potential, whereas we refer to the vectorfield
j : Ω 7→ Rd as flux. The function f : Ω 7→ R plays the role of a source term and
will represent one of the input data of the problem. The first equation may be labelled
a flux law, while the second is the mathematical way to express an equilibrium or
conservation law.

Remark 2.11. Boundary value problems for (FL) and (EL) are pervasive in science
and engineering. They are used in various models of stationary equilibrium states.

• Heat conduction: u → temperature [u] = 1K
j → heat flux [j] = 1 W

m2

f → heat source/sink [f ] = 1 W
m3

In this case A represents the heat conductivity tensor and c ≡ 0. The equation
(FL) is known as Fourier’s law, while (EL) ensures the conservation of energy.

• Electrostatics: u → electric potential [u] = 1V
j → displacement current (D) [j] = 1 As

m2

f → charge density (ρ) [f ] = 1 As
m3

Here, A stands for the dielectric tensor, which is usually designated by ε, whereas
c ≡ 0. The relationship (EL) is Gauss’ law, and (FL) arises from Faraday’s law
curl E = 0 and the linear constitutive law D = εE.

• Stationary electric currents: u → electric potential [u] = 1V
j → electric current [j] = 1 A

m2

In this case, the source term f usually vanishes and excitation is solely provided by
non-homogeneous boundary conditions. The tensor A represents the conductivity
and c ≡ 0. In this context (FL) can be regarded as Ohm’s law and (EL) is a
consequence of the conservation of charge.

• Molecular diffusion: u → concentration [u] = 1mol
m3

j → flux [j] = 1 mol
m2s

f → production/consumption rate [f ] = 1 mol
m3s

Here A stands for the diffusion constant and, if non-zero, c denotes a so-called
reaction coefficient. The equation (EL) guarantees the conservation of total mass
of the relevant species.
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• Linear elasticity: u → vertical displacement [u] = 1m
j → stress [j] = 1 N

m2

f → external load [f ] = 1 N
m3

For d = 2, the equations (FL) and (EL) provide a reduced model for computing the
shape of an elastic membrane under small external forces. This model arises from
the fundamental equations of elasticity after linearization and reduction to two
dimensions. Then, A is a tensor describing the elastic properties of the membrane
and c will usually vanish.

Aware of these physical models and the laws of thermodynamics, we make the following
natural assumptions on the coefficient functions A : Ω 7→ Rd,d, c : Ω 7→ R:

• The d× d-matrix A(ξ) is symmetric almost everywhere in Ω, and features entries
in L∞(Ω). Moreover, there are to be constants 0 < γ < γ <∞ such that

γ|µ|2 ≤ µTA(ξ)µ ≤ γ|µ|2 ∀µ ∈ Rd and almost all ξ ∈ Ω . (UPD)

In words, A is supposed to be uniformly positive definite and bounded on Ω.

• The function c belongs to L∞(Ω) and c ≥ 0 almost everywhere in Ω.

Without loss of generality we may even restrict ourselves to coefficient functions A
and c that are piecewise smooth with respect to a partition of Ω into a few sub-intervals
(d = 1), Lipschitz polygons (d = 2), or Lipschitz polyhedra (d = 3). This corresponds
to the widely encountered case of a computational domain filled with different materials
that themselves are fairly homogeneous.

Notation: For the sake of brevity we will often supress the dependence of coefficient
functions from the spatial variable ξ ∈ Ω, that is we write A and c instead of A(ξ) and
c(ξ), respectively. However, unless mentioned explicitly, the coefficient functions must
not be assumed to be constant.

The partial differential equations (FL) and (EL) have to be supplemented with bound-
ary conditions. We distinguish several types of them:

• Dirichlet boundary conditions. They amount to fixing the value of u on (a
part ΓD of) the boundary Γ := ∂Ω.

• Neumann boundary conditions. They prescribe the normal flux 〈j,n〉 on (a
part ΓN of) Γ.

• Robin boundary conditions. They impose a linear relationship between the
normal flux and the values of the potentials on (a part ΓR of) Γ:

〈j,n〉 = q u almost everywhere on ΓR ,

where q ∈ L∞(Γ) is uniformly positive almost everywhere on Γ.
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Mixed boundary conditions prevail, if different types of the above boundary con-
ditions are prescribed on different parts of Γ. The most general situation assumes that Γ
is partitioned into a Dirichlet, Neumann, and Robin part: Γ = ΓD∪ΓN ∪ΓR, ΓD,ΓN ,ΓR
mutually disjoint, where both ΓN and ΓD have non-zero measure. In this case the mixed
boundary conditions read

u = g on ΓD , −〈j,n〉 = h on ΓN , 〈j,n〉 = q u on ΓR ,

with suitable functions g, h, q : Γ 7→ R.

Remark 2.12. For the particular physical models listed in Remark 2.11 the different
boundary conditions have the following meaning:

• Heat conduction: Dirichlet boundary conditions model a prescribed temperature,
Neumann boundary conditions a fixed heat flux through ΓN . Robin boundary
conditions amount to “cooling conditions” for which the heat flux is proportional
to a temperature difference.

• Electrostatics and stationary currents: On ΓD the potential is prescribed, whereas
the current density through ΓN is fixed. Robin boundary conditions are known as
impedance boundary conditions.

• Molecular diffusion: The concentration is kept constant at ΓD (for instance, on
the surface of a sediment layer), whereas release/absorption of the compound at a
constant rate occurs at ΓN .

• Linear elasticity: The displacement of the membrane is enforced on ΓD. On ΓN
we usually have 〈j,n〉 = 0, which describes an edge of the membrane, on which no
force is exerted.

Definition 2.13. Assume that A and c are bounded and continuously differentiable
on Ω. If u ∈ C1(Ω) ∩ C0(Ω), j ∈ (C1(Ω))d ∩ (C0(Ω))d satisfy (FL), (EL) in a pointwise
sense, and the prescribed boundary conditions, then these functions are called a classical
solution of the boundary value problem.

Remark 2.14. In general it is impossible to establish existence and uniqueness of
classical solutions. This can be achieved for constant coefficients and pure Dirichlet or
Neumann boundary conditions, see [13, Vol. I].

Remark 2.15. Boundary value problems that are closely related to (FL) and (EL)
arise in electromagnetism in the context of the eddy current model. Then the various
quantities have the following meaning

curl u = −A j , (FAL)

curl j = f + C u . (AML)
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u → electric field (E) [u] = 1 V
m

j → magnetic field (H) [j] = 1 A
m

f → “generator current” [f ] = 1Am−2

Here, A is the tensor of the magnetic permeability, whereas C designates the conduc-
tivity1. Both satisfy the assumptions on A made for (FL) and (EL).

The boundary value problem is posed for d = 3 and the following boundary conditions
are appropriate:

• Dirichlet/Neumann boundary conditions. They prescribe the tangential
components of either u or j on (parts of) Γ. For instance, this can be expressed by

u× n = g on Γ .

In contrast to (FL) and (EL), in the case of (FAL) and (AML) u and j are com-
pletely symmetric. A distinction between Dirichlet and Neumann boundary con-
ditions is no longer possible.

• Impedance boundary conditions. This counterpart of the Robin boundary
conditions reads

(n× u)× n = q (j× n) on Γ .

Of course, mixed boundary conditions that impose the tangential components of either
u or j on different parts of Γ are also possible.

So far, we have written the boundary value problems as first-order systems of
partial differential equations. By various elimination strategies, they can be converted
into equations involving second-order differential operators.

Plugging (FL) into (EL) and the boundary conditions, we get the following primal
version of a general scalar second-order elliptic boundary value problem with the un-
derlying differential operator written in divergence form

− div(A gradu) + cu = f in Ω ,
u = g on ΓD ,

〈A gradu,n〉 = h on ΓN ,
〈A grad u,n〉+ q u = 0 on ΓR .

(E2P)

Here we take for granted an underlying partition Γ = ΓD ∪ ΓN ∪ ΓR of the boundary Γ.
However, if c is unformly positive almost everywhere on Ω, then u can be eliminated

from (FL), which leads to the dual version of the second-order elliptic boundary value

1More precisely, the equations are related to the eddy current model in frequency domain, for which
c is the conductivity scaled by a purely imaginary factor.
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problem

− grad(c−1 div j) + A−1j = − grad(c−1f) in Ω ,
c−1(div j− f) = −g on ΓD ,

〈j,n〉 = −h on ΓN ,
c 〈j,n〉+ q div j = qf on ΓR .

(E2D)

Remark 2.16. Similar manipulations can be aimed at (FAL) and (AML) and will
yield the partial differential equations

curl A−1 curl u + C u = −f in Ω , (2.4)

curl C−1 curl j + A j = curl(C−1f) in Ω . (2.5)

It is clear how to incorporate the tangential boundary conditions.

2.4 Integration by parts

The boundary conditions proposed in the previous section have a clear physical sig-
nificance. cf. Remark 2.12. The mathematical link between the boundary conditions
and the differential operators is provided by integration by parts formulas.

Below we assume that Ω ⊂ Rd, d = 1, 2, 3, is bounded and an interval for d = 1, a
Lipschitz polygon for d = 2, and a Lipschitz polyhedron for d = 3. Throughout we adopt
the notation n = (n1, . . . , nd)

T for the exterior unit normal vectorfield that is defined
almost everywhere on Γ := ∂Ω, see Sect. 2.1.

Integration by parts formulas have their roots in the calculus of differential forms [11],
but here we will pursue a classical treatment that sets out from Gauss’ theorem.

Theorem 2.17 (Gauss’ theorem). If f ∈ (C1(Ω))d ∩ (C0(Ω))d, then
∫

Ω

div f dξ =

∫

Γ

〈f ,n〉 dS .

Proof. Please consult [15, § 15] and [28]. �
By the product rule

div(u f) = u div f + 〈grad u, f〉
for u ∈ C1(Ω), f ∈ (C1(Ω))d, we deduce the first Green formula

∫

Ω

〈f , grad u〉+ div f u dξ =

∫

Γ

〈f ,n〉 udS (FGF)

for all f ∈ (C1(Ω))d ∩ (C0(Ω))d and all u ∈ C1(Ω) ∩ C0(Ω). Plugging in the special
f = fεk, k = 1, . . . , d, εk the k-th unit vector, we get

∫

Ω

f
∂u

∂ξk
+
∂f

∂ξk
u dξ =

∫

Γ

fu nk dS (IPF)
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for f, u ∈ C1(Ω) ∩ C0(Ω). We may also plug f = grad v into (FGF), which yields

∫

Ω

〈grad v, grad u〉+ ∆v u dξ =

∫

Γ

〈grad v,n〉 u dS (2.6)

for all v ∈ C2(Ω) ∩ C1(Ω), u ∈ C1(Ω) ∩ C0(Ω).
In three dimensions, d = 3, another product rule (× stands for the antisymmetric

vector product)

div(u× f) = 〈curl u, f〉 − 〈u, curl f〉

for continuously differentiable vectorfields u, f ∈ (C1(Ω))3 can be combined with Gauss’
theorem, and we arrive at

∫

Ω

〈curl u, f〉 − 〈u, curl f〉 dξ =

∫

Γ

〈u× f ,n〉 dS (CGF)

Remark 2.18. For d = 1 Gauss’ theorem boils down to the fundamental theorem of
calculus, and (FGF) becomes the ordinary integration by parts formula.

Exercise 2.1. Show that for f ∈ (C1(Ω))d ∩ (C0(Ω))d

∫

Ω

curl f dξ =

∫

Γ

f × n dS .

Applying suitable integration by parts formulas reveals the canonical boundary con-
ditions associated with a linear partial differential operator. Let L be a general p × p
(p ∈ N) system of linear partial differential operators acting on p real valued functions.

Setting u = (u1, . . . , up)
T , we multiply Lu by v = (v1, . . . , vp)

T , uk, vk ∈ C∞(Ω), and
integrate over Ω. By successive application of (IPF) all derivations are shifted onto v,
which yields

∫

Ω

〈Lu,v〉 − 〈u,L∗ v〉 dξ =

∫

Γ

{boundary terms} dS . (2.7)

Here, L∗ is the so-called adjoint differential operator, and the boundary terms will tell
us the boundary conditions pertinent to L: they are composed of bilinear pairings (of
derivatives) of components of u and v. Sloppily speaking, the pairings will always
comprise a Dirichlet and a Neumann boundary value.

Example 2.19. The system (FL) and (EL) can be rewritten as

L
(

j
u

)
=

(
A−1 grad
− div −c

)(
j
u

)
=

(
0
−f

)
.
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Let us set u = (j, u)T , v = (q, v)T and carry out formal integration by parts using (FGF)

∫

Ω

〈Lu,v〉 dξ =

∫

Ω

〈
A−1j,q

〉
+ 〈grad u,q〉 − div j v − c uv dξ

=

∫

Ω

〈
j,A−1q

〉
− 〈u, div q〉+ 〈j, grad v〉 − c uv dξ

+

∫

Γ

u 〈q,n〉 − 〈j,n〉 v dS .

This shows that in this case L = L∗ and that the Dirichlet and Neumann boundary
conditions introduced above fit the first order system of partial differential equations.

Example 2.20. We investigate the formal procedure in the case of scalar second-
order differential operators in divergence form: if L = − div(A(ξ) grad) then we have
to apply formula (FGF) twice:

∫

Ω

L u v dξ =

∫

Ω

〈A gradu, grad v〉 dξ −
∫

Γ

〈A gradu,n〉 v dS

=

∫

Ω

uL v dξ −
∫

Γ

〈A grad u,n〉 v − u 〈A grad v,n〉 dS .

Pairings of the Dirichlet and Neumann boundary conditions imposed in problem (E2P)
constitute the boundary terms.

Exercise 2.2. Determine the formal adjoint and boundary terms for the second order
differential operator of (2.4).

Exercise 2.3. The Stokes system in d dimensions reads

(
∆ grad
− div 0

)(
u
p

)
=

(
f
0

)
,

where u is a vectorfield with d components (velocity) and p a real valued function (pres-
sure). The symbol ∆ means the Laplacian applied to the components of a vector field.
Find the formal adjoint of the Stokes operator and the associated boundary conditions.

2.5 Formal weak formulations

We retain setting and notations of the previous section. In order to determine the
formal adjoint acording to (2.7) we moved all derivatives onto the test function v. The
formal weak formulation emerges by carrying this procedure half way through. We call
it formal, because we are going to take for granted that all functions occurring in the
various expressions are sufficiently smooth to render them well defined.
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The derivation of the formal weak formulation is best explained in the case of second
order operator, because in this case the construction of the formal adjoint already in-
volves two similar steps, one of which can simply be omitted. Consider a second order
scalar partial differential equation in divergence form, cf. (E2P) and Ex. 2.20,

L u = − div(A grad u) + c u = f in Ω .

Multiplying by a test function v ∈ C1(Ω) ∩ C0(Ω) and applying the first Green formula
(FGF) leads to

∫

Ω

〈A gradu, grad v〉+ c uv dξ −
∫

Γ

〈A grad u,n〉 v dS =

∫

Ω

fv dξ (FWP)

for all v ∈ C1(Ω) ∩ C0(Ω).
The same approach also succeeds with the partial differential equation from (E2D)

L j = − grad(c−1 div j) + A−1j = f in Ω ,

that is related to (E2D), and gives us
∫

Ω

c−1 div j div q +
〈
A−1j,q

〉
dξ −

∫

Γ

c−1 div j 〈q,n〉 dS =

∫

Ω

〈f ,q〉 dξ (FWD)

for all q ∈ (C1(Ω))d ∩ (C0(Ω))d.

Exercise 2.4. Derive the formal variational problem for the partial differential equa-
tion

curl A−1 curl u + C u = −f inΩ .

In the case of the first order system comprised of (FL) and (EL) the derivation of the
formal weak formulation is more subtle. The idea is to test both equations with smooth
vectorfields, for (FL), and functions, for (EL), respectively, and integrate over Ω, but
apply integration by parts to only one of the two equations: this equation is said to be
cast in weak form, whereas the other is retained in strong form.

We restrict ourselves to the case c ≡ 0. If we cast (EL) in weak form and use the
strong form of (FL) we get

∫

Ω

〈j,q〉 dξ = −
∫

Ω

〈A grad u,q〉 dξ ∀q ,

−
∫

Ω

〈j, grad v〉+

∫

Γ

〈j,n〉 v dS =

∫

Ω

fv dξ ∀v .
(2.8)

Obviously, we can merge both equations, and the result will coincide with (FWP). This
formal weak formulation is called primal.
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The alternative is to cast (FL) in weak form and keep (EL) strongly, which results in
the dual formal weak formulation:

−
∫

Ω

〈
A−1j,q

〉
+ u div q dξ =

∫

Γ

u 〈q,n〉 dS ∀q ,
∫

Ω

div j v dξ =

∫

Ω

fv dξ ∀v .
(2.9)

Here, elimination of u is not possible, which leaves us with a so-called saddle point
problem. We will examine these more closely in Sect. 5.2.

The above variational problems (FWP), (FWD), (2.8), and (2.9) are by no means
satisfactory, because they elude any attempt to establish well-posedness if considered in
spaces of continuously differentiable functions. First of all these spaces are not reflexive,
so that they fail to provide the framework supplied in Ch. 1. Secondly, any attempt to
establish an inf-sup condition like (IS1) will be doomed:

Example 2.21. Consider Ω =]− 1, 1[ and the bilinear form

a(u, v) :=

1∫

−1

u′ v′ + u v dξ

on the Banach space C1([−1, 1]), cf. Example 1.6. Based on the family of functions

qδ(ξ) = δ−1 1

(ξ/δ)2 + 1
, ξ ∈ Ω, δ > 0 ,

we choose uδ(ξ) :=
∫ ξ
−1
qδ(τ) dτ . By simple calculations

1∫

−1

|u′δ| dξ = 1
2
π ,

1∫

−1

|uδ| dξ = 1
2
π .

On the other hand ‖uδ‖C1(Ω) ≥ δ−1. We conclude

sup
v∈C1(Ω)\{0}

|a(uδ, v)|
‖v‖C1(Ω)

≤
1∫

−1

|u′δ|+ |uδ| dξ = π ≤ πδ ‖uδ‖C1(Ω) .

Letting δ → 0 rules out (IS1).
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2.6 The Dirichlet principle

Consider the homogeneous Neumann boundary value problem for (E2P), i.e. ΓN = Γ
and h ≡ 0, and assume that c is strictly positive. Then the boundary term in (FWP)
can be dropped and we get the variational problem: seek u ∈ C1(Ω) such that

∫

Ω

〈A gradu, grad v〉+ c uv dξ =

∫

Ω

fv dξ ∀v ∈ C1(Ω) ∩ C0(Ω) . (2.10)

Evidently, its associated bilinear form is symmetric positive definite. The argument in
the proof of Thm. 1.29 shows that a solution of (2.10) will be a global minimizer of the
energy functional

J : C1(Ω) 7→ R , J(v) :=

∫

Ω

〈A grad v, grad v〉+ c |v|2 dξ −
∫

Ω

fv dξ .

This hints at the general fact that

selfadjoint elliptic boundary value problems are closely related to minimization
problems for convex functionals on a function space.

This accounts for their prevasive presence in mathematical models, because the state
of many physical systems is characterized by some quantity (energy, entropy) achieving
a minimum.

Let us try to elaborate the connection for second-order scalar elliptic boundary value
problems. As in Sect. 2.3 let Γ := ∂Ω be partitioned into ΓD (Dirichlet boundary), ΓN
(Neumann boundary), and ΓR, with |ΓD| > 0. For g ∈ C0(Γ) define the affine subset of
C1(Ω) ∩ C0(Ω)

Xg := {u ∈ C1(Ω) ∩ C0(Ω) : u = g on ΓD} .

Consider the strictly convex functional J : Xg 7→ R

J(v) :=
1

2

∫

Ω

〈A grad v, grad v〉+ c |u|2 dξ −
∫

Ω

fv dξ +
1

2

∫

ΓR

q v2 dS −
∫

ΓN

hv dS .

A necessary and sufficient criterium for u to be a global minimum of J , is

d

dτ
J(u+ τv)

|τ=0
= 0 ∀v ∈ X0 ,

which is equivalent to the linear variational problem: seek u ∈ Xg such that

∫

Ω

〈A gradu, grad v〉+ c uv dξ +

∫

ΓR

q uv =

∫

Ω

fv dξ +

∫

ΓN

hv dS ∀v ∈ X0 . (2.11)
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Remark 2.22. Strictly speaking, (2.11) does not match the definition (LVP) of a
linear variational problem, because the unknown is sought in an affine space rather than
a vector space. Yet, (2.11) can easily be converted into the form (LVP) by using an
extension ug ∈ C1(Ω)∩C0(Ω) of the Dirichlet data, that is, ug = g on ΓD, and plugging
u := ug+δu into (2.11), where, now, the offset δu ∈ X0 assumes the role of the unknown
function and ug will show up in an extra contribution to the right hand side functional.

Assuming extra smoothness of u, more precisely, that u ∈ C2(Ω) ∩ C1(Ω), we can
resort to (FGF) and arrive at

∫

Ω

(− div(A grad u) + cu) v dξ +

∫

ΓN

(〈A gradu,n〉 − h) v dS

+

∫

ΓR

(〈A gradu,n〉+ qu) v dS =

∫

Ω

fv dξ (2.12)

for all v ∈ X0. Notice that contributions to the boundary terms from ΓD turn out to be
zero, because v|Γ = 0. Of course, in (2.12) we can use a test function that is compactly
supported in Ω, i.e., v|Γ = 0. Then we conclude

− div(A gradu) + cu = f in Ω .

This implies that (2.12) can be condensed into
∫

ΓN

(〈A gradu,n〉 − h) v dS +

∫

ΓR

(〈A gradu,n〉+ qu) v dS = 0 ∀v ∈ X0 ,

from which we infer the boundary conditions

〈A grad u,n〉 = h on ΓN , 〈A gradu,n〉 = −qu on ΓR .

Summing up, by these formal manipulations we have discovered that a smooth minimizer
of J will solve the second order elliptic boundary value problem (E2P). Moreover, we
derived the PDE via the variational problem (2.11), which emerges as the link between
the PDE and the minimization problem, see Fig. 2.4. Therefore, numerical methods for
variational problems are also suitable for solving a certain class of optimization problems.

	




�

�

BVP for
selfadjoint

elliptic PDE
→

	




�

�

Symmetric,
positive definite

variational problem
⇔

	




�

�

Minimization
of strictly convex

(energy) functional

Figure 2.4: Relationship between minimization problems, variational problems, and el-
liptic boundary value problems

Another important hint about the proper variational formulations of elliptic BVPs is
offered by the connection with minimization problems. From the above considerations
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we instantly see how to incorporate Dirichlet boundary conditions into a variational
formulation of (E2P): they have to be imposed on the trial space, whereas the test
functions have to vanish on ΓD. Conversely, Neumann boundary conditions show up
neither in the test nor in the trial space, but are taken into account by an extra term on
the right hand side of the variational problem. Eventually, Robin boundary condition
affect the bilinear form.

This motivates the following distinction of boundary conditions with respect to a
variational formulation of a boundary value problem:

Essential boundary conditions : boundary conditions that involve a constraint
on trial and test functions

Natural boundary conditions : boundary conditions that are reflected in the
variational equation.

The classification clearly hinges on the variational formulation. Consider the boundary
value problem (E2D) with ΓN = Γ. This will be related to the global minimization of
the functional

J(v) :=
1

2

∫

Ω

c−1| div v|2 + A−1|v|2 dξ −
∫

Ω

c−1f div v dξ

over the space

Xh := {v ∈ (C1(Ω))3 ∩ (C0(Ω))3, 〈v,n〉 = h} .

This gives rise to the variational problem: find j ∈ X−h such that
∫

Ω

c−1 div j div v +
〈
A−1j,v

〉
dξ =

∫

Ω

c−1f div v dξ ∀v ∈ X0 . (FVD)

Obviously, the Neumann boundary conditions turn out to be essential boundary condi-
tions in this case. Dirichlet boundary conditions will become natural boundary condi-
tions.

Exercise 2.5. Consider (E2D) in the case Γ = ΓD, find the related minimization
problem and derive the associated formal variational problem

However, recasting the boundary value problems as minimization problems does not
cure the fundamental problems inherent in the use of the spaces Cm(Ω): in general it is
not possible to establish existence of minimizing functions in these spaces.

2.7 Sobolev spaces

Example 2.23. Consider heat conduction in a plane wall composed of two layers of
equal thickness and with heat conductivity coefficients κ1 and κ2. The inside of the wall
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is kept at temperature u = u1, the outside at u = 0. Provided that the width and the
height of the wall are much greater than its thickness, a one-dimensional model can be
used. After spatial scaling it boils down to

j = −κ(ξ)
d

dξ
u ,

d

dξ
j = 0 , u(0) = 0 , u(1) = u1 , (2.13)

where

κ(ξ) =




ξ1 for 0 < ξ < 1

2
,

ξ2 for 1
2
< ξ < 1 .

An obvious “physical solution” that guarantees the continuity of the heat flux is

u(ξ) =





2u1κ2ξ

κ1 + κ2
for 0 < ξ < 1

2
,

2u1κ1(ξ − 1)

κ1 + κ2

+ u1 for 1
2
< ξ < 1 .

(2.14)

Evidently, this solution is not differentiable and can not be a “classical solution”.

The concept of classical solutions sought in spaces of continuously differentiable
functions and satisfying the partial differential equations in a pointwise sense is
inadequate for elliptic boundary value problems describing physical phenomena.
The right approach is to reinterpret the boundary value problem in terms of
a suitable variational formulation or of an underlying minimization problem,
respectively.

Once we have accepted that the variational problem is the principal problem, the issue
of suitable function spaces is turned upside down.

The function spaces that offer the framework for considering the variational
problems are chosen to fit the variational problem in the sense that (for linear
variational problems) the bilinear form is continuous and, if possible, satisfies
certain inf-sup conditions.

2.7.1 Distributional derivatives

If we want to invoke the variational framework to investigate the elliptic boundary
value problem from Example 2.23 we still need a concept of the derivative u′ of u from
(2.14). To this end we introduce the space of test functions

C∞0 (Ω) := {v ∈ C∞(Ω) : supp v := {ξ ∈ Ω : v(ξ) 6= 0} ⊂ Ω}
on an open domain Ω ⊂ Rd.
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Definition 2.24. Let u ∈ L2(Ω) and α ∈ Nn0 . A function w ∈ L2(Ω) is called the
weak derivative or distributional derivative ∂

�
u (of order |α|) of u, if

∫

Ω

wv dξ = (−1)|
� |
∫

Ω

u ∂
�
v dξ ∀v ∈ C∞0 (Ω) .

Based on this definition, all linear differential operators introduced in Sect. 2.2 can be
given a weak/distributional interpretation. For example, the “weak” gradient grad u of
a function u ∈ L2(Ω) will be vectorfield w ∈ (L2(Ω))d with

∫

Ω

〈w,v〉 dξ = −
∫

Ω

u div v dξ ∀v ∈ (C∞0 (Ω))d . (2.15)

This can be directly concluded from (FGF). The same is true of the “weak divergence”
w ∈ L2(Ω) of a vectorfield u ∈ (L2(Ω))d

∫

Ω

w v dξ = −
∫

Ω

〈u, grad v〉 dξ ∀v ∈ C∞0 (Ω) . (2.16)

Exercise 2.6. Provide a definition of the “weak” curl analoguous to (2.15).

The term “weak derivatives” is justified, because this concept is a genuine generaliza-
tion of the classical derviative.

Theorem 2.25. If u ∈ Cm(Ω), then all weak derivatives of order ≤ m agree in L2(Ω)
with the corresponding classical derviatives.

Proof. Clear by a straightforward application of (IPF). �
Hence, without changing notations, all derivatives will be understood as weak deriva-

tives in the sequel. Straight from the definition we also infer that all linear differential
operators in weak sense commute.

Remark 2.26. If u has a continuous m-th classical derivative, m ∈ N0, in Ω except
on a piecewise smooth q-dimensional submanifold, q < d, of Ω, and u has a weak m-
th derivative in Ω, then the latter agrees with the pointwise classical derivative almost
everywhere in Ω.

The following lemmata settle when “piecewise derivatives” of piecewise smooth func-
tions can be regarded as their weak derivative.

Lemma 2.27. Let Ω ⊂ Rd be bounded with Lipschitz boundary and assume a partition
Ω = Ω1 ∪ Ω2, Ω1 ∩ Ω2 = ∅, where both sub-domains are supposed to have a Lipschitz
boundary, too. Assume that the restriction of the function u ∈ L2(Ω) to Ωl, l = 1, 2,
belongs to C1(Ωl) and that u|Ωl can be extended to a function in C1(Ωl).

Then u possesses weak derivatives ∂u
∂ξk

, k = 1, . . . , d, if and only if u ∈ C0(Ω). In this
case

∂u

∂ξk
(ξ) =





∂
∂ξk

u|Ω1 if ξ ∈ Ω1 ,

∂
∂ξk

u|Ω2 if ξ ∈ Ω2 .
(2.17)
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Proof. Using lcoally supported test functions in the definition of the weak derivative,
it is clear that (2.17) supplies the only meaningful candidate for the weak derivative of
u. Then we appeal to (FGF) and the fact that any crossing direction nΣ of the interface
Σ := ∂Ω1 ∩ ∂Ω2 will be parallel to the exterior unit normal of one sub-domain, and
anti-parallel to that of the other. Thus, we get the identity

∫

Ω1

〈gradcl u,v〉 dξ +

∫

Ω2

〈gradcl u,v〉 dξ = −
∫

Ω

u div v dξ +

∫

Σ

[u]Σ 〈v,nΣ〉 · ndS ,

where [u]Σ ∈ C0(Σ) stands for the jump of u across Σ and gradcl denotes the “classical
gradient” of a sufficiently smooth function. Thanks to the assumptions on u this will be
a continuous function on Σ. As

∫

Σ

[u]Σ 〈v,nΣ〉 · ndS = 0 ∀v ∈ C∞0 (Ω) ⇔ [u]Σ = 0 ,

the assertion of the lemma follows from the definition of the weak gradient. �

Example 2.28. The weak derivative of the temperature distribution from Exam-
ple 2.23 is given by

u′(ξ) =

{
2u1κ2(κ1 + κ2)−1 if 0 < ξ < 1

2
,

2u1κ1(κ1 + κ2)−1 if 1
2
< ξ < 1 .

Exercise 2.7. For Ω =]0; 1[2 give an example of a function u ∈ C1(Ω) that does not
possess a gradient in L2(Ω).

Corollary 2.29. Under the geometric assumptions of the previous lemma let u|Ωl
belong to Cm(Ωl) with possible extension to Cm−1(Ωl). Then

∂
�
u ∈ L2(Ω) ∀α ∈ Nd0, |α| ≤ m ⇔ u ∈ Cm−1(Ω) .

Lemma 2.30. We retain the assumptions of Lemma 2.27 with the exception that u
is replaced by a vectorfield u ∈ (L2(Ω))d with restrictions u|Ωl ∈ (C1(Ωl))

d that can be
extended to continuously differentiable functions on Ωl, l = 1, 2.

Then u has a weak divergence div u ∈ L2(Ω), if and only if the normal component of u
is continuous across Σ := ∂Ω1 ∩ ∂Ω2. Its divergence agrees with the classical divergence
on the sub-domains.

If d = 3, u has a weak rotation curl u ∈ (L2(Ω))3, if and only if the tangential
components of u are continuous across Σ. The combined rotations on the sub-domains
yield the weak rotation.

Exercise 2.8. Prove Lemma 2.30.
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Remark 2.31. A meaningful divergence marks vectorfields of flux type, cf. Sect. 2.2.
Hence the tangential continuity asserted in Lemma 2.30 just reflects that such a vec-
torfields must have meaningful flux through a surface that is only slightly affected by
minute perturbations of the surface.

Exercise 2.9. Specify a vectorfield u ∈ L2(] − 1; 1[2) with div u = 0, |u| = 1 almost
everywhere in ]− 1/2, 1/2[ and supp u = [−1/2, 1/2]. Define

curl2D v =
(
− ∂v
∂ξ2

,
∂v

∂ξ1

)T

and find v ∈ L2(]− 1; 1[2) such that u = curl2D v.

Bibliographical notes. Weak derivatives can be motivated through the theory of
distributions. For details the reader is referred to [33, Ch. 6].

2.7.2 Definition of Sobolev spaces

In Sect. 2.5 we learned that the formal variational problem associated with the pure
homogeneous Neumann problem for (E2P) is: seek u : Ω 7→ R such that

∫

Ω

〈A gradu, grad v〉+ c uv dξ =

∫

Ω

fv dξ ∀v . (2.18)

We already know that grad has to be used in distributional sense. The concrete spaces
have deliberately been omitted in (2.18), because we want to heed the guideline formu-
lated in the context of Example 2.23 and set out from (2.18) and design the “ideal”space.
It goes without saying that the investigation of (2.18) is easiest, when the underlying
Banach space V features the energy norm

‖v‖2V :=

∫

Ω

〈A grad v, grad v〉+ c|v|2 dξ (2.19)

as its norm. So we arrive at the preliminary “definition”

V := {v : Ω 7→ R : energy norm (2.19) of v <∞} .
This has led us straight to a pivotal concept in the modern theory of elliptic boundary
value problems.

Definition 2.32. For m ∈ N0 and Ω ⊂ Rd we define the Sobolev space of order m
as

Hm(Ω) := {v ∈ L2(Ω) : ∂
�
v ∈ L2(Ω), ∀ |α| ≤ m} ,

equipped with the norm

‖v‖Hm(Ω) :=
( ∑

| � |≤m
‖∂ � v‖2

L2(Ω)

) 1
2
.

A vector field is said to belong to Hm(Ω), if this is true of each of its components.
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Notation: For all m ∈ N0 and Ω ⊂ Rd

|v|H1(Ω) :=
( ∑

| � |=m
‖∂ � v‖2

L2(Ω)

) 1
2

denotes a semi-norm on Hm(Ω).
The Sobolev spaces are a promising framework for variational problems, see [43, Thm. 3.1]:

Theorem 2.33. The Sobolev spaces Hm(Ω), m ∈ N0, are Hilbert spaces with the inner
product

(u, v)Hm(Ω) :=
∑

| � |≤m
(∂
�
u, ∂
�
v)L2(Ω) u, v ∈ Hm(Ω) .

The above Sobolev spaces are based on all partial derivatives up to a fixed order. We
can as well rely on some partial derivatives or any linear differential operator in the
definition of a Sobolev-type space.

Definition 2.34. If D : (C∞(Ω))l 7→ (C∞(Ω))k, l, k ∈ N, is a linear differential
operator of order m, m ∈ N, we write

H(D; Ω) := {u ∈ (Hm−1(Ω))l : D u ∈ (L2(Ω))k} ,

where the corresponding norm on this space is given by

‖u‖H(D;Ω) :=
(
‖u‖2

Hm−1(Ω) + ‖D u‖2
L2(Ω)

) 1
2
.

The kernel of D in H(D; Ω) will be denoted by

H(D 0; Ω) := {u ∈ H(D; Ω) : D u = 0} .

An analogue of Thm. 2.33 holds true for such spaces H(D; Ω).

Example 2.35. The most important representatives of spaces covered by Def. 2.34
are

H(div; Ω) := {u ∈ (L2(Ω))d : div u ∈ L2(Ω)} , (2.20)

H(curl; Ω) := {u ∈ (L2(Ω))3 : curl u ∈ (L2(Ω))3} , (2.21)

H(∆,Ω) := {v ∈ H1(Ω) : ∆u ∈ L2(Ω)} . (2.22)

and, derived from them, H(div 0; Ω) and H(curl 0; Ω).

Exercise 2.10. Show that H(D 0; Ω) is a closed subspace of H(D; Ω).
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Remark 2.36. On an intersection of Hilbert spaces we use the product norm:

‖u‖2V ∩W := ‖u‖2
V + ‖u‖2W , u ∈ V ∩W . (2.23)

For instance, this can be used to introduce the Hilbert space H(div; Ω) ∩H(curl; Ω).

>From now we confine Ω ⊂ R3 to the class of computational domains according to
Def. 2.5 from Sect. 2.1. We recall a definition from functional analysis

Definition 2.37. A subspace U of a normed space V is called dense, if

∀ε > 0, v ∈ V : ∃u ∈ U : ‖v − u‖V ≤ ε .

This means that elements of a dense subspace can arbitrarily well approximate ele-
ments of a normed vector space.

Then we can state a key result in the theory of Sobolev spaces, the famous Meyers-
Serrin theorem, whose proof is way beyond the scope of these lecture notes, see [43,
Thm. 3.6]:

Theorem 2.38. The space C∞(Ω) is a dense subspace of Hm(Ω) for all m ∈ N0.
Moreover, the space (C∞(Ω))d is a dense subspace of H(div; Ω) and H(curl; Ω) (d = 3
in the latter case).

The first fundamental insight gleaned from this theorem is that, putting it bluntly,

the Sobolev spaces Hm(Ω), H(div; Ω), and H(curl; Ω) themselves are immate-
rial. It is only their norms that matter.

How can we make such a bold claim. The answer is offered by the procedure of
completion, by which for every normed space one can construct a Banach space, of
which the original space will become a dense subspace, see [26, Thm. 2.3]. In addition,
the completion of a normed space is unique, which means that the completion of a space
is completely determined by the normed space itself: the procedure of completion adds
no extra particular properties.

Owing to Thm. 2.38 we can give an alternative definition of the Sobolev spaces.

Corollary 2.39. The spaces Hm(Ω), H(div; Ω), and H(curl; Ω) (for d = 3) can be
obtained by the completion of spaces of smooth functions with respect to the corresponding
norms.

All assertions about Sobolev spaces will be assertions about properties and
relationships of their norms.
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Remark 2.40. Thm. 2.38 also paves the way for an important technique of proving
relationships between norms. If we have an assertion that boils down to and (in)equality
of the form

A(u) ≤ B(u) or A(u) = B(u) (2.24)

claimed for all functions u of a Sobolev space and involving continuous expressions A,B,
then it suffices to prove (2.24) for the dense subspace of smooth functions.

Exercise 2.11. Show that there is a γ > 0 independent of u and q such that

‖qu‖H1(Ω) ≤ γ ‖q‖C1(Ω) ‖u‖H1(Ω) ∀q ∈ C1(Ω), u ∈ H1(Ω) .

Give a bound for γ.

Example 2.41. For Ω := {ξ : |ξ| < 1} the function sα : Ω 7→ R, sα(ξ) := |ξ|α,
α ∈ R, belongs belongs to L2(Ω) if and only if α > −d/2, because

∫

Ω

|ξ|2α dξ = |B1(0)|
1∫

0

r2α+(d−1) dr <∞ ⇔ 2α+ d− 1 > −1 ,

where |B1(0)| is the volume of the unit sphere in d dimensions. Hence,

sα ∈ Hm(Ω) ⇔ a > −d/2 +m or α ∈ N0 .

This example shows that Sobolev norms are a good probe for the strenght of singu-
larities. By a singularity we mean the behavior of a function or of some of its derivatives
to become unbounded on a lower dimensional submanifold of Ω.

Example 2.42. For the function sk :]0; 1[7→ R, sk(x) = sin(kπx), k ∈ N, trivially
holds

‖sk‖L2(]0;1[) = 1
2

√
2 , ‖sk‖Hm(]0;1[) = (kπ)m 1

2

√
2 ⇔

‖sk‖Hm(]0;1[)

‖sk‖L2(]0;1[)

= (kπ)m .

This demonstrates that ratios of Sobolev norms of different order can be used to
gauge the smoothness of a function. The role of Sobolev norms as a very versatile tool
is summarized in Fig. 2.5.

2.7.3 Embeddings

If two Banach spaces V and W both contain U as a dense subspace, and the norm of
W is stronger than that of V on U , i.e.,

∃γ > 0 : ‖u‖V ≤ γ ‖u‖W ∀u ∈ U ,
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Sobolev norms

Provide frame-
work for variational
problems related
to boundary value
problems for PDEs

Control singularities
of functions

Help to assess
smoothness of func-
tions

Figure 2.5: Use of Sobolev norms

then W can be regarded as a subspace of V , because both arise as completions of U .
To begin with, it is straightforward that

m ≤ n ⇒ ‖u‖Hm(Ω) ≤ ‖u‖Hn(Ω) ∀u ∈ C∞(Ω) .

Following Remark 2.40 this amounts to the continuous embedding Hn(Ω) intoHm(Ω),
that is, the canonical injection is continuous.

Exercise 2.12. Can H1(Ω) be regarded as a closed subspace of L2(Ω)?

Example 2.43. Functions from Sobolev spaces do not necessarily take finite values
in all points ξ ∈ Ω. Consider

u(ξ) =
∣∣ξ − 1

2

∣∣−1/4 ∈ L2(]0; 1[) ,

but u(1
2
) =∞.

Example 2.44. A computation of the norm in polar coordinates shows that the
function u(ξ) = log |log(|ξ| /e)| belongs to H1({ξ : |ξ| < 1}). Obviously, this function is
not bounded. In other words, for d = 2 the space H1(Ω) is not continuously embedded
in C0(Ω).

Example 2.45. We consider d = 1 and use Ω =]0; 1[. Then we apply the trick from
Remark 2.40: we pick an arbitrary u ∈ C∞(Ω) and find, by the fundamental theorem of
calculus and the Cauchy-Schwarz inequality in L2(]0; 1[),

|u(ξ)− u(η)| =
∣∣∣∣

ξ∫

η

u′(τ) dτ

∣∣∣∣ ≤
( ξ∫

η

1 dτ
) 1

2
( ξ∫

η

(u′(τ))2 dτ
) 1

2 ≤ |ξ − η| 12 ‖u′‖L2(]0;1[) .
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By another application of the Cauchy-Schwarz inequality,

u(ξ) =

1∫

0

u(ξ)− u(η) + u(η) dη ≤
1∫

0

|ξ − η| 12 ‖u′‖L2(]0;1[) dη +

1∫

0

u(η) dη

≤ ‖u′‖L2(]0;1[) + ‖u‖L2(]0;1[) ≤
√

2 ‖u‖H1(]0;1[) ,

we conclude that

‖u‖C0(]0;1[) ≤
√

2 ‖u‖H1(]0;1[) ∀u ∈ C∞([0; 1]) . (2.25)

Thanks to Thm. 2.38, for any w ∈ H1(Ω) we can find a sequence {uk}∞k=1 ⊂ C∞(Ω) such
that uk

k→∞−−−→ w in H1(Ω). Since {uk}∞k=1 is a Cauchy sequence in H1(Ω), (2.25) tells

us that it will also be a Cauchy sequence in C0(Ω). By completeness of C0(Ω) its limit
will be a continuous function. Uniqueness of the limit confirms that w will agree with a
continuous functions almost everywhere. Further, the estimate (2.25) will extend to w.

Summing up, we infer the continuous embedding H1(Ω) ⊂ C0(Ω) for d = 1.

Exercise 2.13. Determine a (reasonably small) bound for the norm of the canonical
injection H1(Ω) 7→ C0(Ω) for Ω =]α, β[, α, β ∈ R, α < β.

These examples fit a general pattern, see [43, Thm. 6.2].

Theorem 2.46. If and only if d/2 < m, m ∈ N, then Hm(Ω) is continuously embedded
in C0(Ω).

2.7.4 Extensions and traces

Again, we suppose that Ω ⊂ Rd is a computational domain. We call a function
ũ ∈ L2(Rd) an extension of u ∈ L2(Ω), if ũ|Ω = u in L2(Ω). Here, the restriction has to
be read in the sense of distributions, that is,

∫

Ω

ũ|Ω v dξ =

∫

Ω

ũ v dξ ∀v ∈ C∞0 (Ω) .

An extension operator is a linear operator that maps functions from a subspace of
L2(Ω) into a subspace of L2(Rd). It is a non-trivial task to establish the existence of
extension operators that are continuous in certain Sobolev norms, cf. [43, Thm. 5.4].

Theorem 2.47. For every m ∈ N there is a continuous extension operator Em :
Hm(Ω) 7→ Hm(R3).

Similar extension theorems remain true for H(div; Ω) and H(curl; Ω).

Exercise 2.14. Give an explicit construction of E1 in the case Ω =]0; 1[.
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In order to give a meaning to essential boundary conditions in the context of Sobolev
spaces, we have to investigate “restrictions” of their functions onto Γ or parts of it. By
a trace operator Rm on a Sobolev space Hm(Ω) we mean linear mapping from Hm(Ω)
into a subspace of L2(Γ), Γ := ∂Ω, such that

(Rm u)(ξ) = u(ξ) ∀ξ ∈ Γ, ∀u ∈ C∞(Ω) .

In a sense, a trace operator is the extension to Hm(Ω) of the plain pointwise restriction
u|Γ of a smooth function u onto Γ. It is by no means obvious that such trace operators
exist (as continuous mappings Hm(Ω) 7→ L2(Γ)).

Example 2.48. For u ∈ L2(Ω) a continuous trace operator cannot be defined. In
particular, a trace inequality of the form

∃γt > 0 :
∥∥u|Γ

∥∥
L2(Γ)

≤ γt ‖u‖L2(Ω) ∀u ∈ C∞(Ω) (2.26)

remains elusive. Indeed, let Ω =]0; 1[2 and, for 0 < h < 1, define

v(ξ) :=

{
0 if h ≤ ξ1 ≤ 1, 0 ≤ ξ2 ≤ 1 ,

1− ξ1
h

if 0 ≤ ξ1 ≤ h, 0 ≤ ξ2 ≤ 1 .

Then we can compute

1 =

∫ 1

0

|v(0, ξ2)|2 dξ2 ≤
∥∥v|Γ

∥∥2

L2(Γ)
,

and

‖v‖2L2(Ω) =

∫ 1

0

(
1− ξ1

h

)
dξ1

y=ξ1/h
= h

∫ 1

0

(1− y)2 dy = h/3 .

If (2.26) were true, there would exists a constant γt > 0 such that 1 ≤ 1
3
γth. For h→ 0

we obtain a contradiction.

A continuous trace operator can only be found, if we have control of derivatives of the
argument functions:

Theorem 2.49. The trace operator R1 is continous from H1(Ω) into L2(Γ), that is,

∃γt > 0 :
∥∥u|Γ

∥∥
L2(Γ)

≤ γt ‖u‖H1(Ω) ∀u ∈ C∞(Ω) .

More precisely, the following multiplicative trace inequality holds true:

∃γ(Ω) > 0 : ‖R1 u‖2L2(Γ) ≤ γ(Ω) ‖u‖L2(Ω)

{
‖u‖L2(Ω) + ‖grad u‖L2(Ω)

}
∀u ∈ H1(Ω) .
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PSfrag replacements

α
ξ

nj

tj Γjξ̃

Ω

Figure 2.6: Distances tj.

Notation: Writing γ(Ω) we hint that the“constant”γ may only depend on the domain
Ω.

Proof. The proof will be presented for a convex polygon Ω only: denote by ξ̃ the
center of the largest d−dimensional ball inscribed into Ω and by ρΩ its radius. Without
loss of generality, we suppose that ξ̃ is the origin of the coordinate system. We start
from the following relation

∫

∂Ω

v2ξ · n dS =

∫

Ω

div(v2ξ) dξ, v ∈ H1(Ω). (2.27)

Let nj be the outer unit normal to Ω on the edge Γj, j ∈ S. Then

〈ξ,nj〉 = |ξ||nj| cosα = |ξ| cosα = tj, ξ ∈ Γj, j ∈ S, (2.28)

where tj is the distance from ξ̃ to Γj, see Figure 2.6. Obviously,

tj ≥ ρΩ ∀j ∈ S. (2.29)

From (2.28) and (2.29) we have

∫

∂Ω

v2ξ · n dS =
∑

j∈S

∫

Γj

v2ξ · nj dS =
∑

j∈S
tj

∫

Γj

v2 dS

≥ ρΩ

∑

j∈S

∫

Γj

v2 dS = ρΩ‖v‖2
L2(∂Ω).

(2.30)

55



2 Elliptic Boundary Value Problems

Moreover,
∫

Ω

div(v2ξ) dξ =

∫

Ω

v2 div ξ +
〈
ξ, grad(v2)

〉
dξ

= d

∫

Ω

v2 dξ + 2

∫

Ω

v 〈ξ, grad v〉 dξ ≤ d‖v‖2
L2(Ω) + 2

∫

Ω

|v 〈ξ, grad v〉 | dξ.

(2.31)

With the Cauchy inequality the second term in the right hand side of (2.31) is estimated
as

2

∫

Ω

|v 〈ξ, grad v〉 | dξ ≤ 2 sup

∈Ω
|ξ|
∫

Ω

|v|| grad v| dξ ≤ 2hΩ‖v‖L2(Ω)|v|H1(Ω). (2.32)

Then hΩ/ρΩ ≤ C1, (2.27), (2.30), (2.31) and (2.32) give

‖v‖2
L2(∂Ω) ≤

1

ρΩ

[
2hΩ‖v‖L2(Ω)|v|H1(Ω) + d‖v‖2

L2(Ω)

]

≤ C1

[
2‖v‖L2(Ω)|v|H1(Ω) +

d

hΩ
‖v‖2

L2(Ω)

]
,

(2.33)

which yields the destined inequality with C = C1 max
{

2, dh−1
Ω

}
. �

Corollary 2.50. The Neumann trace u 7→ 〈grad u,n〉|Ω, u ∈ C1(Ω) can be ex-

tended to a continuous mapping H2(Ω) 7→ L2(Γ).

Notation: The trace operator R1 is often suppressed in expressions like
∫

Γ
v . . . dS,

when it is clear that the restriction of the function v ∈ H1(Ω) to a boundary Γ is used.
If Γ0 denotes a part of Γ with positive measure, we can restrict R1 u, u ∈ H1(Ω), to

Γ0, write RΓ0 for the resulting operator, and trivially have the continuity

∃γ > 0 : ‖RΓ0 u‖L2(Γ0) ≤ γ ‖u‖H1(Ω) ∀u ∈ H1(Ω) .

Given the continuity of the trace operator, we can introduce the following closed subspace
of H1(Ω).

Definition 2.51. For m ∈ N and any part Γ0 of the boundary Γ of Ω with |Γ0| > 0
we define

Hm
Γ0

(Ω) := {v ∈ H1(Ω) : RΓ0(∂
�
v) = 0 in L2(Γ0), ∀α ∈ Nd0, |α| < m} .

If Γ0 = Γ we write Hm
0 (Ω) = Hm

Γ0
(Ω).

Obviously, the spaces H1
Γ0

(Ω) are closed subspaces of H1(Ω). Another important
density result holds true, see [43, Thm. 3.7].

Theorem 2.52. The functions in C∞(Ω) whose support does not intersect Γ0 form a
dense subspace of Hm

Γ0
(Ω), m ∈ N. In particular, C∞0 (Ω) is a dense subspace of Hm

0 (Ω).
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By Thm. 2.49 the trace operator R1 maps continuosly into L2(Γ). This raises the
issue, whether it is also onto. The answer is negative.

Example 2.53. On Ω =]0; 1[2 consider the functions

uk(ξ) = sin(kπξ1)
sinh(kπξ2)

sinh(kπ)
, k ∈ N .

Its restriction to the upper boundary segment Γu := {(ξ1, 1)T , 0 < ξ1 < 1} is vk(ξ1) =
sin(kπξ1) and a straightforward calculation yields

∥∥∥∥
∂uk
∂ξ1,2

∥∥∥∥
2

L2(Ω)

: ‖vk‖L2(]0;1[) = kπ

∫ 1

0

(
cosh(kπξ2)

sinh(kπ)

)2

dξ2 = O(k) for k →∞ .

Since, ∆uk = 0 the function uk is that extension of vk with minimal H1(Ω)-seminorm
and zero boundary condition on Γ′ := Γ \ Γu.

Next consider the series

vN(ξ) =
N∑

k=1

1

k
sin(kπξ) ,

which converges in L2(]0; 1[). The extension of vN to H1
Γ′(Ω) with minimal H1(Ω)-

seminorm is given by

uN(ξ) :=

N∑

k=1

1

k
sin(kπξ1)

sinh(kπξ2)

sinh(kπ)
.

However, this series diverges in H1(Ω).

The question is, how we can characterize the range of the trace operator R1. Let
Γ temporarily stand for a connected component of the boundary of Ω. We start by
introducing a norm

‖v‖H1/2(Γ) = inf{‖w‖H1(Ω) : w ∈ C∞(Ω), w|Γ = v} (2.34)

on the space of restrictions of smooth functions to Γ. It is highly desirable that this
norm is intrinsic to Γ, that is, switching to another domain Ω̃, for which Γ is also a
connected component of the boundary, and using (2.34) produces an equivalent norm.
It turns out that this is true as a consequence of the extension theorem Thm. 2.47.

Exercise 2.15. Show that (2.34) defines a norm on C∞(Ω)|Γ that arises from an inner
product.

Exercise 2.16. Assume that Ω is a computational domain with connected boundary.
Create another computational domain Ω̃ ⊂ Ω by punching out a hole of the interior of
Ω. Show that (2.34) spawns equivalent norms for Ω and Ω̃.
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Definition 2.54. The completion of C∞(Ω)|Γ with respect to the norm ‖·‖H1/2(Γ) is

designated by H1/2(Γ).

The next theorem shows that the definition of the H 1/2(Γ)-norm is really intrinsic, see
[43, § 3].

Theorem 2.55. The space H 1/2(Γ) is a Hilbert space and can be equipped with the
(equivalent) Sobolev-Slobodeckij-norm

‖v‖2H1/2(Γ) :=

∫

Γ

∫

Γ

|v(ξ)− v(η)|2
|ξ − η|d dS(ξ)dS(η) .

Exercise 2.17. For Γ := {ξ ∈ R2 : |ξ| = 1} show that the Sobolev-Slobodeckij-norm
‖·‖H1/2(Γ) of the function

g : Γ 7→ R , g(ξ) :=

{
1 for ξ1 > 0 ,

0 for ξ1 < 0 ,

is not bounded. This means that this functions does not belong to H 1/2(Γ).

Theorem 2.56. The trace operator R1 : H1(Ω) 7→ H1/2(Γ) is continuous and surjec-
tive and has a bounded right inverse F1 : H1/2(Γ) 7→ H1(Ω), ie., R1 ◦ F1 = Id.

Exercise 2.18. Show the following Hardy inequality in one dimension

∫ 1

0

∣∣∣∣
u(ξ)

ξ

∣∣∣∣
2

dξ ≤ 2 |u|2H1(]0;1[) ∀u ∈ H1
0 (]0; 1[) .

2.7.5 Dual spaces

It is easy to verify that

‖u‖H−1(Ω) := sup
v∈H1

0 (Ω)\{0}

∫
Ω
uv dξ

‖v‖H1(Ω)

(2.35)

defines a norm on L2(Ω). Thanks to the density theorem Thm. 2.52 we have the equiv-
alent definition

‖u‖H−1(Ω) := sup
v∈C∞0 (Ω)\{0}

∫
Ω
uv dξ

‖v‖H1(Ω)

.

It can be shown that this norm arises from some inner product on L2(Ω).

Definition 2.57. The completion of L2(Ω) with respect to the norm given by 2.35 is
called H−1(Ω).
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Lemma 2.58. The space H−1(Ω) is a Hilbert space, which is isometrically isomorphic
to (H1

0 (Ω))
∗
.

Proof. For any u ∈ L2(Ω) the mapping fu : v ∈ H1
0 (Ω) 7→

∫
Ω
uv dξ is a continuous

functional on H1
0 (Ω) with norm

‖fu‖(H1
0 (Ω))

∗ = sup
v∈H1

0 (Ω)

〈fu, v〉(H1
0 (Ω))

∗×H1
0 (Ω)

‖v‖H1(Ω)

= sup
v∈H1

0 (Ω)

∫
Ω
uv dξ

‖v‖H1(Ω)

= ‖u‖H−1(Ω) . (2.36)

This establishes an isometric imbedding of L2(Ω) into (H1
0 (Ω))

∗
. Hence, L2(Ω) can be

regarded as a subspace of (H1
0 (Ω))

∗
. If it was not dense (see Def. 2.37) than the Hahn-

Banach theorem would guarantee the existence of a non-zero w ∈ H1
0 (Ω) = (H1

0 (Ω))∗∗,
such that

〈fu, w〉(H1
0 (Ω))

∗×H1
0 (Ω) =

∫

Ω

uw dξ = 0 ∀u ∈ L2(Ω) .

This cannot hold for w 6= 0 and provides the desired contradiction. By the uniqueness
of completion and (2.36) we get the assertion. �

Remark 2.59. By construction we have the continuous and dense embeddings

H−1(Ω) = (H1
0 (Ω))

∗ ⊂ L2(Ω) ⊂ H1
0 (Ω) .

Sometimes, such an arrangement is called a Gelfand triple.

Notation: Often the integral
∫

Ω
. . .dξ is used to denote the duality pairing of H−1(Ω)

and H1
0 (Ω).

Exercise 2.19. By the Riesz respresentation theorem Thm. 1.26 (H1
0 (Ω))

∗
can be

identified with H1
0 (Ω). On the other hand it can also be identified with H−1(Ω). Regard

a function u ∈ L2(Ω) as an element of H−1(Ω) and formulate a boundary value prob-
lem, whose solution will yield the function from H1

0(Ω) that the Riesz-isomorphism will
associate with u.

Exercise 2.20. For Ω =]0; 1[ find a functional in H−1(Ω) that does not belong to
(H1(Ω))

∗
.

The same considerations that above targeted H1
0(Ω) can be applied to H1/2(Γ) on a

surface without boundary. This will yield the Hilbert space H−1/2(Γ), which contains
L2(Γ) and is (isometrically isomorphic to the) dual to H 1/2(Γ). As before, the integral∫

Γ
. . .dS is often used to indicate the corresponding duality pairing.

Exercise 2.21. Show that for fixed ξ ∈ Γ the functional d : C∞(Ω)|Γ 7→ R, d(u) :=

u(ξ), does not belong to H−1/2(Γ).
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Dual space play a crucial role when it comes to defining traces of vectorfields.

Lemma 2.60. The normal components trace Rn for u ∈ (C∞(Ω))d, defined by Rn u(ξ) :=
〈u(ξ),n(ξ)〉 for all ξ ∈ Γ, can be extended to a continuous and surjective operator
Rn : H(div; Ω) 7→ H−1/2(Γ).

Proof. Pick some u ∈ (C∞(Ω))d. By (FGF) and the Cauchy-Schwarz inequality in
L2(Ω) we find

‖〈u,n〉‖H−1/2(Γ) = sup
v∈H1/2(Γ)\{0}

∫
Γ
〈u,n〉 v dS

‖v‖H1/2(Γ)

= sup
v∈H1/2(Γ)\{0}

1

‖v‖H1/2(Γ)

∫

Ω

〈u, grad F1 v〉+ div u F1 v dξ

≤
‖F1 v‖H1(Ω)

‖v‖H1/2(Γ)

‖u‖H(div;Ω) ≤ ‖F1‖H1/2(Γ) 7→H1(Ω) ‖u‖H(div;Ω) ,

where ṽ := F1 v, which means that R1 ṽ = v, see Thm. 2.56. Applying the principle
explained in Remark 2.40 shows the continuity of Rn asserted in the Lemma.

To confirm that Rn is onto H−1/2(Γ), we rely on the symmetric positive definite linear
variational problem: seek u ∈ H1(Ω) such that

∫

Ω

〈grad u, grad v〉+ uv dξ =

∫

Γ

h R1 v dS ∀v ∈ H1(Ω) . (2.37)

Here, h is an arbitrary function from H−1/2(Γ) and, clearly, the boundary integral has to
be understood in the sense of a duality pairing. By the results of Ch. 1 the variational
problem (2.37) has a unique solution in H1(Ω).

Testing with v ∈ C∞0 (Ω) and recalling the definition of weak derivatives, see Def. 2.24,
we find that

− div(grad u) + u = 0 in L2(Ω) .

Note that div has to be understood as differential operator in the sense of distributions
according to (2.16). This shows div(grad u) ∈ L2(Ω), which allows to apply (FGF) to
(2.37):

∫

Ω

(
− div(grad u) + u

)
︸ ︷︷ ︸

=0

v dξ +

∫

Γ

〈grad u,n〉 R1 v dS =

∫

Γ

h R1 v dS

for all v ∈ C∞(Ω). By a density argument, this amounts to h = 〈grad u,n〉 in H−1/2(Γ)
�

Based on this trace theorem, we can introduce the following closed subspace of H(div; Ω)

H0(div; Ω) := {v ∈ H(div; Ω) : Rn v = 0} .
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Moreover, the trace theorems forH1(Ω) andH(div; Ω) enable us to apply the argument
elaborated in Remark 2.40 to (FGF). Hence this integration by parts formula is seen to
hold for all f ∈ H(div; Ω) and u ∈ H1(Ω):

∫

Ω

〈f , grad u〉+ div f u dξ =

∫

Γ

〈f ,n〉 udS ∀f ∈ H(div; Ω), u ∈ H1(Ω) . (FGF)

Exercise 2.22. Show that

H0(div 0; Ω) := {v ∈ (L2(Ω))d :

∫

Ω

〈v, gradw〉 dξ = 0 ∀w ∈ H1(Ω) }.

Exercise 2.23. Show that for d = 3 the tangential trace Rt, for u ∈ C∞(Ω) defined
by (Rt u)(ξ) := u(ξ) × n(ξ), ξ ∈ Γ, can be extended to a continuous operator Rt :
H(curl; Ω) 7→ (H−1/2(Γ))3, where (H−1/2(Γ))3 is understood as the dual of (H1/2(Γ))3.

2.8 Weak variational formulations

With Sobolev spaces on hands, we are ultimately in a position to put the variational
problems derived in Sects. 2.5 and 2.6 into the framework of Ch. 1.

The considerations of the two previous sections show that

• the Dirichlet data g have to be a restriction of a function from H 1/2(Γ) to ΓD.

• the Neumann data h on ΓN must be chosen such that their extension by zero to
all of Γ belongs to H−1/2(Γ).

First, we examine (2.11) for ΓR = ∅. We take the cue from Remark 2.22 and aim
to implement the “offset policy” to get a problem of the form (LVP): we appeal to
Thm. 2.56 to introduce ug := F1 g̃ ∈ H1(Ω), whence g̃ ∈ H1/2(Γ) is a suitable extension
of the Dirichlet data g. Then the“rigorous”formulation of (2.11) reads: seek u ∈ H1

ΓD
(Ω)

such that
∫

Ω

〈A grad(u+ ug), grad v〉+ c (u+ ug)v dξ =

∫

Ω

fv dξ +

∫

ΓN

hv dS (EVP)

for all v ∈ H1
ΓD

(Ω). The surface integral over ΓN has to be viewed as a duality pairing

on H−1/2(Γ)×H1/2(Γ) after an extension of h by zero.
Evidently, (EVP) is a linear variational problem on the Hilbert space V := H1

ΓD
(Ω).

The bilinear form associated with (EVP) is

a(u, v) :=

∫

Ω

〈A grad(u+ ug), grad v〉+ c (u+ ug)v dξ u, v ∈ H1
ΓD

(Ω) . (PBF)
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The right hand side functional is given by

〈f, v〉V ∗×V :=

∫

Ω

fv dξ +

∫

ΓN

hv dS v ∈ H1
ΓD

(Ω) .

By virtue of the boundedness of the coefficient functions A and c, see (UPD), the
continuity of a is an immediate consequence of the Cauchy-Schwarz inequality (CSI) in
L2(Ω). The continuity of the right hand side functional can be concluded from (CSI)
and the trace theorem Thm. 2.56. Thus, the setting of Sect. 1.2 is established.

If c(ξ) ≥ γc > 0 for almost all ξ ∈ Ω existence and uniqueness of solutions of (EVP)
is immediate, because, by virtue of the assumption (UPD) on A, the associated bilinear
form is H1

ΓD
(Ω)-elliptic. If c ≡ 0, the case is settled by the following key lemma.

Lemma 2.61 (Poincaré-Friedrichs inequality). If ΓD ⊂ Γ with positive measure,
then there is γF = γF (Ω,ΓD) such that

‖u‖L2(Ω) ≤ γF |u|H1(Ω) ∀u ∈ H1
ΓD

(Ω) .

If Γ = ΓD, then γF > 0 may only depend on the diameter

diam(Ω) := inf{r > 0 : ∃ζ ∈ Rd,ν ∈ Rd, |ν| = 1 : 0 ≤ 〈ζ − ξ,ν〉 ≤ r/2 ∀ξ ∈ Ω} .

Proof. We will only tackle the case ΓD = Γ. Remembering Remark 2.40 we need only
establish the estimate for u ∈ C∞0 (Ω).

We can choose a Cartesian coordinate system such that

Ω ⊂ {ξ ∈ Rd, 0 < ξd < r := diam(Ω)} .

Moreover, as u is supported inside Ω we can extend all integrations to a tensor product
domain Ω′×]0, r[ that contains Ω. Below, whenever integration over Ω is performed,
the reader is well advised to replace it by such a tensor product domain in order to
understand the manipulations.

Then, by the fundamental theorem of calculus and setting ξ′ := (ξ1, . . . , ξd−1)
T

u(ξ) =

∫ ξd

0

∂u

∂ξd
(ξ′, ηd) dηd .

Thus, a simple application of the Cauchy-Schwarz inequality accomplishes the proof:

∫

Ω

|u|2 dξ =

∫

Ω

∣∣∣∣
∫ ξd

0

∂u

∂ξd
(ξ′, ηd) dηd

∣∣∣∣
2

dξ ≤
∫

Ω

ξd

∫ ξd

0

∣∣∣∣
∂u

∂ξd
(ξ′, ηd)

∣∣∣∣
2

dηd dξ

≤ r

∫

Ω

r∫

0

∣∣∣∣
∂u

∂ξd
(ξ′, ηd)

∣∣∣∣
2

dηd dξ ≤ r2

∫

Ω

∣∣∣∣
∂u

∂ξd
(ξ)

∣∣∣∣
2

dξ .

For the case ΓD 6= Γ the proof has to employ compactness arguments, see [43, § 7]. �
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Exercise 2.24. Show that the solution u+ug of (EVP) is indenpedent of ug, that is,
the concrete extension of the boundary data is immaterial.

The statement of the Poincaré-Friedrichs inequality carries over to higher degree
Sobolev spaces.

Lemma 2.62. With γF = γF (Ω,Γ0) from the previous lemma, we have for m ∈ N

‖u‖2
Hm(Ω) ≤

(
1 + dγ2

F + d2γ4
F + · · ·+ dmγ2m

F

)
|u|Hm(Ω) ∀u ∈ Hm

Γ0
(Ω) .

Proof. Applying Lemma 2.61 to derivatives we obtain

|u|2Hm−1(Ω) =
∑

| � |=m−1

‖∂ � u‖2
L2(Ω) ≤ γF

∑

| � |=m−1

d∑

k=1

∥∥∂ � +εku
∥∥2

L2(Ω)

≤ dγ2
F

∑

| � |=m
‖∂ � u‖2

L2(Ω) = dγ2
F |u|2Hm(Ω) .

From this the assertion follows by simple induction. �

Corollary 2.63. If |ΓD| > 0 or c uniformly positive almost everywhere in Ω, then
(EVP) has a unique solution u ∈ H1

ΓD
(Ω) that satisfies

∃γ = γ(Ω,ΓD,A, c) : ‖u‖H1(Ω) ≤ γ
{
‖f‖(H1

ΓD
(Ω))

∗ + ‖g̃‖H1/2(Γ) +
∥∥∥h̃
∥∥∥
H−1/2(Γ)

}
,

where g̃ ∈ H1/2(Γ) is a suitable extension of g, and h̃ ∈ H−1/2(Γ) an extension of h by
zero.

Next, we assume c ≡ 0 and examine the pure Neumann problem, ie. Γ = ΓN . First
we point out to a compatibility conditions inherent in the equations (E2P): as a
consequence of Gauss’ theorem Thm. 2.17

div j = f in Ω
〈j,n〉 = h on Γ

}
⇒

∫

Ω

f dξ =

∫

Γ

h dS (NCC)

After the considerations of Sect. 2.5, cf. (FWP), one is lead to the weak formulation:
seek u ∈ H1(Ω) such that

∫

Ω

〈A grad u, grad v〉 dξ =

∫

Ω

fv dξ +

∫

Γ

hv dS ∀v ∈ H1(Ω) . (NVP)

However, it is easy to see that we cannot expect a unique solutions, because constant
functions will belong to the kernel of the bilinear form underlying (NVP). Besides,
testing with constants in (NVP), we recover (NCC) as a necessary condition for the
existence of solutions.
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To weed out the constants we can switch to the subspace

H1
∗ (Ω) := {v ∈ H1(Ω) :

∫

Ω

v dξ = 0}

On this subspace we have an analogue of the Poincaré-Friedrichs inequality of Lemma
2.61, which can be inferred from the next lemma.

Lemma 2.64. There is a constant γ = γ(Ω) such that

‖u‖L2(Ω) ≤ γ

{∣∣∣
∫

Ω

u dξ
∣∣∣+ |u|H1(Ω)

}
∀u ∈ H1(Ω) .

Proof. The proof is based on compactness arguments that will be elaborated in
Sect. 4.1. Summing up, they guarantee that any bounded sequence in H1(Ω) will have
a subsequence that converges in L2(Ω).

This can be used for an indirect proof: assume that the assertion of the lemma was
false. Then, for any n ∈ N we can find un ∈ H1(Ω), ‖un‖H1(Ω) = 1 such that

n−1 ‖un‖L2(Ω) ≥
{∣∣∣
∫

Ω

un dξ
∣∣∣ + |un|H1(Ω)

}
. (2.38)

Owing to the above compactness result we may assume that {un}∞n=1 converges in L2(Ω)
with limit w ∈ L2(Ω). By (2.38), necessarily

∫

Ω

w dξ = 0 and |w|H1(Ω) = 0 ⇒ ‖w‖L2(Ω) = 1 ,

which is an obvious contradiction. �
Thus, the bilinear form from (NVP) will be elliptic on H1

∗ (Ω), which is the proper
space for the variational formulation corresponding to the pure Neumann boundary
value problem problem. Existence of a unique solution u ∈ H1

∗ (Ω) follows.

Remark 2.65. One is tempted to ensure uniqueness of solutions of (NVP) by de-
manding u(ξ0) = 0 for some ξ0 ∈ Ω. However, this approach is flawed, because the
mapping u 7→ u(ξ0) is unbounded on H1(Ω), see Example 2.44.

Therefore, such a strategy may lead to severely ill-conditioned linear systems of equa-
tions when employed in the context of a Galerkin discretization.

The general rule is that in order to impose constraints one has to resort to
functionals/operators/mappings that are continuous on the relevant function
spaces.

Exercise 2.25. Show that H1
∗ (Ω) is a Hilbert space.
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Exercise 2.26. Give an indirect proof of Lemma 2.61 following the strategy of the
proof of Lemma 2.64.

Exercise 2.27. The variational problem (NVP) when posed on H1
∗ (Ω) always pos-

sesses a unique solution. How can this be reconciled with the compatibility condition
(NCC)?

Different Sobolev spaces have to be employed for a rigorous statement of the dual
variational problem (FVD) with ΓN = Γ: now we employ an extension jh ∈ H(div; Ω)
of h ∈ H−1/2(Γ) and get: find j ∈ H0(div; Ω) with

∫

Ω

c−1 div(j + jh) div v +
〈
A−1(j + jh),v

〉
dξ =

∫

Ω

c−1f div v dξ (VPD)

for all v ∈ H0(div; Ω). The assumptions on the coefficient functions instantly involve
the H(div; Ω)-ellipticity of the underlying bilinear form.

Exercise 2.28. Derive the variational formulation in Sobolev spaces of the pure
Dirichlet problem (Γ = ΓD) for the dual formulation (E2D) of the second-order elliptic
boundary value problem. Are the Dirichlet boundary conditions essential or natural in
this case?

Existence and uniqueness of solutions of (EVP) and of (VPD) do not necessarily mean
that we will recover weak solutions of (FL) and (EL). Fortunately, this is the case:

Proposition 2.66. Let u ∈ H1
ΓD

(Ω) be the solution of (EVP). Then u ∈ L2(Ω) and
j := −A grad(u+ug) ∈ L2(Ω) are distributional solutions of (FL) and (EL). Moreover,
u+ ug is a distributional solution of (E2P) (with ΓR = ∅).

Proof. The equation (FL) is satisfied by virtue of the defintion of j. Next, (FL) can
be established by using test functions v ∈ C∞0 (Ω). This is an immediate consequence of
the definition (2.16) of the distributional divergence.

Thus, the functions are regular enought to allow integration by parts according to
(FGF). This will give

−
∫

Γ

〈j,n〉 v dS =

∫

ΓN

hv dS ∀v ∈ C∞(Ω), v|ΓD = 0 ⇒ 〈j,n〉 = −h in H−
1/2(Γ) .

Obviously, this implies the Neumann and Robin boundary conditions, cf. the arguments
in Sect. 2.6. �

A similar proposition can be formulated for (VPD).

Example 2.67. We consider the homogeneous Dirichlet boundary value problem for
the biharmonic operator

∆2u = f in Ω ,
u = 0 on Γ ,

〈grad u,n〉 = 0 on Γ ,
(BIH)
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Force

Plate

Figure 2.7: Clamped plate (cross section) whose vertical deflection u is described by
(BIH)

on a computational domain Ω ⊂ R2. This equation provides a mathematical model for
small transversal deflections of a thin clamped plate.

First we derive the formal weak formulation by applying (FGF) twice
∫

Ω

∆2u v dξ = −
∫

Ω

〈grad(∆u), grad v〉 dξ +

∫

Γ

〈grad ∆u〉 v dS

=

∫

Ω

∆u∆v dξ +

∫

Γ

〈grad ∆u〉 v − 〈grad v,n〉 ∆u dS ,

which gives us
∫

Ω

∆u∆v dξ +

∫

Γ

〈grad ∆u〉 v − 〈grad v,n〉 ∆u dS =

∫

Ω

fv dξ ∀v

We see that the boundary conditions are essential (the homogeneous boundary conditions
make sense for the test function) and arrive at the variational problem in Sobolev spaces:
seek u ∈ H2

0 (Ω) such that
∫

Ω

∆u∆v dξ =

∫

Ω

fv dξ ∀v ∈ H2
0 (Ω) . (2.39)

The continuity of the bilinear form and right hand side from (2.39) is immediate. In
order to demonstrate the ellipticity of the bilinear form, we first recall the density result
of Thm. 2.52. It hints that for proving ellipticity we can restrict ourselves to functions
in C∞0 (Ω).

Next, we use the integration by parts formula (IPF) and see that

∫

Ω

∂2u

∂ξ2
1

· ∂
2u

∂ξ2
2

dξ = −
∫

Ω

∂3u

∂ξ2
1∂ξ2

· ∂u
∂ξ2

dξ =

∫

Ω

∂2u

∂ξ1∂ξ2

· ∂2u

∂ξ2∂ξ1

dξ
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for any smooth compactly supported function. This means that

∫

Ω

|∆u|2 dξ =

∫

Ω

∣∣∣∣
∂2u

∂ξ2
1

∣∣∣∣
2

+ 2
∂2u

∂ξ2
1

· ∂
2u

∂ξ2
2

+

∣∣∣∣
∂2u

∂ξ2
2

∣∣∣∣
2

dξ ≥ 2 |u|2H2(Ω) .

Appealing to Lemma 2.62 we infer H2(Ω)-ellipticity, and, in turns, existence and unique-
ness of solutions of (2.39).
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3 Primal Finite Element Methods

In Chapter 1 we saw that the Galerkin discretization of a linear variational problem
(LVP) posed on a Banach space V entails finding suitable finite dimensional trial and
test spaces Wn, Vn ⊂ V . In this context, “suitable” means that some discrete inf-sup-
conditions have to be satisfied, see Thm. 1.30.

In this chapter we only consider linear variational problems that arise from the primal
weak formulation of boundary value problems as discussed in Sect. 2.5, see (EVP),
(NVP), and (VPD). These variational problems are set in Sobolev spaces and feature
elliptic bilinear forms according to Def. 1.20. Hence, if trial and test space agree, which
will be the case throughout this chapter, stability of the discrete variational problem is
not an issue, cf. Remark 1.32.

In this setting, the construction of Vn has to address two major issues

1. In light of Thm. 1.30 Vn must be able to approximate the solution u ∈ V of the
linear variational problem well in the norm of V .

2. The space Vn must possess a basis BV that allows for efficient assembly of a
stiffness matrix with desirable properties (e.g. well conditioned and/or sparse, cf.
Sect. 1.5).

The finite element methods tries to achieve these goals by employing

• spaces of functions that are piecewise smooth and “simple” and

• locally supported basis function of these spaces.

3.1 Meshes

For the remainder of this section let Ω ⊂ Rd, d = 1, 2, 3, stand for a computational
domain according to Def. 2.5.

Definition 3.1. A mesh M of Ω is a collection {Ki}Mi=1, M := ]M1, of connected
open subsets Ki ⊂ Ω such that

1] denotes the cardinality of a finite set
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3 Primal Finite Element Methods

• the closure of each Ki is the C∞-diffeomorphic image of a closed d-dimensional
polytope (that is, the convex hull of d+ 1 points in Rd),

•
⋃

i

Ki = Ω and Ki ∩Kj = ∅ if i 6= j, i, j ∈ {1, . . . ,M}.

The Ki are called cells of the mesh.

Remark 3.2. Sometimes the smoothness requirement on the diffeomorphism is re-
laxed and mapping that are continuous but only piecewise C∞ are admitted.

Following the terminology of Sect. 2.1, each cell is an interval (d = 1), a Lipschitz
polygon (d = 2), or a Lipschitz polyhedron (d = 3). Therefore, we can refer to vertices,
edges (d > 1), and faces (d = 3) of a cell appealing to the geometric meaning of the
terms. Meshes are a crucial building block in the design of the finite dimensional trial
and test spaces used in the finite element method.

Already contained in the definition of a mesh is the notion of reference cells. By
them we mean a finite set K̂1, . . . , K̂P , P ∈ N, of d-dimensional polytopes such that all
cells of the mesh can be obtained from one of the K̂i under a suitable diffeomorphism.

We recall that a mapping

Φ : Rd 7→ Rd, ξ 7→ Fξ + τ , F ∈ Rd,d regular , τ ∈ Rd (AFF)

represents a bijective affine mapping of d-dimensional Euklidean space.

Definition 3.3. A mesh M of Ω ⊂ Rd is called affine equivalent, if all its cells
arise as affine images of a single d-dimensional (reference) polytope.

A family of meshes {Mn}n∈ � is affine equivalent, if this is true for each of its members
and if the same reference polytope can be chosen for all Mn, n ∈ N.

Definition 3.4. For d = 3 the set of (topological) faces of a mesh M is given by

F(M) :=
{

interior(K i ∩Kj), 1 ≤ i < j ≤ ]M
}
∪ {(geometric) faces ⊂ ∂Ω} ,

the set of (topological) edges of M is defined as

E(M) :=
{

interior(F ∩ F ′), F, F ′ ∈ F(M), F 6= F ′
}
,

whereas the set of (topological) nodes is

N (M) :=
{
E ∩ E ′, E, E ′ ∈ E(M), E 6= E ′

}
.

Similarly, we can define sets of edges and nodes for d = 2, and the set of nodes for
d = 1. Often the term face is used for components of a mesh of dimension d− 1, that
is, for faces in three dimensions, edges in two dimensions, and nodes in one dimension.
We still write F(M) for the set of these (generalized) faces.
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3 Primal Finite Element Methods

Figure 3.1: Two-dimensional mesh and the sets of edges (red) and nodes (blue)

Remark 3.5. The “is contained in the closure of” incidence relations N (M) ×
E(M) 7→ {true, false}, E(M) × F(M) 7→ {true, false}, etc., describe the topology
of a mesh. The locations of nodes and shape of cells are features connected wity the
geometry of the mesh.

Definition 3.6. A mesh M = {Ki}Mi=1 of Ω is called a triangulation, if K i ∩Kj,
1 ≤ i < j ≤ M , agrees with a geometric face/edge/vertex of Ki or Kj. The cells of a
triangulation are sometimes called elements.

Figure 3.2: A mesh that is not a triangulation. The arrow points at the culprit.

An important concept is that of the orientation of the geometric objects of a trian-
gulation.

Definition 3.7. The (inner) orientation of a node is always set to +1. Orienting
an edge amounts to prescribing a direction. The orientation of a cell for d = 2 or a face
for d = 3 can be fixed by specifying an ordering of the edges along its boundary. Finally,
in the case d = 3 the orientation of a cell is given by “inside” and “outside”.

We point out that the orientation of a face for d = 3 can also be imposed by fixing
a crossing direction (outer orientation). If all geoemetric objects of a triangulation are
equipped with an orientation, we will call it an oriented triangulation.

Definition 3.8. A triangulationM := {Ki}Mi=1 of Ω is called conforming, if K i∩Kj,
1 ≤ i < j ≤M , is a (geometric) face of both Ki and Kj.
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3 Primal Finite Element Methods

Unless clearly stated otherwise we will tacitly assume that all meshes that will be
used for the construction of finite element spaces in the remainder of this chapter are
conforming.

Figure 3.3: A triangulation that is not conforming and possesses two hanging nodes.

Definition 3.9. A node of a mesh M that is located in the interior of a geometric
face of one of its cells is known as hanging (dangling) node.

In the case of triangulations we can distinguish special classes:

• simplicial triangulations that entirely consist of triangles (d = 2) or tetrahedra
(d = 3), whose edges/faces might be curved, nevertheless.

• quadrilateral (d = 2) and hexahedral (d = 3) triangulations, which only com-
prise cells of these shapes. Curved edges or faces are admitted, again.

Exercise 3.1. Let ν1, . . . ,ν4 ∈ R3 stand for the coordinate vectors of the four ver-
tices of a tetrahedron K. Determine the affine mapping (AFF) that takes the “unit
tetrahedron”

K̂ := convex








0
0
0


 ,




1
0
0


 ,




0
1
0


 ,




0
0
1







to K. When will the the matrix F of this affine mapping be regular?

Corollary 3.10. Any family of simplicial triangulations is affine equivalent.

Example 3.11. In the case of a conforming simplicial triangulation the orientation
of all geometric objects can be fixed by sorting the vertices. This will induce an ordering
of the vertices of all cells, edges, and faces, which, in turns, defines their orientation.

Remark 3.12. A quadrilaterial triangulation need not be affine equivalent, because,
for instance, there is no affine map taking a square to general trapezoid.
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Exercise 3.2. Let ν1, . . . ,ν4 ∈ R2 denote the coordinate vectors belonging to the
four vertices of a quadrilateral K in the plane. Determine an analytic description of a
simple smooth mapping Φ : R2 7→ R2 from the “reference square”

K̂ := convex

{(
0
0

)
,

(
1
0

)
,

(
0
1

)
,

(
1
1

)}

to K. Compute the Jacobian DΦ and its determinant.

Figure 3.4: Examples of triangular and quadrilateral meshes in two dimensions

The term grid is often used as a synonym for triangulation, but we will reserve it for
meshes with a locally translation invariant structure. These can be tensor product
grids, that is meshes whose cells are quadrilaterals (d = 2) or hexahedra (d = 3) with
parallel sides. Images of such meshes under a C1-diffeomorphism will also be called
(parametric) grids. Meshes that lack the regular structure of a grid are often dubbed
unstructured grids, really an oxymoron.

Figure 3.5: Example of triangular and quadrilateral grids in two dimensions

Automatic mesh generation is a challenging subject, which deals with the design of
algorithms that create a mesh starting from a description of Ω. Such a description can
be given
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3 Primal Finite Element Methods

• in terms of geometric primitives (ball, brick, etc.) whose unions or intersections
constitute Ω.

• by means of a parameterization of the faces of Ω.

• through a function f : Rd 7→ R, whose sign indicates whether a point is located
inside Ω or outside.

• by a mesh covering the surface of Ω and a direction of the exterior unit normal.

Various strategies can be employed for automatic grid generation:

• advancing front method that build cells starting from the boundary.

• Delaunay refinement techniques that can create a mesh starting from a mesh for
∂Ω or a “cloud” of points covering Ω.

• the quadtree (d = 2) or octree (d = 3) approach, which fills Ω with squares/cubes
of different sizes supplemented by special measures for resolving the boundary.

• mapping techniques that split Ω into sub-domains of “simple” shape (curved tri-
angles, parallelograms, bricks), endow those with parametric grids and glue these
together.

Remark 3.13. Traditional codes for the solution of boundary value problems based
on the finite element method usually read the geometry from a file describing the topolgy
and geometry of the underlying mesh. Then an approximate solution is computed and
written to file in order to be read by post-processing tools like visualization software,
see Fig. 3.6.

Parameters

Mesh generator

Finite element
solver

(computational
kernel)

Post-processor
(e.g. visualization)

Figure 3.6: Flow of data in traditional finite element simulations
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Remark 3.14. A typical file format for a mesh of a simplicial conforming triangulation
of a two-dimensional polygonal domain is the following:

# Two-dimensional simplicial mesh

N ∈ N # Number of nodes

ξ1 η1 # Coordinates of first node

ξ2 η2 # Coordinates of second node
...

ξNηN # Coordinates of N-th node

M ∈ N # Number of triangles

n1
1 n

1
2 n

1
3 X1 # Indices of nodes of first triangle

n2
1 n

2
2 n

2
3 X2 # Indices of nodes of second triangle

...

nM1 nM2 nM3 XM # Indices of nodes of M-th triangle

(3.1)

Here, Xi, i = 1, . . . ,M , is an additional piece of information that may, for instance,
describe what kind of material properties prevail in triangle #i. In this case Xi may
be an integer index into a look-up table of material properties or the actual value of a
coefficient function inside the triangle.

Additional information about edges located on ∂Ω may be provided in the following
form:

K ∈ N # Number of edges on ∂Ω

n1
1 n

1
2 Y1 # Indices of endpoints of first edge

n2
1 n

2
2 Y2 # Indices of endpoints of second edge

...

nK1 nK2 YK # Indices of endpoints of K-th edge

(3.2)

where Yk, k = 1, . . . , K, provides extra information about the type of boundary condi-
tions to be imposed on edge #k. Some file formats even list all edges of the mesh in the
format (3.2).

Please note that the ordering of the nodes in the above file formats implies an orien-
tation of triangles and edges.

Exercise 3.3. Write a program (in the programming language of your choice) that
reads in the description of a 2D mesh in the format (3.1) (without comments and extra
information) and outputs an extended format containing a list of all edges according to
(3.2). The ordering of the nodes of the edges can be arbitrary.
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Exercise 3.4. Consider Ω := {ξ ∈ R2, |ξ| < 1} and the point set

P := (Ω ∩ hZ2) ∪ (∂Ω ∩ ((hZ× R) ∪ (R× hZ))) ,

where h > 0. Use the delaunay-Funktion of MATLAB in order to create triangular mesh
M with N (M) = P. Plot this mesh. Can it be regarded as a mesh of Ω.

Bibliographical notes. For a comprehensive account on mesh generation see [17]. An
interesting algorithm for Delaunay meshing is described in [35, 37]. Also the internet
offers plenty of information, see http://www.andrew.cmu.edu/user/sowen/mesh.html .
Free mesh generation software is also available, NETGEN (http://www.hpfem.jku.at/netgen/),
Triangle (http://www-2.cs.cmu.edu/afs/cs/project/quake/public/www/triangle.html ),
and GRUMMP (http://tetra.mech.ubc.ca/GRUMMP/), to name only a few. However,
the most sophisticated mesh generation tools are commercial products and their algo-
rithmic details are classified.

3.2 Polynomials

No other class of functions matches polynomials in terms of “simplicity”. Moreover,
since truncated Taylor series are polynomials, we expect good local approximation prop-
erties from them. Thus piecewise polynomials on meshes will be the building blocks of
trial and test spaces in the finite element method.

Definition 3.15. Given a domain K ⊂ Rd, d ∈ N, we write

Pm(K) := span{ξ ∈ K 7→ ξ
�

:= ξα1
1 · · · · · ξαdd ,α ∈ Nd0, |α| ≤ m}

for the vector space of d-variate polynomials of (total) degree m, m ∈ N0. The space

of homogeneous polynomials P̃m(K) is obtained by demanding |α| = m in the above
definition.

If m = (m1, . . . , md)
T ∈ Nd0 we designate by

Qm(K) := span{ξ ∈ K 7→ ξα1
1 · · · · · ξαdd , 0 ≤ αk ≤ mk, 1 ≤ k ≤ d}

the space of tensor product polynomials of maximal degree mk in the k-th coordinate
direction.

If m < 0 or mj < 0, we adopt the convention Pm(K) = {0} and Qm(K) = {0}.
It is easy to see that the restriction of Pp(K) to an affine subset S of K agrees with

the space Pp(S). An analoguous statement does not hold for Qp(K).

Lemma 3.16. If K 6= ∅ is an open subset of Rd, then the dimensions of the spaces of
polynomials are given by

dimPm(K) =

(
d+m

m

)
, m ∈ N , dimQm(K) = (m1 + 1) · · · · · (md + 1) , m ∈ Nd0 .
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Proof. Obviously, the monomials used to define the spaces in Def. 3.15 supply bases.
Thus, the dimension dimPm(K) is equal to the number of ways in which m can be
written as the sum of d non-negative integers. This, in turns, agrees with the number
of ways to distribute m indistinguishable objects to d+ 1 containers. The dimension of
dimQm(K) is established by a simple counting argument. �

We recall that an univariate polynomial of degree p, p ∈ N, is already uniquely deter-
mined by prescribing its value for p+ 1 different arguments.

Exercise 3.5. What is the dimension of the space Pp(K) ∩ H1
0 (K) for a triangle

K ⊂ R2 and p ∈ N? For the simplest non-trivial case describe a basis of this space.
Answer the corresponding question for (P1(K))2 ∩H0(div;K).

Exercise 3.6. For a triangle K ⊂ R2 find a basis of the space {u ∈ P1(K) : div u ∈
P0(K)}.

Exercise 3.7. If K ⊂ R2 is a triangle, determine an L2(K)-orthonormal basis of
P1(K), that is, find p1, p2, p3 ∈ P1(K) such that

(pj, pk)L2(K) = δj,k :=

{
0 if j 6= k ,

1 if j = k ,
j, k = 1, 2, 3 .

3.3 Abstract finite elements

Here, we give a formal recipe for obtaining so-called finite element subspaces of a
space V of functions Ω ⊂ Rd 7→ Rl, m ∈ N, Ω computational domain, on which a
variational problem is posed. Usually, this function space will be one of the Sobolev
spaces introduced in Sect. 2.7. These finite element subspace will serve as trial and test
spaces Vn in the context of a Galerkin discretization.

The construction of a finite element space starts from two main ingredients:

1. A mesh M of the computational domain Ω, see Sect. 3.1.

2. A finite-dimensional local trial space ΠK ⊂ (C∞(K))l for each cell K ∈ M.

Remark 3.17. Sometimes the smoothness requirement on the local trial spaces is
relaxed to allow spaces ΠK of piecewise smooth functions.

We can now state the following preliminary definition:

Definition 3.18 (preliminary). Given a mesh M of a computational domain Ω ⊂
Rd, a family of local trial spaces {ΠK}K∈M, and a Sobolev space V of functions on Ω
we call

Vn := {v ∈ V : v|K ∈ ΠK ∀K ∈ M} ⊂ V

a finite element space that is V-conforming.
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Since ]M < ∞, all these finite element spaces have finite dimension. As such they
qualify as trial and test spaces for a Galerkin discretization.

What does it mean v ∈ V ? To answer this question recall that piecewise smooth func-
tions belong to a Sobolev space if and only if they feature certain continuity properties,
see Lemmas 2.27 and 2.30. In other words,

given a mesh M and local trial spaces ΠK for each K ∈ M, a function u on
Ω with u|K ∈ ΠK belongs to V , if and only if it satisfies suitable continuity
conditions across (intercell) faces.

For concrete spaces these continuity conditions read

Space Continuity condition Quantity

V = H1(Ω) → global continuity of the function > potential type
V = H2(Ω) → continuity of the function and its gradient > deflection type
V = H(div; Ω) → continuity of the normal component > flux type
V = H(curl; Ω) → continuity of tangential components > gradient type
V = L2(Ω) → no continuity required > density type

It is no coincidence that these continuity conditions are closely linked to the natural
trace operators for the various Sobolev spaces that we studied in Sect. 2.7.4. We recall
that these natural trace operators are the following:

Space Natural trace see

V = H1(Ω) → pointwise restriction R1 Thm. 2.49
V = H2(Ω) → pointwise restrictions (R1,R1 ◦ grad) Cor. 2.29
V = H(div; Ω) → normal components trace Rn Lemma 2.60
V = H(curl; Ω) → tangential components trace R× Exercise 2.23
V = L2(Ω) → no trace R = 0

Notation: Below, we will write R for the natural trace belonging to the Sobolev space
V .

Thus we can rephrase the above requirement.

Given a mesh M of Ω and local trial spaces ΠK for each K ∈ M, a function u
on Ω with u|K ∈ ΠK belongs to V , if and only if the natural traces from both
sides of an (intercell) face agree.

In short, the preceding considerations provide a recipe for gluing together the functions
in local trial spaces. After having fixed the ΠK we can “easily” determine the resulting
finite element space. However, the result may not be particularly useful.

77



3 Primal Finite Element Methods

Example 3.19. Let Ω :=]0; 1[2 be equipped with the grid

M := {]ih, (i+ 1)h[×]jh, (j + 1)h[, 0 ≤ i, j < N, h := 1/N}

with N ∈ N. For each square K ∈ M we use the local space P1(K). However, if we aim
for a H1

0 (Ω)-conforming finite element space, we will end up with a trivial functions space
only: Lemma 2.27 tells us that the functions have to be globally continuous. Besides, on
∂Ω the functions have to vanish and, since any v ∈ P1(K) is already fixed by prescribing
three values in points that are not collinear, the finite element function turns out to be
zero in the corner square. By induction it is finally seen to vanish erverywhere in Ω.

Exercise 3.8. Consider a quadrilateral triangulation of Ω :=]0; 1[2 that consists of
nine congruent squares. Pick the local trial space P2(K) for each square K. Compute a
basis of the H1

0 (Ω)-conforming finite element space that emerges from this choice.

Exercise 3.9.

For Ω =]0; 1[2 consider the mesh sketched beside. For all cells we choose
ΠK = (P1(K))2. Find bases of the resulting (H1

0 (Ω))2-conforming and
H0(div; Ω)-conforming finite element spaces.

In fact, Def. 3.18 covers all standard finite element spaces, but we have seen that
actually finding Vn may be difficult or even impossible, in particular on large unstructured
meshes. We badly need a guideline for choosing and glueing the local spaces. The tool
for doing this are so-called degrees of freedom (d.o.f.).

Definition 3.20. Given a cell K of some mesh with associated local trial space ΠK ,
we call linear functionals (C∞(K))l 7→ R local degrees of freedom if they provide a
basis for the dual space (ΠK)∗. We write ΣK for a generic set of local degrees of freedom
for ΠK.

Remark 3.21. The property that ΣK is a dual basis is also known as the unisolvence
of the functionals in ΣK . It is equivalent to

]ΣK = dim ΠK and ∀v ∈ ΠK : l(v) = 0 ∀l ∈ ΣK ⇒ v = 0 .

Prescribing the values of all d.o.f. in ΣK will single out a unique v ∈ ΠK that produces
exactly those values l(v), l ∈ ΣK . The common parlance is that the degrees of freedom
fix the function v.

Definition 3.22. Given a local d.o.f. ΣK = {lK1 , . . . , lKk } for ΠK , K a cell of a mesh,
there are k := dim ΠK local shape functions bK1 , . . . , b

K
k such that

lKm(bKj ) = δmj , m, j ∈ {1, . . . , k} .
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As ΠK is a basis of the dual space, the local shape functions are uniquely defined.

Remark 3.23. There is a perfect duality linking local degrees of freedom and the
local shape functions: precribing the latter will also uniquely define the former.

Exercise 3.10. For a triangle K ⊂ R2 use ΠK := P1(K) and

ΣK := {u 7→ u(µ), u 7→ ∂
∂ξ1
u(µ), u 7→ ∂

∂ξ2
u(µ)} ,

where µ is the center of gravity of K. Is ΣK a set of degrees of freedom ofr ΠK? If so,
compute the shape functions.

The local degrees of freedom must be carefully chosen, lest they fail to enforce the
crucial continuity conditions.

Definition 3.24. Let K be a cell of a meshM and F be a face/edge/node of the mesh
that is contained in K. Given a local trial space ΠK, ΠK ⊂ (C∞(K))l, and a set ΣK of
local degrees of freedom, a linear functional l ∈ ΣK is called localized/supported on
F or associated with F , if

l(v) = 0 ∀v ∈ (C∞(K))l, supp(v) ∩ F = ∅ .

Notation: The d.o.f. localized on a face F of K form the set ΣK(F ).
By duality, localized degrees of freedom permit us to talk about “local shape functions

associated with faces/edges/nodes”.

Definition 3.25. A finite element is a triple (K,ΠK,ΣK) such that

(i) K is a cell of a mesh M of the computational domain Ω ⊂ Rd.

(ii) ΠK ⊂ (C∞(K))l, and dim ΠK <∞.

(iii) ΣK is a set of local degrees of freedom.

A finite element is called V -conforming, if

(iv) for any face F of K the degrees of freedom localized on F uniquely determine the
natural trace Ru|F of a u ∈ ΠK onto F .

Corollary 3.26. ]ΣK(F ) = dim(R(ΠK)|F )

Example 3.27. Let K be a triangle and consider a H1-conforming finite element
(K,Pm(K),ΣK) that is to serve as the building block for a H1-conforming finite element
space. This means that the degrees of freedom associated with an edge E of K have to
fix the values of local trial functions in every point of E, because the pointwise restriction
is the natural trace for H1(Ω).
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The restriction of ΠK = Pm(K) to an edge E of K yields Pm(E), which is a space of
dimension m + 1. Consequently, exactly m + 1 degrees of freedom must be associated
with E and they form the set ΣK(E) ⊂ ΣK.

Pick an endpoint ν of E and write E ′ for another edge sharing it. We aim to show
that ΣK(E) ∩ ΣK(E ′) 6= ∅. Assume that the intersection was empty. Then, in light of
requirement (iv) from Def. 3.25 we can choose the values of d.o.f. ∈ ΣK(E) such that
this fixes R1 vE ≡ 1. On the other hand, demanding that all d.o.f. in ΣK(E ′) vanish will
involve R1 vE′ ≡ 0. This is impossible, because polynomials cannot jump at ν.

The degree(s) of freedom contained in ΣK(E)∩ΣK(E ′) will be localized on the vertex
ν. The simplest example is the point evaluation v 7→ v(ν).

Bibliographical notes. This abstract approach to finite elements can be found in [12,
Ch. 2] and [9, Ch. 3].

3.4 Finite element spaces

The localization of degrees of freedom paves the way for converting them into global
degrees of freedom. The starting point is the following additional constraint:

Given a conforming triangulation M and a family {(K,ΠK,ΣK)}K∈M of V -
conforming finite elements built on it, we demand that for each face F adjacent
to two cells K,K ′ ∈ M there is a bijection (“matching”) κ : ΣK(F ) 7→ ΣK′(F )
such that the requirement

l(v) = κ(l)(v′) ∀lK ∈ ΣK(F ) for v ∈ ΠK , v
′ ∈ ΠK′

ensures that the natural traces R v|F and R v′|F from K and K ′, respectively,
coincide. Degrees of freedom linked by κ are called matching d.o.f.. An
interior d.o.f. that is not localized on any face, is regarded as matching itself.

Remark 3.28. Matching local degrees of freedom have the same support.

Now we are in a position to give the practical definition of a finite element space. To
keep it simple we assume that no boundary conditions are imposed in the definition of
V . This is true for the Sobolev spaces introduced in Sect. 2.7.2. However, spaces like
H1

0 (Ω), H0(div; Ω) are (temporarily) excluded.

Definition 3.29 (practical). Given a mesh M of a computational domain Ω ⊂ Rd,
a Sobolev space V of functions on Ω, and a family of V -conforming finite elements
{(K,ΠK,ΣK)}K∈M with matching degrees of freedom we call

Vn := {v ∈ L2(Ω) : v|K ∈ ΠK ∀K ∈ M and matching d.o.f. agree}
a finite element space that is V-conforming.
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F

K

d.o.f. associated with F

K ′

interior d.o.f.

Figure 3.7: Matching d.o.f. across an intercell face. Double arrows indicate the bijection
κ

The equality of matching degrees of freedom should be understood as follows: a func-
tion u on Ω that is M-piecewise in ΠK for every K ∈ M will be restricted to two
adjacent cells K,K ′ with shared face F . If κ : ΣK(F ) 7→ ΣK′(F ) denotes the matching,
we expect

l(u|K) = κ(l)(u|K′) ∀l ∈ ΣK(F ) . (3.3)

By definition of “matching” the functions in Vn feature continuity of their natural
traces across intercell faces:

Corollary 3.30. A finite element space Vn from Def 3.29 satisfies Vn ⊂ V .

Finding local trial spaces that allow for degrees of freedoms that match across
intercell faces is challenging aspect of the construction of finite element spaces.

In Sect. 2.8 we have learned that essential boundary conditions have to be enforced on
trial and test functions in the case of a weak formulation of a boundary value problem.
Let us assume that we want to get a finite element subspace of

V0 := {v ∈ V : R v = 0 on Γ0 ⊂ Γ} ,
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where Γ0 is the union of closed faces of the underlying triangulationM. Thanks to the
localization of global/local d.o.f. we easily find the proper extension of Def. 3.29:

Vn,0 := {v ∈ Vn : l(v) = 0 ∀ d.o.f. l supported on nodes/edges/faces ⊂ Γ0} .

Homogeneous essential boundary conditions on a part of Γ are enforced in the
finite element context by setting all d.o.f. localized on that part to zero.

Remark 3.31. Given the setting of Def. 3.29 and assuming the absence of essential
boundary conditions in V , in many cases both definitions Def. 3.29 and Def. 3.18 provide
exactly the same finite element space, but not necessarily so.

Remark 3.32. Following the recipe of Def. 3.29 different families of finite elements
can lead to the same finite element space, provided they differ only in their local degrees
of freedom. Examples will be given in Sect. 3.10.

Exercise 3.11. Let K ⊂ R2 be a triangle with vertices ν1,ν2,ν3 and oriented edges
E1, E2, E3 (with midpoints µ1,µ2,µ3). Write nj for the exterior unit normal vector at
edge Ej, j = 1, 2, 3, and τ j for unit vectors in the direction of Ej.

We aim for a H(div)-conforming finite element and choose ΠK := (P1(K))2. The
following sets of linear functionals on ΠK should be considered:

(A) ΣK := {v 7→ vj(ν i), j = 1, 2, i = 1, 2, 3},

(B) ΣK := {v 7→ 〈v,ni〉 (µi), i = 1, 2, 3, v 7→ τ Ti Dv(µi)ni, i = 1, 2, 3}, Dv Jacobi
matrix.

(i) Show that both sets provide valid local degrees of freedom.

(ii) Determine the local shape functions in each case.

(iii) Show that only the choice (B) leads to a H(div)-conforming finite element.

3.5 Global shape functions

We take for granted a V -conforming finite element space Vn according to Def. 3.29.
The concept of “matching” permits us to convert local degrees of freedom into global
degrees of freedom by lumping together all matching local degrees of freedom: a global
degree of freedom will be an equivalence class of matching local degrees of freedom. It
can be viewed as linear form on the finite element space Vn in the following sense.

Given a global degree of freedom l and un ∈ Vn the evaluation of l(u) proceeds as
follows:
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Figure 3.8: Matching of local shape functions associated with an edge for a Lagrangian
finite element of degree 2

1. Pick a cell K ∈ M and a local d.o.f. l ∈ ΣK that is a representative of l.

2. Define l(un) := l(un|K).

Thanks to the notion of “matching”, l is well defined and its linearity is clear.
Notation: The set of global degrees of freedom belonging to a finite element space

Vn will be denoted by gdof(Vn).

Remark 3.33. Interior local degrees of freedom directly qualify as global degrees of
freedom. Moreover, similar to local degrees of freedom their global counterparts are
localized on cells/faces/edges/nodes of the mesh.

Owing to locality global degrees of freedom can be evaluated for functions that do not
belong to the finite element space, for instance, for w ∈ (C∞(Ω)): for l ∈ gdof(Vn) we
pick a K ∈ M and l ∈ ΣK that is a representative of the equivalence class l and has the
same support as l. Then one defines l(w) := l(w|K).

Theorem 3.34. For a finite element space Vn the set gdof(Vn) forms a basis of the
dual space (Vn)∗.

Proof. Prescribing the values of all global d.o.f. means that all local d.o.f. are pre-
scribed as well. This will fix function vK ∈ ΠK for each cell K ∈ M, which can be
combined to a function v ∈ Vn. Linear independence of the global d.o.f. can now be
demonstrated using the function that arises from setting exactly one global d.o.f. to one
and the rest of them to zero.

Further, unisolvence of the local d.o.f. implies the same for gdof(Vn). �
Definition 3.35. Given a finite element space Vn the set of global shape functions

or nodal basis functions B(Vn) := {b1, . . . , bN}, N := dimVn, is the basis of Vn that
is dual to gdof(Vn).
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By definition there will be a one-to-one correspondence between global d.o.f. and global
shape functions. The global degrees of freedom are localized and this property carries
over the local shape functions.

Theorem 3.36. Given a V -conforming finite element space Vn, let l ∈ gdof(Vn) be
localized on F , which may be a node/edge/face/cell of the mesh M. Then the global
shape function bF belonging to l (l(bF ) = 1) satisfies

supp(bF ) =
⋃
{K : K ∈ M, F ⊂ K} .

Proof. If K ∈ M is not contained in
⋃{K : K ∈ M, F ⊂ K}, then no local d.o.f. in

the equivalence class of l will belong to ΣK . Hence, they will all vanish for bF |K, which,
by unisolvence, implies bF |K ≡ 0. �

Global finite element shape functions have local supports

Moreover, the matching of local d.o.f. ensures that

the restriction of a global shape function onto a cell
agrees with a local shape function on this cell.

Remark 3.37. The “matching condition” for local d.o.f. is equivalent to demanding
that the related local shape function can be “sewn together”across intercell faces to yield
a function in V .

Remark 3.38. The statement of Remark 3.23 carries over to global shape functions.
In particular, the construction of finite element spaces can also start from local/global
shape functions. This perspective is completely equivalent to the approach via degrees
of freedom (“dual view”, see Fig. 3.9).

Local degree of freedom

Local shape functions

←→

←→

Global degree of freedom

Global shape functions

Figure 3.9: Duality of degrees of freedom and shape functions

Numerous example of finite elements and corresponding global shape functions for
different Sobolev spaces V will be given in Sect. 3.8.
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Figure 3.10: Global shape function localized on an intercell edge for a finite element
space based on Lagrangian finite elements of degree 2

3.6 Finite element interpolation operators

Again, we assume that the triangulationM is equipped with a family of V -conforming
finite elements (K,ΠK,ΣK)K∈M according to Def. 3.25 and that they possess mathing
degrees of freedom. Then Def. 3.29 will give us the V -conforming finite element space
Vn.

As explained in Remark 3.21 a local trial function v ∈ ΠK, K ∈ M, is known once we
know the values l(v), l ∈ ΣK . However, any degree of freedom l ∈ ΣK can be evaluated
for any function ∈ (C∞(K))l. This defines a mapping (C∞(K))l 7→ ΠK.

Definition 3.39. Given a finite element (K,ΠK,ΣK = {l1, . . . , lk}) with local shape
functions bK1 , . . . , b

K
k , k := dim ΠK, we define the local interpolation operator IK :

(C∞(K))l 7→ ΠK by

IK(w) =
∑k

j=1
lj(w) bKj ∀w ∈ (C∞(K))l .

Analoguously, writing X for the space of functions for which all global degrees of freedom
are well defined, we can introduce the (global) finite element interpolation operator
I(Vn) : X 7→ Vn by

I(Vn)(w) =
∑N

j=1
lj(w) bj ∀w ∈ X ,

where N := dimVn and {b1, . . . , bN} is the set of global shape functions with bj belonging
to the global d.o.f. lj.

Notation: If the underlying finite element space is clear, we will simply write I for
the (global) finite element interpolation operator.
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Remark 3.40. Obviously (C∞(Ω))l ⊂ X and Vn ⊂ X.

Lemma 3.41. Both interpolation operators IK , K ∈ M, and I(Vn) are linear projec-
tions.

Proof. Linearity is inherited from the linear functional in the definition. The relation-
ships I2K = IK and I2 = I immediately follow from the fact that the local/global shape
functions have been introduced as basis functions dual to the local/global d.o.f. �

Theorem 3.42. The global finite element interpolation operator introduced in Def. 3.39
is local in the sense that

∀K ∈ M, w ∈ X ∩ V : w|K ≡ 0 ⇒ I(w)|K ≡ 0 .

Proof. Pick a K ∈ M. If w|K ≡ 0 and w ∈ V , then R∂K w ≡ 0. Then

∀l ∈ ΣK : l(I(w)|K) = l(w|K) = 0 ⇒ I(w)|K ≡ 0 ,

due to the unisolvence of ΣK and the fact that I(w)|K ∈ ΠK. �
Putting it shortly, the values of w in K completely determine its (global) finite element

interpolant on K.

Remark 3.43. The finite element interpolation operator for a V -conforming finite
element space need not be bounded on V .

3.7 Parametric finite elements

By definition, cf. Def. 3.1, the cells of a mesh M of a computational domain Ω ⊂ Rd
are diffeomorphic images of some d-polytope. Reasonable meshes can usually described
by specifying a finite set of reference cells K̂1, . . . , K̂P , P ∈ N, and suitable diffeomor-
phism.

This way of constructing a mesh can be adopted for finite elements, as well.

Definition 3.44. Two V -conforming finite elements (K,ΠK,ΣK) and (K̂,Π �K,Σ �K)
are called parametric equivalent, if

(i) there is a diffeomorphism Φ : K̂p 7→ K.

(ii) the local trial spaces ΠK,Π
�
K satisfy

Π �K = XTΦ(ΠK) , (3.4)

where XT stands for the natural (pullback) transformation of functions in V , see
Sect. 2.2.
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Sobolev space quantity transformation
H1(Ω) potential type Pullback FTΦ, see (FT)
H(div; Ω) flux type Piola transformation PT) Φ, sse (PT)
L2(Ω) density type DTΦ, see (DT)
H(curl; Ω) gradient type GTΦ, see (GT)
H2(Ω) — Pullback FTΦ, see (FT)

Table 3.1: Natural transformations associated with certain Sobolev spaces

(iii) the degrees of freedom are connected by

∀ l ∈ ΣK : ∃ l̂ ∈ Σ �K : l(v) = l̂(XTΦ(v)) ∀v ∈ ΠK . (3.5)

If Φ is an affine mapping (AFF), then the finite elements are called affine equiva-
lent.

Remark 3.45. Parametric equivalence defines an equivalence relation on finite ele-
ments.

Remark 3.46. If (K,ΠK,ΣK) and (K̂,Π �K,Σ �K) are parametric equivalent, then the

transformation XTΦ establishes a bijection between the shape functions on K and K̂,
respectively.

Remark 3.47. Given two cells K, K̂ of a mesh and a V -conforming finite element on
K̂, we can use Def. 3.44 to define a V -conforming finite element on K. Observe that,
if Φ is a diffeomorphism, this also holds true for the the transformation XTΦ. Hence
Π �K and Σ �K defined by (3.4) and (3.5), respectively, will satisfy all the requirements of
Def. 3.25. Hence, it is enough to specify finite elements for the reference cells and use
this parametric construction of finite elements to obtain finite elements for the actual
cells.

The notion of parametric equivalence can be extended to families of finite elements.

Definition 3.48. A family of finite element is called parametric (affine) equiva-
lent if there are only a finite number of parametric (affine) equivalence classes.

Given a family of meshesMnn∈ � , an associated family of finite element spaces is called
parametric (affine) equivalent, if the set (K,ΠK,ΣK)K∈Mn,n∈ � of all underlying
finite elements is parametric (affine) equivalent.

Parametric and, in particular, affine equivalent families of finite element spaces, will
play a key role in estimating the best approximation errors incurred in the case of finite
element spaces.

Exercise 3.12. Given a H(div; Ω)-conforming finite element (K,ΠK,ΣK), K a sim-

plex in Rd, show that the parametric construction of a finite element (K̂,Π �K,Σ �K) as
explained in Remark 3.47 yields another H(div; Ω)-conforming finite element. In partic-
ular, show that requirement (iv) from Def. 3.25 is satisfied.
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3.8 Particular finite elements

Now, we give a survey of important types of conforming finite elements that pervade
the Galerkin discretization of boundary value problems for partial differential equations.

3.8.1 H1-conforming Lagrangian finite elements

H1-Conformity entails global continuity of functions in a finite element space. La-
grangian finite elements use degrees of freedom based on point evaluations in order to
guarantee this necessary condition: they belong to the class of C0-elements.

We first consider the case of simplicial meshes. They are naturally affine equivalent
in the sense of Def. 3.3 and lend themselves to an affine equivalent construction of finite
elements, see Sect. 3.7. Thus, we only need to specify a finite element for a (generic)

reference simplex K̂.

Definition 3.49. Given d+1 points ν1, . . . ,νd+1 ∈ Rd that do not lie in a hyperplane
the barycentric coordinates λ1 = λ1(ξ), . . . , λd+1 = λd+1(ξ) ∈ R of ξ ∈ Rd are
uniquely defined by

λ1 + · · ·+ λd+1 = 1 , λ1 ν
1 + · · ·+ λd+1ν

d+1 = ξ .

The barycentric coordinates can be obtained by solving




ν1
1 · · · νd+1

1
...

...
ν1
d · · · νd+1

d

1 · · · 1







λ1
...
λd
λd+1


 =




ξ1
...
ξd
1


 , (3.6)

which shows their uniqueness and existence, if the points νj are not complanar. The
convex hull of ν1, . . . ,νd can be described by

convex{ν1, . . . ,νd} = {ξ ∈ Rd, 0 ≤ λi(ξ) ≤ 1, 1 ≤ i ≤ d+ 1} .

Corollary 3.50. Given d+1 points ν1, . . . ,νd+1 ∈ Rd as in Def. 3.49, the barycentric
coordinates are affine linear functions on Rd, which satisfy

λj(ν
i) = δij 1 ≤ i, j ≤ d+ 1 .

Lemma 3.51. Given d + 1 points ν1, . . . ,νd+1 ∈ Rd as in Def. 3.49 and writing
λ1, . . . , λd+1 for the associated barycentric coordinate functions, we have for all m ∈ N

Pm(Rd) = span {λα1
1 · · · · · λαd+1

d+1 , αi ∈ N0,
∑d+1

i=1
αi = m} .
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Proof. Identifying ξd+1 ≡ 1 we can write

Pm(Rd) = span {ξα1
1 · · · · · ξαd+1

d+1 , αi ∈ N0,
∑d+1

i=1
αi = m} .

The identity (3.6) immediately confirms that all ξj, j = 1, . . . , d+ 1 can be written as a
linear combination of the barycentric coordinate functions. This finishes the proof. �

Lemma 3.52. Let K be a non-degenerate d-simplex with vertices ν1, . . . ,νd+1. Then

Pm(K) ∩ {v ∈ C∞(K) : v|∂K = 0} = span {p · λ1 · · · · · λd+1, p ∈ Pm−d−1(K)} .
The functions in the latter set furnish a basis of Pm(K).

Proof. Let the face F of the simplex K be spanned by the vertices ν1, . . . ,νd. Assume
that p ∈ Pm(K) has zero restriction to F .

By Lemma 3.51 the “barycentric monomials” ξ 7→ λα1
1 · · · · ·λ

αd+1

d+1 , α := (α1, . . . , αd) ∈
Nd, |α| = m, form a basis of Pm(F ). Hence, they must not contribute to the representa-
tion of p according to Lemma 3.51. The remaining terms all contain at least one power
of λd+1.

Applying this argument to all faces gives the desired representation. �
Aware of Lemma 3.16, we instantly infer the dimension of the space of polynomials

that vanish on all faces of a simplex.

Corollary 3.53. dimPm(K) ∩ {v ∈ C∞(K) : v|∂K = 0} =

(
m− 1

d

)

Definition 3.54. Given a non-degenerate simplex K ∈ Rd, we define the H1-conforming
simplicial Lagrangian finite element of degree m ∈ N by

(i) ΠK := Pm(K).

(ii) ΣK := {v ∈ C∞(K) 7→ v(ξ), ξ ∈ NK}, where

NK := {ξ ∈ K : λj(ξ) ∈ {0, 1
m
, . . . , m−1

m
, 1}, j = 1, . . . , d+ 1} . (3.7)

Theorem 3.55. Def. 3.54 describes a valid H1-conforming finite element.

Proof. Let us start with the observation, that the degrees of freedom associated with
a sub-simplex S (vertex, edge, etc.) of K are exactly those evaluations on points in the
closure of S.

To prove unisolvence we first note that Lemma 3.16 and a simple counting argument
show

dimPm(K) = ]NK .

We still have to show that

v ∈ ΠK : l(v) = 0 ∀l ∈ ΣK ⇒ v = 0 .

To do so we proceed by induction: assume that p ∈ Pm(K) is zero at all ξ ∈ NK.
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Figure 3.11: Location of local sampling points for triangular Lagrangian finite elements
of degree 2 (left), degree 3 (middle), and degree 4 (right)

Figure 3.12: Point sets N for tetrahedral Lagrangian finite elements of degree 1 (left),
degree 2 (middle), and degree 3 (right)

• For d = 1 the assertion of the theorem is evident, because a polynomial of degree
m is uniquely determined by its values for d+ 1 different arguments.

• For m = 1 Lemma 3.51 and Corollary 3.50 settle the issue.

For general m, d note that the faces of K are simplices of dimension d − 1. For any
face S it is clear that NK ∩ S equals NS, where NS is an analogue of the set NK from
(3.7). By the induction assumption for dimension d− 1 we find p|∂K ≡ 0.

Next, we appeal to Lemma 3.52 to conclude that

p = λ1 · · · · · λd+1 q for some q ∈ Pm−d−1(K) ,

where

q(ξ) = 0 for ξ ∈ N ′ := {ξ ∈ K : λj(ξ) ∈ { 1
m
, . . . , m−1

m
}, j = 1, . . . , d+ 1} .

For m ≤ d the set N ′ is empty, but in this case q has to be trivial. For m = d+ 1 the set
N ′ reduces to a single point (the barycenter of K) and q will be constant. For m > d+1
the convex hull of N ′ will be another non-degenerate d-simplex, for which N ′ provides
the set of evaluation points according to (3.7) for a Lagrangian finite element of degree
m− d− 1. This matches the degree of q and the induction hypothesis bears out q ≡ 0.

In this case unisolvence of the point evaluations already guarantees the requirement
(iv) of Def. 3.25. Repeating the above arguments and appealing to our initial observation,
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we see that a trial function will vanish on a face S of the simplex if it evaluates to zero
in all points NK ∩ S. �

Using the barycentric coordinate functions λ1, . . . , λd+1 on a simplex K the local shape
functions for Lagrangian finite elements of degree m can be expressed conveniently, see
Table 3.2 for triangles.

Shape functions supported on
vertices ν i edges [ν i,νj] triangle

m = 1
λi

i = 1, 2, 3
— —

m = 2
−λi(1− 2λi)
i = 1, 2, 3

4λiλj,
1 ≤ i < j ≤ 3

—

m = 3
1/2λi(1− 3λi)(2− 3λi),

i = 1, 2, 3

−9/2λiλj(1− 3λi),
−9/2λiλj(1− 3λj),

1 ≤ i < j ≤ 3

9λ1λ2λ3

“Bubble function”

Table 3.2: Local shape functions for triangular Lagrangian finite elements of degree m

Figure 3.13: Graphical representation of shape functions for triangular Lagrangian finite
element of degree 1

There are variants of Lagrangian finite elements for cells of tensor product geometry
(rectangles and bricks).

Definition 3.56. For K =]0, 1[d the Lagrangian finite element (K,ΠK,ΣK) of degree
m ∈ N is is defined by

(i) ΠK := Qm(K).

(ii) ΣK := {v 7→ v(ξ), ξ ∈ NK}, where

NK := {α/m, α ∈ {0, . . . , m}d} .

Theorem 3.57. The triple (K,ΠK,ΣK) from Def. 3.56 is a finite element.
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Shape functions supported on
vertices ν i edges [ν i,νj] triangle

m = 1
λiµj

i, j = 1, 2
— —

m = 2
λi(1− 2λi)µj(1− 2µj)

i, j = 1, 2

−4λi(1− 2λi)µ1µ2,
−4µi(1− 2µi)λ1λ2,

i = 1, 2
16λ1λ2µ1µ2

m = 3

1/4λi(1− 3λi)(2− 3λi)
µj(1− 3µj)(2− 3µj)

i, j = 1, 2

9/4µ1µ2λi(1− 3λi)
(2− 3λi)(1− 3µj),
9/4λ1λ2µi(1− 3µi)
(2− 3µi)(1− 3λj),

i, j = 1, 2

−81/4λ1λ2µ1µ2

(1− 3λi)(1− 3µj),
i, j = 1, 2

Table 3.3: Shape functions for Lagrangian finite elements on unit square {ξ ∈ R2 : 0 <
ξi < 1}. Here, we have used the abbreviations λ1 = ξ1, λ2 = 1− ξ1, µ1 = ξ2,
µ2 = 1− ξ2.

Figure 3.14: Sketches of shape functions for Lagrangian finite element of degree 1 on the
unit square
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Proof. Exactly the same induction thechnique as in the proof of Thm. 3.55 can be
used, much facilitated by the tensor product structure. �

Remark 3.58. The principle behind the construction of Lagrangian finite elements
on rectangles/bricks is a tensor product approach. If the cell K arises by forming
the tensor products of two lower-dimensional “cells”Kα, Kβ, that is

K := {ξ = (ξα, ξβ) ∈ Rd : ξα ∈ Kα ⊂ Rdα , ξβ ∈ Kβ ⊂ Rdβ , dα + dβ = d} ,

and (Kα,Πα,Σα), (Kα,Πα,Σα) are Lagrangian finite elements on Kα, Kβ, whose sets of
local degrees of freedom comprise point evaluations inNα ⊂ Rdα , Nβ ⊂ Rdβ , respectively,
then

ΠK :={v(ξ) = vα(ξα) · v(ξβ) : vα ∈ Πα, vβ ∈ Πβ} ,
ΣK :={v 7→ v((ηα,ηβ)) : ηα ∈ Nα, ηβ ∈ Nβ}

supplies a Lagrangian finite element for K.

Exercise 3.13. Describe the Lagrangian finite element of degree 1 on a prism

K := {ξ ∈ R3 : 0 < ξ1, ξ2, ξ3 < 1, ξ1 + ξ2 < 1} .

Remark 3.59.

Pyramids are important for creating con-
forming triangulations that can contain both
tetrahedra and hexahedra. For the pyramid

K := convex








0
0
0


 ,




0
1
0


 ,




1
0
0


 ,




1
1
0


 ,




0
0
1







there exists no local trial space ΠK ⊂
C∞(K) such that ΠK |F ∈ P1(F ) for every
triangular face F of K and ΠK |Q ∈ Q1(Q)
for the quadrilateral face.

x

y

z

PSfrag replacements

ν1

ν2

ν3

ν4

ν5

0

Assume that there is such a trial space and let v ∈ ΠK assume the value 1 in (0, 0, 0)T

and zero in all the other vertices. Then restricted to the faces we have

(a) v(x, y, z) = (1− x)(1− y) in convex{(0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0)}
(b) v(x, y, z) = (1− x− z) in convex{(0, 0, 0), (1, 0, 0), (0, 0, 1)}
(c) v(x, y, z) = (1− y − z) in convex{(0, 0, 0), (0, 1, 0), (0, 0, 1)}
(d) v(x, y, z) = 0 in convex{(1, 0, 0), (1, 1, 0), (0, 0, 1)}
(e) v(x, y, z) = 0 in convex{(1, 1, 0), (0, 1, 0), (0, 0, 1)}
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Using (d) and (e), we get

grad v(0, 0, 1)




0
−1
1


 = grad v(0, 0, 1)



−1
0
1


 = grad v(0, 0, 1)



−1
−1
1


 = 0.

If grad v is continuous at (0, 0, 1), this implies grad v(0, 0, 1) = 0, but (b) and (c) give

grad v(0, 0, 1)




0
0
1


 = −1.

This is a contradiction.
However, when we relax the requirement ΠK ⊂ C1(K) suitable local trial spaces can

be found. The result is known as a singular finite element characterized by a lack of
smoothness of the local trial space. For instance, we can use the space spanned by the
following functions

b1 =
(1− ξ3 − ξ1)(1− ξ3 − ξ2)

1− ξ3

, b2 =
ξ1(1− ξ3 − ξ2)

1− ξ3

,

b3 =
(1− ξ3 − ξ1)ξ2

1− ξ3

, b4 =
ξ1ξ2

1− ξ3

,

b5 = ξ3 .

These functions satisfy bi(νj) = δij, i, j = 1, . . . , 5, which renders them the shape
functions belonging to the point evaluations at vertices of K a set of degrees of freedom.
In particular these shape functions will match Lagrangian finite elements in adjacent
tetrahedra and hexahedra.

Summing up, for all kinds of Lagrangian finite elements on a conforming triangulation
the local degrees of freedom supported on vertices, edges (and faces) will be matching
by construction. Hence,

for Lagrangian H1-conforming finite element spaces the resulting global degrees
of freedom will be point evaluations at vertices, on edges/faces, and in the
interior of cells.

Example 3.60. On a 2D simplicial triangulation the global degrees of freedom for
Lagrangian finite elements of uniform degree 2 are given by point evaluations in vertices
and midpoints of edges, cf. Fig. 3.11.

Example 3.61. Consider a conforming tetrahedral mesh in three dimensions and
Lagrangian finite elements of uniform degree 3 on it. The global degrees of freedom boil
down to point evaluations, one in vertices, two for each edge and one in the barycenter
of each face, cf. Fig. 3.12.
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Assuming matching local d.o.f. Def. 3.29 can be used to introduce theH1(Ω)-conforming
Lagrangian finite element spaces of uniform degree m, m ∈ N on simplicial/tensor
product triangulations. They will agree with the spaces, cf. Remark 3.31,

Sm(M) :=

{
{v ∈ H1(Ω) : v|K ∈ Pm(K)} if K is a simplex,

{v ∈ H1(Ω) : v|K ∈ Q(m,...,m)(K)} if K is a tensor product cell

In light of Remarks 3.58, 3.59 it is clear how introduce Sm(M), if prism and pyramids
occur in a three-dimensional triangulation.

Exercise 3.14. LetM be a conforming simplicial triangulation of a two-dimensional
polygonal domain. For each K ∈ M with vertices ν1,ν2,ν3 and center of gravity
γ := 1/3(ν1 + ν2 + ν3) we choose the following finite-dimensional local trial space

ΠK := P3(K)

and the following sets of local degrees of freedom

ΣK := {v 7→ v(ν i), i = 1, 2, 3,

v 7→ 〈grad v(ν i),νj − ν i〉 , i = 1, 2, 3, j ∈ {1, 2, 3} \ {i},
v 7→ v(γ)},

Σ′K := {v 7→ v(ν i), i = 1, 2, 3,

v 7→ ∂v

∂ξi
(νj), i = 1, 2, j = 1, 2, 3,

v 7→ v(γ)}

(i) Show that (K,ΠK,ΣK), K ∈ M, is
a H1-conforming finite element and
that all of them are affine equivalent.
This family of finite elements is called
the cubic triangular Hermite ele-
ment.

(ii) Show that (K,ΠK,Σ
′
K), K ∈ M, is a

H1-conforming finite element but fails
to be affine equivalent.

(iii) Describe global degrees of freedom
arising from the choice of ΣK or Σ′K .

(iv) For the triangulation sketched to the right compute the dimensions of the cubic
Lagrangian finite element space S3(M), of the space obtained from cubic triangular
Hermite elements, and of the finite element space corresponding to subtask (ii).

Bibliographical notes. A comprehensive discussion of Lagrangian (and Hermitian)
finite elements in given in [12, Ch, 2].
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3.8.2 Whitney finite elements

In Sect. 2.2 we distinguished between different types of quantities and presented the
associated transformations. In the previous section we merely discussed finite elements
for potential type quantities. Now we aim to introduce suitable finite elements for the
other types. We emphasize that all the finite elements introduced in this section can serve
as the basis for parametric construction using the right transformation, see Sect. 2.2.

We first consider flux type quantities. To motivate the construction, we recall that the
fundamental evaluation for these quantities consists of calculating the total flux through
an oriented surface. Hence, the construction of finite element spaces has to rely on
oriented meshes M, see Def. 3.7. In particular, every face F will be endowed with a
unit normal nF pointing into the “crossing direction” for F . This has to be distiguished
from the exterior unit normal vectorfield n∂K on the surface of a cell K ∈ M: in general
n∂K |F = ±nF .

Remark 3.62. One has to be careful when using a parametric construction for finite
elements, whose degrees of freedom rely on orientation. It this case it might happen
that even for a conforming simplicial triangulation more than one reference simplex is
needed: the reference simplices differ in the orientation of their faces/edges. The three
oriented reference triangles for d = 2 are depicted in Fig. 3.15.

Figure 3.15: Three reference triangles with different edge orientations

To begin with, we discuss the case of an oriented conforming simplicial triangulation
M of the computational domain Ω ⊂ Rd.

Definition 3.63. Let K ⊂ Rd be a non-degenerate simplex ∈ M. Then we define the
face element (K,ΠK,ΣK) by

(i) ΠK := {ξ ∈ K 7→ α+ β ξ, α ∈ Rd, β ∈ R},

(ii) ΣK :=

{
v 7→

∫

F

〈v,nF 〉 dS, F face of K

}

Theorem 3.64. The face element constitutes a H(div)-conforming finite element.
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Proof. Clearly, ΠK ⊂ (C∞(K))d and dim ΠK = ]ΣK = d+ 1. Following Remark 3.21,
for the unisolvence of ΣK it remains to show that

v ∈ ΠK and l(v) = 0 ∀l ∈ Σ ⇒ v = 0 .

First, we note that the normal components of functions in ΠK on any face F of K are
constant, because for a fixed ξ ∈ F

〈α+ β(ξ + τ ),nF 〉 = 〈α+ βξ,nF 〉

for all vectors τ ∈ Rd tangential (complanar) to F . Thus vanishing d.o.f. for v ∈ ΠK

mean that 〈v,nF 〉 ≡ 0 for every face of K. This implies that v is constant:

0 =

∫

∂K

〈v,n〉 dS =

∫

K

div v dξ = d|K| β ⇒ β = 0 .

Finally, a constant that has vanishing inner product with all d+ 1 face normals must be
zero. These considerations also show that the d.o.f. on a face F already fixes the normal
component 〈v,nF 〉 for a v ∈ Σ. Since this is the natural trace for H(div), the element
turns out to be H(div)-conforming. �

It goes without saying that the local d.o.f. of these H(div)-conforming finite elements
match at interelement faces. Traces onto edges and vertices do not make any sense here.
Hence, the conversion of local d.o.f. into global d.o.f. does not encounter any difficulties.

Lemma 3.65. The finite elements defined in Thm. 3.64 are affine equivalent after a
suitably flipping of the orientations of some faces.

Proof. In the case of H(div)-conforming finite elements we have to use the Piola
transform PTΦ, see (PT), where Φ is an affine mapping of the form (AFF). Then
DΦ = F and detDΦ ≡ const.. One easily computes

PTΦ(ξ 7→ α+ βξ)(ξ̃) = | detDΦ| F−1(α+ β(Fξ̃ + τ )) .

Hence, the Piola transformation will leave the local trial spaces invariant, ie. the re-
quirement (3.4) of Def. 3.44 is fulfilled. The relationship (3.5) follows from Lemma 2.8.

�

Lemma 3.66. Let ν1, . . . ,νd+1 the vertices of a non-degenerate simplex K ∈ M .
Then the local shape functions {bF}F , F face of K, for the H(div)-conforming finite
element from Thm. 3.64 are given by

bF (ξ) := ± 1

d |K| (ξ − νF ) ,

where νF is the unique vertex of K that is not located on F , and |F |, |K| stand for the
volume of F and K, respectively. The +-sign applies, if nF points into the exterior of
K, otherwise the −-sign has to be used.
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Proof. It is clear that for any other face F ′ 6= F we have 〈bF (ξ),nF ′〉 = 0 for all
ξ ∈ F ′. Hence, bF will be in the kernel of the d.o.f. that is associated with F ′.

Moreoever, the Hessian normal form of a hyperplane in Rd tells us that

dist(νF , F ) = 〈ξ − ν,nF 〉 .

Using the formula

|K| = dist(νF , F ) · |F |/d

we conclude that the local d.o.f. belonging to F will yield ±1 when applied to bF . �
For η ∈ R2 we can define the counterclockweise rotation by π/2

(
η1

η2

)⊥
=

(−η2

η1

)
.

Then, writing λ1, . . . , λd+1 for the barycentric coordinate functions associated with the
vertices of the simplex K, we find an alternative representation for the local shape
functions from Lemma 3.66 and d = 2

bF = ± (λi grad λj − λj gradλi)
⊥ , (3.8)

where ν i and νj are the endpoints of the edge F . For d = 3 a similar formula reads

bF = ± (λi grad λj × gradλk + λk grad λi × grad λj + λj gradλk × grad λi) ,
(3.9)

when F = convex{ν i,νj,νk}.

Exercise 3.15. Confirm the formulas (3.8) and (3.9).

The local shape functions in two dimensions are plotted in Figure 3.16.
Second, we examine the case of square/brick-shaped cells. Thanks to the tool of

parametric construction, we merely need to look at K =]0; 1[d (However, remember
Remark 3.62).

Definition 3.67. For K =]0, 1[d the face element (K,ΠK,ΣK) is defined by

(i) ΠK := Q � 1(K)× · · · × Q �
d
(K), εj = j-th unit vector,

(ii) ΣK :=

{
v 7→

∫

F

〈v,nF 〉 dS, F face of K

}

Theorem 3.68. The face element on K =]0, 1[d provides a H(div)-conforming finite
element.
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Figure 3.16: Local shape functions for lowest degree H(div)-conforming triangular fi-
nite elements. The crossing directions of the faces are outward w.r.t. K,
throughout.

Proof. Since dim ΠK = ]ΣK, we only have to establish unisolvence of the local degreees
of freedom. Assume that v ∈ ΠK belongs to the kernels of all local d.o.f. Its first
component reads v1 = αξ1 + β, α, β ∈ R. Consider the faces F := {0}×]0, 1[d−1 and
F := {1}×]0, 1[d−1 with nF = (1, 0, . . . , 0)T . Obviously, 〈v,nF 〉|F is constant and zero
integral over F will force it to be zero, which means β = 0 and α + β = 0: the first
component of v must vanish. The same argument can be applied in all other coordinate
directions. H(div)-Conformity of the finite element is seen as in the proof of 3.64. �

Figure 3.17 displays the four local shape functions for the H(div)-conforming element
presented in Def. 3.67 in two dimensions.

Next, we examine H(curl)-conforming finite elements for gradient type quantities in
d = 3. The natural restriction is the tangential components trace, see Exercise 2.23.
We recall that the typical evaluations for gradient type quantities are integrals along
directed paths. This provides a hint about how to choose degrees of freedom. We also
conclude that we will need an orientation of the edges of the underlying triangulation.

Initially, we focus on an oriented conforming tetrahedral triangulationM.

Definition 3.69. For a tetrahedron K ∈ M with oriented edges we define the edge
element (K,ΠK,ΣK) by

(i) ΠK := {ξ ∈ K 7→ α+ β × ξ, α,β ∈ R3},

(ii) ΣK :=

{
v 7→

∫

E

v · ds, E edge of K

}
.

Theorem 3.70. The edge element from Def. 3.69 is a H(curl)-conforming finite
element.
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Figure 3.17: Local shape functions for lowest degree H(div)-conforming square finite
element. Faces bear orientation of ∂K.

Proof. We find that the tangential component of v ∈ ΠK on a straight line ξ = ζ+ρ τ ,
ζ, τ ∈ R3, ρ ∈ R, is constant:

〈α+ β × (ζ + ρ τ ), τ 〉 = 〈α+ β × ζ, τ 〉 ∀ρ ∈ R .

Thus, for v ∈ ΠK vanishing local d.o.f. immediately imply vanishing tangential compo-
nents along all edges of K. Necessarily, all components of v will be zero in the vertices
of K. Since they are affine linear, this can only be the case, if they are zero everywhere.

Pick a face F of K. If the local d.o.f. associated with edges of F vanish, then the
components of v tangential to F will be zero in all vertices of F . This means that
v will have zero tangential components everywhere on F and H(curl)-conformity is
established. �

Lemma 3.71. The finite elements defined in Def. 3.69 are affine equivalent, possibly
after flipping the directions of some edges of K.

Proof. The transformation fitting H(curl) is (GT). If Φ(ξ̃) = Fξ̃ + τ according to
(AFF), we find

(GTΦ u)(ξ̃) = FT (u(Fξ̃ + τ )) ,

which means

GTΦ(ξ 7→ α+ β × ξ)(ξ̃) = FT (α+ β × (Fξ̃ + τ )) .
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Note that in the expression

FT
(
β × Fξ̃

)
=



FT




0 −β3 β2

β3 0 −β1

−β2 β1 0


F



 ξ̃

the matrix in braces is skew-symmetric again. Thus, its multiplication onto ξ̃ is equiva-
lent to a vector product with a constant vector. This shows invariance of the local spaces,
see (3.4). The invariance of the local d.o.f., cf. (3.5) is a consequence of Lemma 2.7. �

Remark 3.72. Assuming matching orientations of edges, it is clear that the edge
based degrees of freedom from Thm. 3.70 will match. The set of global degrees of
freedom will comprise all path integrals along edges of M.

The local shape functions corresponding to the H(curl)-conforming finite element
from Thm. 3.70 have a convenient representation in terms of barycentric coordinate
functions: if we write bi,j for the local shape functions associated with the edge connect-
ing vertex i and vertex j of K, then

bi,j = ± (λi gradλj − λj gradλi) . (3.10)

Exercise 3.16. Verify the formula (3.10).

On a cube K =]0, 1[3, which can serve as reference cell for a conforming hexahedral
triangulation, a similar H(curl)-conforming finite element is available.

Definition 3.73. For K =]0, 1[3 the edge element (K,ΠK,ΣK), K =]0, 1[3 is given
by

(i) ΠK = Q(0,1,1)(K)×Q(1,0,1)(K)×Q(1,1,0)(K),

(ii) Σ :=

{
v 7→

∫

E

v · ds, E edge of K

}
.

Proof. A counting argument confirms dim ΠK = ]ΣK = 6. Further, by the very
definition of ΠK tangential components of local trial functions along edges of K are
constant. Hence, for v ∈ ΠK vanishing local degrees of freedom will involve v = 0 for
all vertices of K. The bilinear components of v must vanish everywhere. We conclude
as in the proof of Thm. 3.70. �

Theorem 3.74. The edge element on K =]0, 1[3 is a H(curl)-conforming finite ele-
ment.

Remark 3.75. Edge and face elements introduced in Definitions 3.69, 3.73, 3.63, and
3.67 owe their names to the location of their degrees of freedom.

101



3 Primal Finite Element Methods

Notation: For the global face element finite element space on a mesh M of Ω ⊂ Rd
we adopt the notation WF (M). The global space arising from edge elements built on a
conforming triangulationM of Ω ⊂ R3 is denoted by WE(M). By conformity we have

WF (M) ⊂ H(div; Ω) , WE(M) ⊂ H(curl; Ω) .

Remark 3.76. Variants of face and edge finite elmenents of higher polynomial degrees
are available, but rather technical, see [31] and [25].

Remark 3.77. H(div)-conforming finite elements have to be used for the Galerkin
discretization of the variational problems (VPD) and (2.9) arising from second-order
elliptic boundary value problems. H(curl)-conforming finite elements play a key role in
computational electromagnetism, cf. Remarks 2.15, 2.16.

We have not yet looked at quantities of density type with related Sobolev space L2(Ω).
In this case there is no continuity condition and the construction of finite elements
becomes simple. We can skip the formal developments and jump right to the definition
of the space

Q0(M) := {v ∈ L2(Ω) : v|K ≡ const. ∀K ∈ M}

of piecewise constants on a meshM of a computational domain Ω. This space can easily
be put into a finite element framework: the local = global degrees of freedom are given
by

gdof(Q0(M)) :=

{
v 7→

∫

K

v dξ, K ∈ M
}
.

We remark that the related finite element interpolation operator I(Q0(M)), see Sect. 3.6,
coincides with the standard L2(Ω)-orthogonal projection onto Q0(M).

Now we study special properties of face and edge element spaces and, in particular,
of their related finite element interpolation operators, see Sect. 3.6. To that end we
fix a conforming triangulation M of a computational domain Ω ⊂ Rd, d = 2, 3, for
which a single d-simplex and/or d-dimensional cube can serve as reference cells (apart
from orientation, cf. Remark 3.15). On this mesh we consider the space WF (M) of
face elements, and, for d = 3, the space WE(M) of edge elements introduced above.
For the sake of brevity, we write IF and IE for the finite element interpolation operators
I(WF (M)) and I(WE(M)), respectively, see Def. 3.39. Further, let Q0 : L2(Ω) 7→ Q0(M)
stand for the L2(Ω)-orthogonal projection.

Theorem 3.78. For any simplicial conforming triangulation holds true

div ◦ IF = Q0 ◦ div on (C∞(Ω))d .
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Proof. First, we have to ensure that divWF (M) ⊂ Q0(M). This is clear from
Def. 3.63, because, obviously, div ΠK = P0(K) for any K ∈ M.

Next, appealing to the definition of the orthogonal projection Q0, we have to show∫

K

div(v − IF v) dξ = 0 ∀K ∈ M, v ∈ (C∞(Ω))d .

Recalling the definition of the local/global d.o.f. forWF (M), see Thm. 3.64 and Thm. 3.68,
this is straightforward from Gauss theorem Thm. 2.17. �

Theorem 3.79. In the case of a tetrahedral mesh we have

curl ◦ IE = IF ◦ curl on (C∞(Ω))3 .

Proof. Pick a tetrahedron K ∈ M and write ΠF
K/ΠE

K for the local trial spaces from
Def. 3.63 and Def. 3.69, respectively. Then elementary vector analysis shows curl ΠE

K ⊂
ΠF
K . Moreover, from div ◦ curl = 0 we learn that curlWE(M) ⊂ H(div; Ω), which

implies normal continuity. Necessarily, then curlWE(M) ⊂ WF (M).
By definition of the various global degrees of freedom for the finite element spaces we

still have to show∫

F

curl(v − IE v) · nF dS = 0 ∀F ∈ F(M), v ∈ (C∞(Ω))3 .

Thanks to the definition of the d.o.f. for edge elements this can be instantly deduced
from Stokes’ theorem applied to the faces of the mesh. �

Remark 3.80. Combining Thm. 3.78 and Thm. 3.79 for d = 3 we see that the diagram

C∞(Ω))3 curl−−−→ C∞(Ω))3 div−−−→ C∞(Ω)

IE

y IF

y
yQ0

WE(M)
curl−−−→ WF (M)

div−−−→ Q0(M)

commutes. Hence, the assertions of Thm. 3.78 and Thm. 3.79 are often called commut-
ing diagram properties.

Exercise 3.17. On a triangle K the following vectorfields are considered

b1
ij := (λi gradλj − λj grad λi)

⊥ , b2
ij := (λi gradλj + λj gradλi)

⊥ , 1 ≤ i < j ≤ 3 .

Characterize the local space ΠK spanned by these functions. Find the associated set
ΣK of local degrees of freedom. Prove that (K,ΠK,ΣK) is a H(div)-conforming finite
element. How have the local d.o.f. be changed to ensure matching local d.o.f. within a
conforming triangulation. What global degrees of freedom will result?

Remark 3.81. The families of finite elements we have used presented can be regarded
as discrete differential forms. Their lowest degree simplicial variants were first dis-
covered by Whitney [42] and used for theoretical purposes in differential geometry.

Bibliographical notes. A comprehensive survey of H(div)-conforming finite elements
in given in [10, Ch. 3]. A similar treatment of edge elements is given in [25, Ch. 3].
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3.8.3 H2(Ω)-conforming finite elements

Whereas for H1-conforming elements the global degrees of freedom only need to ensure
the continuity of the functions in the finite element space, the additional continuity of all
first derivatives is required for H2-conformity, see Sect. 2.4. This can only be achieved by
fairly intricate constructions of finite elements. Having the plate problem Example 2.67
in mind, we restrict ourselv to d = 2 and conforming simplicial triangulations. Proofs
will be skipped and for details the reader is referred to [12, Ch. 2,§2.2.1].

The “simplest” H2-conforming finite element involving a full polynomial space is the
Argyris triangle (K,ΠK,ΣK) with

(i) K is a non-degenerate triangle with vertices ν1,ν2,ν3

(ii) ΠK = P5(K),

(iii)

ΣK := {v 7→ v(ν i), i = 1, 2, 3,

v 7→ ∂v

∂ξj
(νi), i = 1, 2, 3, j = 1, 2,

v 7→ ∂2v

∂ξjξk
(ν i)), i = 1, 2, 3, j, k = 1, 2,

v 7→ 〈grad v(1/2(ν i + νj)),nij〉 , 1 ≤ i < j <≤ 3} ,

where nij is a normal to the edge connecting ν i and νj.

Another example that uses fewer local degrees of freedom is Bell’s triangle, which
is defined by

(i) K is a non-degenerate triangle with vertices ν1,ν2,ν3

(ii) ΠK = {v ∈ P5(K) : 〈(grad v)(·),nF 〉 ∈ P3(F ) ∀F edge of K},

(iii)

ΣK := {v 7→ v(ν i), i = 1, 2, 3,

v 7→ ∂v

∂ξj
(νi), i = 1, 2, 3, j = 1, 2,

v 7→ ∂2v

∂ξjξk
(ν i)), i = 1, 2, 3, j, k = 1, 2} .

It can be shown that 18 is the minimal dimension of a polynomial local trial space
on a triangle in order to accommodate global C1-continuity. However, we may dispense
with polynomial local trial spaces and resort to so-called composite finite elements
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that rely on piecewise polynomial local trial spaces. This sacrifices ΠK ⊂ C∞(K), cf.
Remark 3.17.

An example is the Xie-Clough-Tocher triangle with a local piecewise cubic trial
space of dimension 12:

(i) K is a non-degenerate triangle with vertices ν1,ν2,ν3

(ii) K is split into three sub-triangles K1, K2, K3 by connecting its vertices with the
barycenter 1

3
(ν1 + ν2 + ν3). Then

ΠK := {v ∈ C1(K) : v|Ki ∈ P3(Ki), i = 1, 2, 3} .

(iii)

ΣK := {v 7→ v(ν i), i = 1, 2, 3,

v 7→ ∂v

∂ξj
(νi), i = 1, 2, 3, j = 1, 2,

v 7→ 〈grad v(1/2(ν i + νj)),nij〉 , 1 ≤ i < j <≤ 3} .

The bottom line is that H2-conforming finite elements require relatively large local
trial spaces and “complicated” degrees of freedom.

Remark 3.82. For none of the above families of H2-conforming finite elements on
triangles it is possible to choose local degrees of freedom that convert them into affine
equivalent families. The culprit is he presence of a face normal vector in the definitions
of ΣK .

Bibliographical notes. The details of finite elements for variational problems in H 2(Ω)
are discussed in [12, Ch. 6].

3.9 Algorithmic issues

A finite element scheme for the discretization of a boundary value problem has to be
implemented carefully in order to achieve maximum efficiency.

3.9.1 Assembly

Assembly is a common term for computing and storing the matrix and right hand side
vector of the linear system of equations (LSE) arising from the finite element discretiza-
tion of a linear variational problem, cf. (LVP),

u ∈ V : b(u, v) = 〈f, v〉V ∗×V ∀v ∈ V
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posed on some function space V , see Sect. 1.5.
We write Vn ⊂ V for the finite element space built on a triangulation M of the

computational domain Ω, see Sect. 3.3. It must posses a basis B = {b1, . . . , bN}, N :=
dimVn, of locally supported global shape functions as explained in Sect. 3.5. By (1.24),
the crucial matrix B and right hand side vector ϕ are given by

B =
(

b(bj, bi)
)N
i,j=1
∈ RN,N , ϕ =

(〈
f, bi

〉
V ∗×V

)N
i=1
∈ RN . (3.11)

In the finite element context B is called stiffness matrix and ϕ is known as load
vector.

In Ch. 2 we have learned that for relevant boundary value problems the bilinear form
b and right hand side functional will always involve a single integration over the compu-
tational domain Ω. In particular they can be written in terms of cell contributions:

b(u, v) =
∑

K∈M
bK(u|K, v|K) , 〈f, v〉V ∗×V =

∑

K∈M
fK(v|K) . (3.12)

where the bK are bilinear forms on V|K, and fK are local source term functionals sup-
ported on K.

Example 3.83. In the case of the primal variational formulation of a second-order
elliptic boundary value problem with source function f ∈ L2(Ω) we trivially have

b(u, v) :=

∫

Ω

〈A grad u, grad v〉 dξ =
∑

K

∫

K

〈A grad u, grad v〉 dξ

︸ ︷︷ ︸
=:bK(u|K ,v|K)

,

〈f, v〉V ∗×V :=

∫

Ω

fv dξ =
∑

K

∫

K

fv dξ

︸ ︷︷ ︸
=:fK(v|K )

.

In Sect. 3.5 we have found that the restrictions of global shape functions to individual
cells K ∈ M will coincide with local shape functions from the local trial spaces ΠK .
Combined with (3.12) this will be key to assembling the

Definition 3.84. Given the set {bK1 , . . . , bKk }, k = dim ΠK, of local shape functions
for the finite element (K,ΠK,ΣK), K ∈ M, we call

BK :=
(
bK(bKi , b

K
j )
)k
j,i=1
∈ Rk,k

the element stiffness matrix for K. The element load vector ϕK ∈ Rk is given
by

ϕK :=
(
fK(bKi )

)k
i=1

.
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Theorem 3.85. The stiffness matrix and load vector can be obtained from their cell
counterparts by

B =
∑

K

TT
KBKT , ϕ =

∑

K

TKϕK , (ASS)

with the T-matrices TK ∈ RkK ,N , kK := dim ΠK, defined by

(TK)ij :=

{
1 , if bj|K = bKi ,

0 , if supp(bj) ∩K = ∅ ,
1 ≤ i ≤ kK, 1 ≤ j ≤ N .

Proof.

(B)ij = b(bj, bi) =
∑

K∈M
bK(bj |K, b

i
|K)

=
∑

K∈M, supp(bj)∩K 6=∅, supp(bi)∩K 6=∅
bK(bKl(j), b

K
l(i))

=
∑

K∈M, supp(bj)∩K 6=∅, supp(bi)∩K 6=∅
(BK)l(i),l(j) ,

where l(i) ∈ {1, . . . , kK}, 1 ≤ i ≤ N , is the index of the local shape function correspond-
ing to the global shape function bi on K. Hence,

(B)ij =
∑

K∈M, supp(bj)∩K 6=∅, supp(bi)∩K 6=∅

k∑

l=1

k∑

n=1

(TK)li (BK)ln (TK)nj .

�

Example 3.86.

We consider Lagrangian finite elements (see
Sect. 3.8.1) of degree 1 on the mesh sketches
beside. The T-matrix for the marked tri-
angle and the triangulation sketched beside
reads

TK∗ =




0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0


 ,

if the indicated numbering of global and lo-
cal shape functions is used.

1

2

3

1 2

3

4

5

67

8

9

10

11

12

PSfrag replacements

K∗
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Remark 3.87. In Sect. 3.8.2 we encountered the situation where the use of only one
reference element could mean that a global shape function restricted to a cell is equal
to the negative of a local shape function. In this case the concept of the T-matrices can
be generalized to allow for entries ∈ {−1, 0, 1}.

We observe that the bilinear forms b underlying the weak formulation of the boundary
value problems discussed in Ch. 2 are local in the sense that

u, v ∈ V : | supp(v) ∩ supp(w)| = 0 ⇒ b(u, v) = 0 . (LOC)

Hence, if there is no overlap of the supports of two global shape functions, then the
corresponding entry of the stiffness matrix will be zero.

Lemma 3.88. Let the global shape function bF ∈ Vn be associated with the node/edge/face
F of a conforming triangulationM. Then the row and column of the finite element stiff-
ness matrix B corresponding to bF have at most

∑

K∈M, F⊂K

dim ΠK

non-zero entries.

Proof. This estimate is immediate from Thm. 3.36 and (LOC). �
As a consequence, if

• there is an upper bound nM for the number of closed intersecting cells of a con-
forming triangulationM,

• the dimensions of the trial spaces are uniformly below a small constant D ∈ N for
all cells,

then

the finite element stiffness matrix will have at most nM ·D ·N , N := dim Vn,
non-zero entries. This means that for N � 1, ie. meshes with many elements,
only a small fraction of the entries of the stiffness matrix will be non-zero, it
will be sparse.

Remark 3.89. As a consequence of (LOC), finite element stiffness matrices often
turn out to be structurally symmetric, even if B = BT fails to hold. This means

bij 6= 0 ⇔ bji 6= 0 , 1 ≤ i, j ≤ N .

Example 3.90. If the smallest angles of the triangles of a two-dimensional conforming
simplicial triangulation are bounded from below by α > 0, then at most b2π/αc (closed)
triangles can intersect.
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Example 3.91. For H1-conforming linear Lagrangian finite elements on the trian-
gulation of Example 3.86 and assuming the numbering of global shape functions given
there, we obtain the following sparsity pattern for the stiffness matrix.

B =




∗ ∗ ∗ 0 0 0 0 0 0 0 ∗ ∗
∗ ∗ ∗ 0 ∗ 0 ∗ 0 ∗ 0 0 ∗
∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 0 0
0 0 0 ∗ ∗ ∗ ∗ 0 0 0 0 0
0 ∗ ∗ ∗ ∗ 0 ∗ 0 0 0 0 0
0 0 0 ∗ 0 ∗ ∗ ∗ 0 0 0 0
0 ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0
0 0 0 0 0 ∗ ∗ ∗ ∗ ∗ 0 0
0 ∗ 0 0 0 0 ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 0 0 0 0 ∗ ∗ ∗ ∗ 0
∗ 0 0 0 0 0 0 0 ∗ ∗ ∗ ∗
∗ ∗ 0 0 0 0 0 0 ∗ 0 ∗ ∗




,

where ∗ stands for a potential non-zero entry. If we replaced ∗ with 1, the matrix would
describe the graph of the mesh.

Remark 3.92. When dealing with sparse matrices in MATLAB, one must use special
sparse matrix functions like the sparse function for creating matrices. Gross inefficiency
results, if one inadvertently carries out conversions to dense matrices. In MATLAB the
sparsity pattern of a matrix can be visualized by means of the spy command.

Exercise 3.18. Compute a tight upper bound for the number of non-zero entries of
the stiffness matrix, if cubic H1-conforming Lagrangian elements according to Def. 3.54
are used on the triangulation of 3.86 in order to discretize the variational problem (NVP).

Answer the same question for the lowest order H(div)-conforming space from Def. 3.63
and a variational problem of the type (FWD).

3.9.2 Local computations

Two main options exist for the computation of the entries of element stiffness matrices.
As an example for analytic evaluation, which is the first option, we present the case

of degree m Lagrangian finite elements on a triangle (see Def. 3.54 in Sect. 3.8.1) applied
for the Galerkin discretization of the bilinear form

b(u, v) :=

∫

Ω

〈grad u, grad v〉 dξ . (3.13)

Pick a generic triangle K. All local shape functions bi on K, will possess a representa-
tion in terms of the barycentric coordinate functions λ1, λ2, λ3 of K, see Def. 3.49 and
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Lemma 3.51:

bi =
∑

� ∈ � 30 ,| � |=m
κ � λα1

1 λα2
2 λα3

3 , κ � ∈ R , (3.14)

which involves

grad bi =
∑

� ∈ � 30 , | � |=m
κ �
(
α1λ

α1−1
1 λα2

2 λα3
3 gradλ1 + α2λ

α1
1 λα2−1

2 λα3
3 gradλ2+

α3λ
α1−1
1 λα2

2 λα3−1
3 gradλ3

)
.

(3.15)

The bottom line is that for the evaluation of the localised bilinear form bK for local
shape functions we have to compute integrals of the form

∫

K

λβ1
1 λ

β2
2 λ

β3
3 〈gradλi, gradλj〉 dξ , i, j ∈ {1, 2, 3}, βk ∈ N . (3.16)

Let the vertices ν1,ν2,ν3 of the triangle K be arranged in counterclockwise fashion.
Then we find the formulas

λ1(ξ) =
1

2|K|

(
ξ −

(
ν2

1

ν2
2

))
·
(
ν2

2 − ν3
2

ν3
1 − ν2

1

)
,

λ2(ξ) =
1

2|K|

(
ξ −

(
ν3

1

ν3
2

))
·
(
ν3

2 − ν1
2

ν1
1 − ν3

1

)
,

λ3(ξ) =
1

2|K|

(
ξ −

(
ν1

1

ν1
2

))
·
(
ν1

2 − ν2
2

ν2
1 − ν1

1

)
.

The gradients of the barycentric coordinate functions are constant and read

gradλ1 =
1

2|K|

(
ν2

2 − ν3
2

ν3
1 − ν2

1

)
, gradλ2 =

1

2|K|

(
ν3

2 − ν1
2

ν1
1 − ν3

1

)
, gradλ3 =

1

2|K|

(
ν1

2 − ν2
2

ν2
1 − ν1

1

)
.

Geometric computations show

(〈grad λi, gradλj〉)3
i,j=1

=
1

2|K|




1− cotω3 − cotω2 − cotω3 − cotω2

− cotω3 1− cotω3 − cotω1 − cotω1

− cotω2 − cotω1 1− cotω2 − cotω1


 , (3.17)

where ωi is the angle at vertex ν i.

Exercise 3.19. Prove the formula (3.17).

Apart from (3.17), the next formula is the second ingredient for successfully tackling
(3.16).
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1 , ν

1
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T

ν2 = (ν2
1 , ν

2
2)
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ν3 = (ν3
1 , ν

3
2)
T

Figure 3.18: Generic triangular element

Lemma 3.93. For any non-degenerate triangle K and β1, β2, β3 ∈ N,

∫

K

λβ1
1 λ

β2
2 λ

β3
3 dξ = 2|K| · β1! β2! β3!

(β1 + β2 + β3 + 2)!
.

Proof. The first step amounts to a transformation of K to the “unit triangle” K̂ :=
convex

{(
0
0

)
,
(

1
0

)
,
(

0
1

)}
, which leads to

∫

K

λβ1
1 λ

β2
2 λ

β3
3 dξ = 2|K|

1∫

0

1−ξ1∫

0

ξβ1
1 ξ

β2
2 (1− ξ1 − ξ2)β3 dξ2dξ1

= 2|K|
1∫

0

ξβ1

1

1∫

0

(1− ξ1)β2+β3+1sβ2(1− s)β3 ds dξ1

= 2|K|
1∫

0

ξβ1

1 (1− ξ1)β2+β3+1 dξ1 ·B(β2 + 1, β3 + 1)

= 2|K| B(β1 + 1, β2 + β3 + 2) ·B(β2 + 1, β3 + 1) ,

where we used the substitution s(1− ξ1) = ξ2 to arrive at Euler’s beta functions

B(α, β) :=

1∫

0

tα−1(1− t)β−1 dt , 0 < α, β <∞ .
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Using the known formula Γ(α + β)B(α, β) = Γ(α)Γ(β), Γ the Gamma function, we end
up with

∫

K

λβ1
1 λ

β2
2 λ

β3
3 dξ = 2|K| · Γ(β1 + 1)Γ(β2 + 1)Γ(β3 + 1)

Γ(β1 + β2 + β3 + 3)
.

Then, Γ(n) = (n− 1)! finishes the proof. �

Remark 3.94. Lemma 3.93 can be extended to simplices in dimension d. If λi i =
1, . . . , d+ 1 stand for barycentric coordinate functions of a d-simplex K, we have

∫

K

λα1
1 · · · · · λαd+1

d+1 dξ = d!|K| α1!α2! · · · · · αd+1!

(α1 + α2 + · · ·+ αd+1 + d)!
∀α ∈ Nd+1

0 .

Exercise 3.20. Compute the element stiffness matrix related to the L2(Ω) inner
product (which plays the role of the bilinear form) and quadratic Lagrangian finite
elements on a triangle.

We remark that the global matrix related to the L2(Ω) inner product is often called
mass matrix.

Exercise 3.21. For τ > 0 consider the bilinear form

b(u,v) :=

∫

Ω

div u · div v dξ + τ

∫

Ω

〈u,v〉 dξ , u,v ∈ H(div; Ω) .

Compute the element stiffness matrix for this bilinear form, when lowest degree H(div)-
conforming finite elements introduced in Thm. 3.64 are used on a triangular cell in two
dimensions.

3.9.3 Numerical quadrature

Another approach to local evaluation is the use of numerical quadrature. It
amounts to the following approximation of the integrals occuring in the definition of
the bilinear form and of the source term:

∫

Ω

f(ξ) dξ ≈
∑

K∈M
|K|

PK∑

l=1

ωKl f(πKl ) . (NUQ)

This formula makes sense forM-piecewiese continuous functions f that allow continuous
extensions from K onto ∂K for all K ∈ M. The ωKl are called the local weights, the
points πKl ∈ K are the local nodes. Together, they constitute a local quadrature
rule on K. We point out that

only quadrature rules with positive weights are numerically stable.
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Local quadrature formulas are usually defined on reference cells: if K ∈ M , K̂ a
corresponding reference cell, and Φ : K̂ 7→ K the diffeomorphism connecting both, then
the local quadrature rule

∫
�
K

f(ξ̂) dξ̂ ≈ |K̂|
P∑

l=1

ω̂l f(π̂l)

on K̂ will spawn a quadrature rule on K by setting ωKl := ω̂l and πKl := Φ(π̂l).

Remark 3.95. If K is a simplex, then the use of a reference cell can be avoided, when
the quadrature nodes are described through their barycentric coordinates.

The quality of a local quadrature rule on K is gauged by determining the
largest space of polynomials on K̂ that the corresponding quadrature rule on
the reference cell manages to integrate exactly.

Example 3.96. IfK is a triangle, the we can use the“unit triangle”K̂ := convex
{(

0
0

)
,
(

1
0

)
,
(

0
1

)}

as reference cell. Writing the quadrature rules on K̂ as finite sets of pairs (ω̂1, π̂1), . . . , (ω̂P , π̂P ),
P ∈ N, we find that

{(
1

3
,

(
0

0

))
,

(
1

3
,

(
0

1

))
,

(
1

3
,

(
1

0

))}
(3.18)

is exact for P1(K̂). The similar rule
{(

1

3
,

(
1/2

0

))
,

(
1

3
,

(
0

1/2

))
,

(
1

3
,

(
1/2

1/2

))}
(3.19)

is exact even for P2(K̂)! If we use inner points of the triangle, we can achieve exactness
for surprisingly high polynomial degrees. The very simple rule

{(
1,

(
1/3

1/3

))}
(3.20)

is already exact for P1(K̂), whereas the 7-point rule
{(

9

80
,

(
1/3

1/3

))
,

(
155 +

√
15

2400
,

(
6+
√

15/21

6+
√

15/21

))
,

(
155 +

√
15

2400
,

(
9−2
√

15/21

6+
√

15/21

))
,

(
155 +

√
15

2400
,

(
6+
√

15/21

9−2
√

15/21

))
,

(
155−

√
15

2400
,

(
6−
√

15/21

9+2
√

15/21

))
,

(
155−

√
15

2400
,

(
9+2
√

15/21

6−
√

15/21

))
,

(
155−

√
15

2400
,

(
6−
√

15/21

6−
√

15/21

))}
(3.21)

is exact even for quintic polynomials ∈ P5(K̂). Many more quadrature rules on triangles
and tetrahedra are known, see [39, Ch. 3].
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Figure 3.19: Evaluation points for the 7-point rule on the reference triangle.

Remark 3.97. Usually, in a finite element code only a few local quadrature rules will
be needed. Their nodes and weights should be stored in look-up tables.

Example 3.98. For a quadrilateral cell K the natural reference cell is the unit square
K̂ := convex

{(
0
0

)
,
(

1
0

)
,
(

0
1

)
,
(

1
1

)}
. On K̂ a straightforward tensor product construction

yields suitable quadrature rules: if {(ω1, π1), . . . , (ωP , πP )}, P ∈ N, is a quadrature rule
on the interval ]0, 1[ that is exact for Pm(]0, 1[), then

{
(ω2

1,
(
π1

π1

)
) · · · (ω1ωP ,

(
π1

πP

)
)

...
...

(ω1ωP ,
(
πP
π1

)
) · · · (ω2

P ,
(
πP
πP

)
)

}

will yield a quadrature rule on K̂ that is exact for Q(m,m)(K̂).
Numerical analysis has provided plenty of quadrature rules on ]0, 1[:

• classical Newton-Cotes formulas that rely on an equidistant distribution of quadra-
ture nodes.

• Gauss-Legendre quadrature rules that are exact for P2P+1(]0, 1[) using only P
nodes.

• Gauss-Lobatto quadrature rules that rely on P nodes including the endpoints of
the interval and remain exact for polynomials up to degree 2P .

Remark 3.99. Quadrature rules for triangles can be obtained from quadrature rules
on a square using the Duffy transformation, see Fig. 3.20. When K = convex{

(
0
0

)
,
(

1
0

)
,
(

1
1

)
}

and K̂ =]0, 1[2, then
∫

K

f(ξ1, ξ2) dξ =

∫
�
K

f(ξ̂1(1− ξ̂2), ξ̂2) (1− ξ̂2) dξ̂ .

If f ∈ Pm(K), then the integrand on the right hand side will belong to Qm,m+1(K̂).
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PSfrag replacements
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Figure 3.20: “Duffy transformation” of a square into a triangle

Exercise 3.22. Solve Exercise 3.20 using the quadrature rule (3.18). What will be
the properties of the resulting (approximate) mass matrix.

Exercise 3.23. The Poisson equation, that is, an elliptic boundary value problem
with bilinear form (3.13) has been discretized on a mesh composed of square cells using
Lagrangian finite elements of degree m, m ∈ N. The computation of element stiff-
ness matrices employs a tensor product Gauss-Legendre quadrature rule. How many
quadrature nodes per cells are required in order to avoid any quadrature error?

There are cases where we cannot help using numerical quadrature. For instance, we
may want to solve the variational problem

u ∈ H1(Ω) :

∫

Ω

〈A grad u, grad v〉+ c uv dξ =

∫

Ω

fv dξ ∀v ∈ H1(Ω) . (3.22)

Usually, the coefficients and source functions will

• be supplied as complicated analytical expressions, or

• they are only accessible via point evaluations, because they are provided by a
sub-routine of the finite element code.

The latter case is very common, if the coefficient functions themselves are the result
of numerical approximation. In these two cases an analytical evaluation of the element
stiffness matrix and load vector is no longer feasible and numerical quadrature has to be
used.

The use of numerical quadrature inevitably introduces another approximation, which
will contribute to the overall discretization error. The general rule is that
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The error due to numerical quadrature must not dominate the total discretiza-
tion error in the relevant norms.

In Sect. 4.7 we will see that this can be ensured by selecting quadrature rules that are
exact for polynomials of sufficiently high degree.

Remark 3.100. An alternative to numerical quadrature for (3.22) is polynomial in-
terpolation of coefficients and source functions followed by analytical evaluation of the
localised integrals.

3.9.4 Boundary approximation

According to our concept of computational domain Ω, see Def. 2.5, we may encounter
smooth, but curved parts of ∂Ω. Parametric finite elements, introduced in Sect. 3.7,
offer a way to deal with them.

To illustrate the idea we consider a computational domain Ω ⊂ R2 that has been
approximately triangulated by a conforming simplicial triangulation. We pick a triangle
K̂, for which two vertices ν1,ν2 are located on Γ, see Figure 3.21.

PSfrag replacements

ν1

ν2

ν3

Γ

K̂
nEΓ

Figure 3.21: Triangle at curved boundary and quadratic approximation of the boundary

Using a suitable mapping we aim to fit the shape of K̂ to the boundary by replacing
the straigt edge EΓ by a piece of a parabola: The part of Γ between ν1 and ν2 is viewed
as the graph of a function over EΓ. Then quadratic polynomial interpolation with nodes
in ν1,ν2 and the midpoint of EΓ is carried out.

To convert this idea into a transformation for K̂, let δ denote the distance of the
intersection point of the perpendicular bisector of EΓ with Γ. Then, writing λi for the
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barycentric coordinate functions on K̂, the mapping

Φ(ξ̂) := ξ̂ + 4δ λ1(ξ̂)λ2(ξ̂) · n ,

n standing for the exterior unit normal to EΓ, will take K̂ to a altered cell K with curved
boundary, which will become a cell of the final boundary fitted mesh. We note that

DΦ = Id+ 4δ n · grad(λ1λ2)T , det(DΦ) = 4δ 〈n, grad(λ1λ2)〉 ,

that is, both the Jacobi matrix and its determinant are polynomial of degree 1. This kind
of polynomial boundary approximation can be generalized to higher polynomial degree
and three dimensions. This is an example for the use of parametric finite elements, see
Sect. 3.7.

Summing up, polynomial boundary approximation relies on polynomial interpolation
of parts of the boundary that are considered as graphs of a function over straight
edges/flat faces of a preliminary triangulation.

Example 3.101. Assume that we want to solve the Poisson equation on the domain Ω
with curved boundary. The related bilinear form is (3.13). We employ a transformation

approach to the computation of the element stiffness matrix for the cell K = Φ(K̂).
Using the transformation (GT) of gradients, we get

∫

K

〈grad u, grad v〉 dξ =

∫
�
K

〈
DΦT grad û, DΦT grad v̂

〉
| detDΦ| dξ̂ .

If parametric Lagrangian finite elements of degree 1 are used on K, we merely have to
integrate cubic polynomials over K̂. This can be done analytically using the techniques
outlined in Sect. 3.9.2.

Exercise 3.24.

A raw mesh of the unit disk Ω := {ξ ∈ R2 :
|ξ| < 1} is obtained by inscribing a regu-
lar dekagon into the unit circle, see sketch
beside. A better mesh results from piece-
wise quadratic boundary approximation as
explained above. Compute the stiffness ma-
trix related to the bilinear form (3.13) for
triangular Lagrangian finite elements of de-
gree 1 on the boundary fitted mesh.
Specify a parametric mapping for the cells of
the raw mesh that will yield a perfect bound-
ary approximation.
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3.9.5 Data structures

The issue of data structures mainly concerns the internal representation of the mesh
and of the stiffness matrix in a finite element code. For the sake of simplicity, we will
only consider conforming triangulations consisting of simplices or tensor product cells.

The bare minimum of information the mesh data structure has to provide is

1. a unique identification and the geometric location of all nodes,

2. a possibility to traverse the set of nodes of every cell in a fixed order,

3. a way to run through the edges/faces of a cell in predifined order,

4. and a method for iterating through all cells of the mesh.

We will take this minimal information for granted but little else. Of course, often a
wealth of problem dependent information (e.g. about coefficients and boundary condi-
tions) has to be available on the cell level.

Two different schemes are widely used for storing mesh information.

1. FORTRAN/MATLAB-style array oriented data layout. For a conforming
d-dimensional simplicial triangulationM the coordinates of the nodes (set N (M),
see Def. 3.4) are stored in an ]N (M)× d array coords of real numbers. Another
]M× (d+ 1)-array cells of integers provides the numbers of the nodes that form
the vertices of each simplex. These numbers refer to the indices of the nodes in
the coord-array. This data layout is very similar to the file format discussed in
Remark 3.14.

Example 3.102. For a simple two-dimensional simplicial triangulation with 9
nodes the array oriented description is given in Fig. 3.22. This is only rudimentary
information. For instance, one may want to supplement it with a ]EΓ(M) × 2
integer array bdedges that tells the edges on the boundary Γ along with a flag
specifying the relevant boundary conditions.

Of course, also “maximal” information about the mesh can be kept in an array
oriented fashion. For instance, in the case of a conforming three-dimensional sim-
plicial triangulation, the cells array may be of dimension ]M× 14, where each
line contains four vertex indices, six edge indices, and four face indices.

2. C++/JAVA-style object oriented data layout. Each node and cell of the
mesh M corresponds to a dynamically allocated instance of class Node and Cell,
respectively. A special object of class Mesh takes care of global mesh management.
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Figure 3.22: Array oriented storage of mesh information for a two-dimensional simplicial
triangulation.

Faces on the boundary may be stored separately in order to impose boundary
conditions. A possible basic C++ implementation in depicted in Fig. 3.23, 3.24.
The id data member of Node is optional and supplies a unique “identifier” for a
node.

Of course, more information can easily be included into this data layout by intro-
ducing classes for edges/faces, too. Possibilities for extension are almost unlimited.

class Node {

private:

double x,y;

ID id;

public:

Node(double x,double y,ID id=0);

Point getCoords(void) const;

ID getId(void) const;

};

class Cell {

private:

const vector<Node*> vertices;

public:

Cell(const vector<Node*>

&vertices);

int NoNodes(void) const;

const Node &getNode(int) const;

};

Figure 3.23: Class skeletons for nodes and cells of a two-dimensional triangulation

The finite element stiffness matrix B will usually be sparse, see Sect. 3.9.1, and there-
fore it would be grossly wasteful to store it in a regular N × N -array of real numbers,
N the dimension of the finite element space Vn.
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class BdFace {

private:

const vector<Node*> vertices;

BdCond bdcond;

public:

BdFace(const vector<Node*>

&vertices);

int NoNodes(void) const;

const Node &getNode(int) const;

BdCond getBdCond(void) const;

};

class Mesh {

private:

list<Node> nodes;

list<Cell> cells;

list<BdFace> bdfaces;

public:

Mesh(istream &file);

virtual ~Mesh(void);

const list<Node> &

Nodes(void) const;

const list<Cell> &

Cells(void) const;

const list<BdFace> &

BdFaces(void) const;

}

Figure 3.24: Classes for boundary faces and mesh management

A much more efficient data layout is offered by the wide used compressed row
storage (CRS), an array based storage scheme. This matrix representation is based
on three arrays: one for real numbers (val), and the other two for integers (col_ind,
row_ptr). The val array stores the values of the non-zero elements of the matrix
B ∈ RN,N as they are traversed in a row-wise fashion. It contains nnz(B) elements,
where

nnz(B) := ]{(i, j) ∈ {1, . . . , N}2 : (B)ij 6= 0}

is the total number of non-zero entries of B. The col_ind array has length nnz(B)
and contains the column indices of the elements in val. That is, if val[k] = bij, then
col ind[k] = j, 1 ≤ k ≤ nnz(B), 1 ≤ i, j ≤ N . The row_ptr array provides the
locations in the val array that start a row, that is, if val[k] = bij, then row ptr[i] ≤ k <
row ptr[i+1], 1 ≤ k ≤ nnz(B), 1 ≤ i ≤ N . By convention, row ptr[N+1] = nnz(B)+1.

A matrix B stored in the CRS format requires nnz real numbers and nnz +N + 1
integers. For sparse matrices this means a considerable saving in memory, compared to
the N2 real numbers for dense storage, cf. Lemma 3.88.

For symmetric finite element stiffness matrices the diagonal CRS format is popular:
the strictly lower triangular part of the matrix is stored in the usual CRS format, whereas
the diagonal resides in an extra N -array diag. If the matrix is merely structurally
symmetric, see Remark 3.89, then strictly lower and upper triangular parts can be stored
in CRS fashion using two val arrays val_lower and val_upper.

Example 3.103. As an example for the standard CRS format we consider the non-
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symmetric matrix A defined by

A =




10 0 0 0 −2 0
3 9 0 0 0 3
0 7 8 7 0 0
3 0 8 7 5 0
0 8 0 9 9 13
0 4 0 0 2 −1



.

The CRS format for this matrix is then specified by the following arrays

val 10 -2 3 9 3 7 8 7 3 . . . 9 13 4 2 -1
col_ind 1 5 1 2 6 2 3 4 1 . . . 5 6 2 5 6

row_ptr 1 3 6 9 13 17 20 .

Exercise 3.25. A structurally symmetric sparse matrix B ∈ RN,N is stored in diagonal
CRS format involving the arrays

val_diag : entries of diagonal of B (length N)
val_upper : non-zero entries of strictly upper triangular part of B
val_lower : non-zero entries of strictly lower triangular part of B
col_ind : column indices for strictly lower triangular part
row_ptr : row starts for strictly lower triangular part

Write a MATLAB function
y = matvec(x,val_diag,val_upper,val_lower,col_ind,row_ptr)

that performs the multipilcation of B with x ∈ RN and returns the result in y.

Remark 3.104. Sometimes one can completely dispense with storing the stiffness
matrix B This is the case, when the only operation needed is the multiplication of B
with a vector. In many cases this can be sufficient for computing an approximate solution
of the linear system (LSE). Then only the element stiffness matrices need be computed
and formula (ASS) from Thm. 3.85 is used to carry out a matrix×vector-multiplication.
No matrix entries will be kept in memory permanently.

Bibliographical notes. Storage formats for sparse matrices are reviewed in [5, Sect. 4.3].
Finite element data structures are mainly discussed in the manuals of finite element codes
like UG http://cox.iwr.uni-heidelberg.de/~ug/intro.html , NETGEN http://www.hpfem.jku.at/netgen/ ,
KASKADE and PLTMG [3]. Articles dealing with these issues are, among others,
[29, 6, 24, 16]. A MATLAB implementation is discussed in [1].
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3.9.6 Algorithms

We mainly discuss algorithmic issues connected with assembly of the stiffness matrix
and load vector, see Sect. 3.9.1. An important guideline is that

assembly should be conducted in a cell oriented fashion.

We illustrate the main principles of an efficient assembly in the case of quadratic
Lagrangian finite elements used for the discretization of a second-order elliptic boundary
value problem in primal form. The basic data structures for mesh representation are
taken for granted, see Sect. 3.9.5.

The core assembly procedure in C++-syntax is listed as Algorithm 3.1. It is de-
signed as a method of class Mesh, see Fig. 3.24, because access to global information is
indispensable. Further, we assume that a method

int getEdgeID(const Cell &,unsigned int) const (3.23)

of class Mesh is provided that computes the matrix/vector index corresponding to the de-
gree of freedom located on the edge opposite to vertex K. Assuming constant complexity
of all elementary function calls, we notice that

the total computational effort is of the order O(]M) = O(N), N := dim Vn.

Remark 3.105. The method getEdgeID can be implemented using an associative
storage scheme based on hash tables. The hash key can be computed from the index
numbers of the endoints of the edge. After initialization the hash map is traversed once
in order to set the global edge numbers.

In the above example we had to rely on a numbering of the edges in order to handle
the global d.o.f. associated with them. This reflects the fact that

assembly entails a numbering of the global shape functions/global d.o.f.

This can be achieved in several different ways:

1. Cells can be provided with information about the index numbers of their edges
and faces. However their efficient initialization poses a challenge.

2. The index numbers of d.o.f. can be stored in separate data structures as the hash
table of Remark 3.105.
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void Mesh::assemble(StiffnesMatrix &B,LoadVector &f) {

B = 0; f = 0;

for(K=Cells().begin();K!=Cells().end();K++) {

// Computation of local stiffness matrix and load vector

FullMatrix BK(compLocalStiffnessMatrix(*K));

vector<double> fK(compLocalLoadVector(*K));

// Retrieval of row/column indices corresponding to local d.o.f.

int nodeid[3];

for(i=1;i<=3;i++) { nodeid[i] = (K->getNode(i)).getId(); }

int edgeid[3];

for(i=1;i<=3;i++) { edgeid[i] = getEdgeID(K,i); }

// Update of contributions to global stiffness matrix and load vector

for(i=1;i<=3;i++) {

for(j=1;j<=3;j++) {

B(nodeid[i],nodeid[j]) += BK(i,j);

B(nodeid[i],edgeid[j]) += BK(i,3+j);

B(edgeid[i],nodeid[j]) += BK(i+3,j);

B(edgeid[i],edgeid[j]) += BK(i+3,j+3);

}

f(nodeid[i]) = fK[i];

f(edgeid[i]) = fK[i+3];

}

}

Algorithm 3.1: Assembly of finite element stiffness matrix for quadratic Lagrangian finite
elements on a simplicial triangulation in two dimensions.

Exercise 3.26. On a two-dimensional simplicial mesh M we have computed the
solution of a second-order elliptic boundary value problems by means of quadratic finite
elements. The coefficients of the solution, that is, the values of the global degrees of
freedom according to Def. 3.54, are stored in the vector µ ∈ RN .

Design a method double Mesh::calcL2(vector<double> mu) that computes the L2-
norm of the finite element solution. The same data structures as in Algorithm 3.1 should
be used.

Exercise 3.27. We are given a two-dimensional oriented simplicial triangulationM,
stored in object oriented fashion, see Sect. 3.9.5 and, in particular, Figures 3.23 and
3.24. Each node is tagged with a unique integer indentifier (id), see Fig. 3.23, and an
edge F is pointing from the endpoint with smaller id to that with larger id.
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Let FΩ(M) stand for the set of interior edges of M.
For each oriented edge F ∈ FΩ(M) we distinguish
its “+-side” and “−-side” as indicated in the drawing
beside. The crossing direction of F is from “−” to
“+”. The unit vector nF is supposed to point in this
direction.

−

+
PSfrag replacements

nF

We consider the mesh-dependent bilinear form

b(u, v) :=
∑

F∈F(M)

∫

F

[〈grad u,nF 〉]F [〈grad v,nF 〉]F dS , u, v ∈ S1(M) ,

where [v]F stands for the jump of a M-piecewise continuous function v across the edge
F : [v]F = v+−v−, v+ being the value of v on the “+-side”, v− the value on the “−-side”.
If F ⊂ Γ, we set [v]F := v|F .

Devise a method
void jumpassemble(StiffnessMatrix &B) const

of the class Mesh that computes the stiffness matrix arising from the biliner form
b for linear Lagrangian finite elements according to Def. 3.54. You may use informa-
tion about the total number of nodes, edges, and cells of M, provided by methods
int Mesh::getNoNodes(), int Mesh::getNoEdges(), int Mesh::getNoCells(), and
a method int Mesh::getEdgeID(const Cell &,int) as in (3.23) that returns a unique
integer identifier ∈ {1, . . . , ]E(M)} when invoked with the index numbers of the two end-
points of an edge.

3.9.7 Treatment of essential boundary conditions

For g ∈ H1/2(Γ) we examine the Dirichlet problem: seek u ∈ H1(Ω), R1 u = g on Γ,
such that ∫

Ω

〈grad u, grad v〉 dξ =

∫

Ω

fv dξ ∀v ∈ H1
0(Ω) . (3.24)

Here, the Dirichlet boundary conditions play the role of essential boundary conditions.
From Sect. 2.8 we recall that it took an extension ug of the Dirichlet data g to arrive at
the proper linear variational problem (EVP).

Let us study the Galerkin finite element discretization of (3.24) by means of a H1-
coforming finite element space Vn. Imagine Vn as Lagrangian finite element space Sm(M)
built on a conforming triangulation of M. The treatment of essential boundary condi-
tions comprises two steps:

1. The first complication is that, probably, g 6∈ R1(Vn). Thus, in a first step we have
to replace g by Gn ∈ R1(Vn) obtained by some projection onto R(Vn). Often, the
finite element interpolation operator I(Vn) restricted to Γ is used. Here, “restricted”
means that only global d.o.f. supported on Γ are considered in the interpolation.
Of course, sufficient smoothness of g has to be assumed.
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Example 3.106. If Vn = S1(M) and g ∈ C0(Γ), we can simply perform linear
interpolation based on the values of g in N (M) ∩ Γ in order to get gn.

2. Given gn we can resort to trivial discrete extension: we define ug,n ∈ Vn by

l(ug,n) :=

{
l(gn) if l is supported on Γ,

0 otherwise.

Example 3.107. Continuing Example 3.106, in this case ug,n ∈ S1(M) is just that
function that agrees with Gn on Γ and vanishes on all nodes of M in the interior of Ω.

After these two steps the discrete variational problem corresponding to (3.24) reads:
seek un ∈ Vn,0 such that

∫

Ω

〈grad(un + ug,n), grad vn〉 dξ =

∫

Ω

fvn dξ ∀v ∈ Vn,0 , (3.25)

where Vn,0 := Vn ∩H1
0 (Ω).

On the algebraic level, things look slightly different. The set of global shape functions
is partitioned into those associated with nodes/edges/faces in Ω and those associated
with nodes/edges/faces on Γ. This induces a partitioning of the final linear systems of
equations

(
BΩΩ BΓΩ

BΩΓ BΓΓ

)(
µΩ

µΓ

)
=

(
ϕΩ

ϕΓ

)
. (3.26)

Actually, the coefficients in µΓ are no unknowns, because un is already fixed on Γ, that
is, we know

(
µΓ

)
i

= l(gn) , (3.27)

if the i-th component of µΓ belongs to the global degree of freedom l supported on Γ.
Hence, use (3.27) to determine µΓ, which yields the reduced linear system

BΩΩµΩ = ϕΩ −BΓΩµΓ . (3.28)

Exercise 3.28. The coefficient vector µΩ computed via (3.28) fits the solution un +
ug,n ∈ Vn of (3.25).

3.9.8 Non-conforming triangulations

Now we consider that situation that a (closed) face of some cell of the triangulation
M coincides with the union of several faces of other cells: the mesh M is no longer
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Figure 3.25: Model of a non-conforming simplicial triangulation in 2D

conforming, see Def. 3.8. As a two dimensional model case we will study the simplicial
mesh of Fig. 3.25.

In Fig. 3.25 we focus on the edge F that is composed of the sub-edges F1 and F2. The
common parlance calls F the master edge, whereas F1 and F2 are the slave edges.
As a general rule, the global shape functions/degrees of freedom are defined with respect
to the master edge.

Here we only discuss the example of second degree H1-conforming Lagrangian finite
elements on the triangulation of Fig. 3.25. This will sufficiently convey the abstract
principles. We remember that for triangular Lagrangian finite elements of degree 2, see
Def. 3.54, three local shape functions have non-zero restriction to an edge. If K is a
triangle with vertices ν1,ν2,ν3 the shape functions associated with the edge connecting
ν1 and ν2 have the barycentric representations

b1 = λ1(1− 2λ2) , b12 = 4λ1λ2 , b2 = λ2(1− 2λ1) .

Here, b1 is associated with ν1, b12 with the midpoint of the edge, and b2 belongs to ν2.
In Fig. 3.26 the traces of these shape function on an edge are depicted.

The restriction of the global shape functions to the master edge F should either be
zero or agree with one of the three three local shape functions from K. This rules out
using the standard shape functions on the cells K1 and K2, which are adjacent to F
from the “slave side”. The mismatch is illustrated in Fig. 3.27.

The local shape functions on the cells K1 and K2 have to be modified. Let {b1
1, b

1
12, b

1
2}

be the set of standard local shape functions on K1 associated with the endpoints and
midpoint of F1. The local shape functions on K that belong to F are b1, b12, b2 If we
assume that the point ζ splits F with a ratio of 1 : 2 (|F1| = 1/3|F |), then, on F1,

b1|F1
= 1 · b1

1 + 5/9 · b12 + 2/9 · b12; ,

b12|F1
= 0 · b1

1 + 5/9 · b12 + 8/9 · b2 ,

b2|F1
= 0 · b1

1 − 1/9 · b12 − 1/9 · b1
2 .
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Figure 3.26: Traces of second degree Lagrangian shape functions on an edge, which is
parameterized over [0, 1].
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Figure 3.27: Local shape functions on edge F both from master cell (solid line) and slave
cells (dashed / dotted line)
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That is, to achieve a matching of local shape functions across F1, the standard local shape
functions on K1 have to be replaced by suitable linear combinations. The coefficients
are given by the above relationships.

We assume the numbering of local shape functions for quadratice Lagrangian finite
elements that has already been used in Algorithm 3.1: the basis functions associated with
the vertices will come first, then those associated with the midpoints of edges. Moreover,
we use the numbering of vertices of K1 indicated in Fig. 3.25. Then the re-combination
of local shape functions can formally be expressed through the equation




b̃1

b̃2

b̃3

b̃23

b̃31

b̃12




=




1 2/9 0 0 0 5/9

0 −1/9 0 0 0 −1/9

0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 8/9 0 0 0 5/9







b1

b2

b3

b23

b31

b12




. (3.29)

The new local shape functions are {b̃1, b̃2, b̃3, b̃23, b̃31, b̃12}.
The matrix in (3.29) is called S-matrix ofK1. The S-matrix SK relates the restrictions

of global shape functions on a cell K ∈ M to the standard local shape functions that
are used to compute the element stiffness matrix BK and element load vector ϕK. In
the general case SK has dimension kK × kK, kK := dim ΠK . The S-matrix differs from
the identity only for those cells that are adjacent to the “slave side” of a face/edge.

Lemma 3.108. For a non-conforming triangulation the formulas of Thm. 3.85 have
to be altered into

B =
∑

K∈M
TT
KSKBSTKTK , ϕ =

∑

K∈M
TT
KSKϕK . (3.30)

Proof. Tagging the restrictions of global shape functions to K ∈ M by a tilde we have

b̃Ki =

kK∑

l=1

sil b
K
l .

Write B̃K for the element stiffness matrix computed with respect to the new local shape
functions b̃Ki . Then

(
B̃
)
ij

= b(̃bKj , b̃
K
i ) =

kK∑

l=1

kK∑

m=1

silsjmb(bm, bl) =

kK∑

l=1

kK∑

m=1

silsjm
(
BK

)
lm
,

which means

B̃K = SKBKSTK .

�
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Exercise 3.29. Consider degree 2 Lagrangian finite elements on the triangulation
depicted in Fig. 3.25. Compute the S-Matrix for cell K2.

Exercise 3.30. Face elements according to Def. 3.63 are to be used on the non-
conforming triangulation from Fig. 3.25. Determine the S-Matrix belonging to cell K1

in this case.

3.9.9 Static condensation

There may be global shape functions whose supports coincide with the closure of a
cell of the mesh. For instance, Lagrangian finite elements of degree m, m ∈ N, on a
two-dimensional simplicial triangulation feature those if m ≥ 3. Sometimes, these global
shape functions are called interior basis functions.

If the bilinear form of the variational problem has property (LOC), then all entries
of the stiffness matrix corresponding to pairs of interior basis functions belonging to
different cells will vanish. If we sort the global shape functions in way that counts the
interior basis functions last, then the linear system of equations resulting from finite
element Galerkin discretization will have the following block structure

Bµ =

(
Boo Boi

Bio Bii

)(
µo
µi

)
=

(
ϕo
ϕi

)
= ϕ , (3.31)

where Bii is due to the coupling among interior basis functions. The important obser-
vation is that Bii is block-diagonal with blocks corresponding to the cells of the mesh.
Each block will be of a size equal to the number of interior basis functions of the related
cell. For instance, for Lagrangian finite elements with fixed degree m this number will
be relatively small.

Thus, the block-diagonal matrix Bii can be inverted with a numerical effort propor-
tional to ]M. Thus (3.31) is converted into the smaller Schur-complement system

(
Boo −BoiB

−1
ii Bio

)
µo = ϕo −BoiB

−1
ii ϕi . (3.32)

Due to its reduced size, this system may be easier to solve than the full system (3.31).

Exercise 3.31. Consider Lagrangian finite elements of degree 4 on a very fine two-
dimensional quadrilateral triangulationM of the kind depicted in Fig. 3.5 (right). “Very
fine” means that cells adjacent to Γ need not be taken into account in the considerations.
By what percentage can static condensation reduce the number of unknowns?

3.10 Spectral H1-conforming elements

According to Thm. 1.30 enlarging the finite element space promises to yield a better
Galerkin solution w.r.t. the V -norm. There are two basic ways to “enlarge” a Lagrangian
finite element space:
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1. the h-version of finite elements uses Lagrangian finite elements of the same degree
on a mesh with more cells (“finer mesh”)

2. the p-version of finite elements keeps the mesh, but raises the degree m of the
Lagrangian finite elements. This leads to spectral approximations.

The hp-version of finite elements blends both ideas.
Whenever higher order Lagrangian finite elements are used it turns out to be crucial

to pick appropriate local (→ global) shape functions in order to obtain a linear system
of equations (LSE) with a reasonably conditioned matrix (see Sect. 1.5). Actually,
Def. 3.54 determines the local shape functions, but for m > 1 alternative local degrees
of freedom/local shape functions are possible that will yield the same space Sm(M), cf.
Remark 3.32.

Example 3.109. Consider the Lagrangian finite element of degree two on a triangle
K. Instead of the shape functions from Table 3.2 we can also use the p-hierarchical
local shape functions. Using barycentric coordinates in K, see Def. 3.49, they can be
written as

{bi = λi, i = 1, 2, 3, 4λiλj, 1 ≤ i < j ≤ 3} . (3.33)

This basis is called hierarchical because a subset is a basis of P1(K): the entire basis
emerges by augmenting the set of shape functions for the first degree Lagrangian finite
element on K. Obviously the shape functions match across interelement faces (dual view
according to Remark 3.38) and will yield Sm(M).

Exercise 3.32. Determine local d.o.f. on P1(K) in the form of combinations of point
evaluations that fit the local shape functions from (3.33).

Example 3.109 teaches us how the set of local shape functions of a Lagrangian fi-
nite element (K,ΠK,ΣK) can be altered without affecting the matching property across
interelement faces:

A local shape function supported on a face/edge/vertex F of K can be modified
by adding contributions from other shape functions that are supported on a
face/edge F ′ such that F ⊂ F

′
.

However, the number of local d.o.f./local shape functions associated with a ver-
tex/edge/face/cell must always remain the same.

Example 3.110. Consider cubic Lagrangian finite elements on a triangle K, that is,
ΠK = P3(K), see Def. 3.54. Denote by bKi the local shape function associated with the
vertex i, i = 1, 2, 3. By bKiji, b

K
ijj , 1 ≤ i < j ≤ 3, we mean the local shape function

related to the point in N on the edge connecting vertices i and j that is closer to vertex
i. Finally, bK123 will stand for the interior local shape function.
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As in (3.29) we can use a matrix notation to describe a change of local shape functions.

The above rule will mean that any new set {b̃Ki , b̃Kiji, b̃Kijj, b̃K123} will be generated by




b̃K1
b̃K2
b̃K3
b̃K121

b̃K122

b̃K131

b̃K133

b̃K232

b̃K233

b̃K123




=




∗ 0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ 0 0 0 0 ∗
0 0 0 ∗ ∗ 0 0 0 0 ∗
0 0 0 0 0 ∗ ∗ 0 0 ∗
0 0 0 0 0 ∗ ∗ 0 0 ∗
0 0 0 0 0 0 0 ∗ ∗ ∗
0 0 0 0 0 0 0 ∗ ∗ ∗
0 0 0 0 0 0 0 0 0 ∗







bK1
bK2
bK3
bK121

bK122

bK131

bK133

bK232

bK233

bK123




,

where ∗ indicates potentially non-zero entries of the matrix. Besides, the transformation
matrix has to be regular.

Figure 3.28: Possible modifications of local shape functions for Lagrangian finite ele-
ments of degree 3. The disks indicate local shape function that can con-
tribute to a modification of the local shape functions marked by a square.

We have seen that for higher degree Lagrangian finite elements we have ample freedom
to choose local and global shape functions. In light of the insights gained in Sect. 1.5,
we cannot hope to influence the discretization error by changing the basis, but we can
hope to “improve” the stiffness matrix. The usual objective is to

achieve a small condition number of the stiffness matrix.

Thus, the “optimal” set of global shape functions will depend on the variational prob-
lem that we want to tackle.

Usually the task of finding an optimal set of global shape functions is impossible to
solve. Instead one tries to reduce the condition number of the element stiffness matrices.
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3 Primal Finite Element Methods

Remark 3.111. We examine the case of a symmetric positive definite bilinear form
b that is composed of local contributions according to (3.12). We apply a Galerkin
finite element discretization and obtain the symmetric positive definite stiffness matrix
B, which, by Thm. 3.85 has a representation

B =
∑

K∈M
TT
KBTK .

Further, assume that at most D, D ∈ N, cells of a mesh M share a node. This implies

|η|2 ≤
∑

K∈M
|TKη|2 ≤ D|η|2 ∀η ∈ RN ,

because each coefficient of η will occur at most D times as an entry of one of the vectors
TKη. Hence,

ηTBη =
∑

K∈M

(
TKη

)T
BK

(
TKη

)

≤ max
K

λmax(BK)
∑

K∈M
|TKη|2 ≤ D max

K
λmax(BK)|η|2 ,

≥ min
K

λmin(BK)
∑

K∈M
|TKη|2 ≤ min

K
λmin(BK)|η|2 .

As a consequence, the spectral condition number (see Sect. 1.5) satisfies

κ(B) ≤
D max

K
λmax(BK)

min
K

λmin(BK)
.

This shows the close relationship between the condition number of the stiffness matrix
and the extremal eigenvalues of the element stiffness matrices.

Remark 3.112. For the p-version of Lagrangian finite elements static condensation
(see Sect. 3.9.9) becomes an essential tool. Besides significantly reducing the size of
the linear system of equations, static condensation also brings about a considerable
improvement of the conditioning of the linear system.

Exercise 3.33. Consider the second degree Lagrangian finite element on an equi-
lateral triangle K. Determine a modified admissible set of local shape functions that
achieves optimal spectral conditioning of the element stiffness matrix with respect to the
bilinear form

(u, v) 7→
∫

K

〈grad u, grad v〉 dξ .

Of course, the local shape functions must remain compliant with H1-conformity. More-
over, one may always assume that the new shape functions remain invariant with respect
to permutations of the vertices of the triangle.
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For tensor product cells like K̂ =]− 1, 1[2 local shape functions for Lagrangian finite
elements of degree m, m ∈ N, can be obtained by tensor product construction from
bases of Pm(]− 1, 1[), cf. Remark 3.58.

Example 3.113. A nodal basis of Pm(]− 1, 1[) is fixed by specifying m+ 1 “nodes”

−1 =: ξ̂0 < ξ̂1 < · · · < ξ̂m := 1 .

Then the nodal (or Lagrange) shape functions are given by

b̂mj (ξ) :=

m∏
i=0

(ξ − ξ̂i)
p∏
i=0
i6=j

(ξ̂i − ξ̂j)
. (3.34)

Evidently, b̂mj ∈ Pm(]− 1, 1[) and b̂mj (ξ̂i) = δij i.e. b̂mj (ξ) vanishes in all nodes except
node number j.

Many choices of nodes are possible:

• equidistant nodes:

ξ̂mj := −1 +
2j

m
, j = 0, . . . , m . (3.35)

These are not recommended for high m because the element stiffness matrices
for bilinear forms pertaining to H1(Ω)-elliptic problems will become extremely
ill-conditioned.

• Chebysev nodes:

ξ̂mj := −cos
(
j
π

m

)
j = 0, 1, . . . , m . (3.36)

This option leads to reasonable well-conditioned element stiffness matrices for vari-
ational problems in H1(Ω).

• Lobatto nodes: ξ̂mj are the m + 1 zeros of

(1− ξ2)L′m(ξ) , (3.37)

where Lp(ξ) is the p-th Legendre polynomial. These points (which are used in
spectral methods) are as good as (3.36), but, in addition, they are suitable for
numerical integration.

Please note that all these local shape functions are not p-hierarchical, because when m
is increased they all change. This necessitates a complete re-computation of all element
matrices, when the polynomial degree of the Lagrange finite elements is raised by only
one.
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3 Primal Finite Element Methods

Example 3.114. The shape functions for Pm(]− 1, 1[) can also be chosen to yield
a p-hierarchical basis, see Example 3.109. For instance, they can be constructed from
the Legendre polynomials {Lp}∞p=0. They are obtained by applying the Gram-Schmidt
process in L2(−1, 1) to the nomials {ξp}∞p=0. For classical reasons, the {Lp(ξ)} are
normalized by the condition

Lp(1) = 1 . (3.38)

Legendre polynomials satisfy the Legendre differential equation

(
(1− ξ2)L′p(ξ)

)′
+ p(p+ 1)Lp(ξ) = 0 in ]− 1, 1[ (3.39)

and the orthogonality

∫ 1

−1

Ln(ξ)Lm(ξ)dξ =

{
2

2n+1
if n = m

0 else .
(3.40)

Also

Lp(ξ) =
L′p+1(ξ)− L′p−1(ξ)

2p+ 1
, p ≥ 1 . (3.41)

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

Figure 3.29: Legendre polynomials of degree 5 and 10.

A p-hierarchic sequence of shape functions b̂j(ξ) on ]− 1, 1[ is then given by

b̂0(ξ) =
1 + ξ

2
, b̂1(ξ) =

1− ξ
2

(3.42)

b̂j(ξ) =

√
2j − 1

2

∫ ξ

−1

Lj−1(η)dη, j ≥ 2 . (3.43)

This means that

b̂′0 = 1 , b̂′1 = −1 , b̂′j =

√
2j − 1

2
Lj−1, j > 1 .
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Moreover, from (3.40) we conclude

∫ 1

−11

p(ξ)Lj(ξ) dξ = 0 ∀p ∈ Pj−1(]− 1, 1[) .

This means that the element matrix arising from the local shape functions (3.42), (3.43)
and the bilinear form

(u, v) 7→
∫ 1

−1

u′(ξ) · v′(ξ) dξ

reads

B]−1,1[ =




1/2 −1/2 0 0 · · · 0
−1/2 1/2 0 0 · · · 0

0 0 1 0 · · · 0
...

. . .
...

...
. . . 0

0 0 0 · · · 0 1




Bibliographical notes. The gist and foundations of spectral methods are discussed
in [7]. A complete treatment of the hp-version of Lagrangian finite elements is given in
[36].
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4 Basic Finite Element Theory

In this chapter we focus on V -elliptic linear variational problems (see Sect. 1.2 and
Def. 1.20) and their finite element Galerkin discretization.

The main objective of finite element theory is to predict the dependence of
certain norms of the finite element discretization error on discretization param-
eters like features of the mesh and the type of finite elements (a-priori error
estimate, see Sect. 1.4).

We will mainly discuss these issues for the following H1
0 (Ω)-elliptic model problem that

arises as the primal variational formulation of the pure homogeneous Dirichlet problem
for a second-order elliptic boundary value problem, see Sect. 2.8: seek u ∈ H1

0 (Ω) such
that

b(u, v) :=

∫

Ω

〈A grad u, grad v〉 dξ =

∫

Ω

fv dξ ∀v ∈ H1
0 (Ω) . (4.1)

Here, Ω ⊂ Rd, d = 1, 2, 3, is a computational domain according to Def. 2.5. The
coefficient function A ∈ (L∞(Ω))d,d is supposed to be uniformly positive definite, see
(UPD), whereas f ∈ L2(Ω). H1(Ω)-Ellipticity of b is a consequence of Lemma 2.61.

4.1 The Bramble-Hilbert lemma

We start with a fundamental concept of functional analysis:

Definition 4.1. An linear operator K : V 7→ W , V,W normed vector spaces, is
called compact, if the image of any bounded sequence in V contains a sub-sequence that
converges in W . The set of compact operators V 7→W is denoted by K(V,W ).

Corollary 4.2. For Banach spaces U, V,W we have

(i) K(V,W ) ⊂ L(V,W ),

(ii) If K ∈ K(U, V ), S ∈ L(V,W ), then S ◦K ∈ K(U,W ).
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4 Basic Finite Element Theory

Compact operators are a generalization of the simple operators that have a finite-
dimensional image space (range).

Theorem 4.3. For Banach spaces V,W the space of compact operators is the closure
of the set of linear operators V 7→W with finite dimensional range in L(V,W ).

In infinite-dimensional spaces compact operators can never be invertible.

Theorem 4.4. An isomorphism T : V 7→ W of Banach spaces V,W is compact, if
and only if dimV = dimW <∞.

Theorem 4.5 (Peetre-Tartar lemma). Let U, V,W Banach spaces, K ∈ K(V,W ),
S ∈ L(V, U). If

∃γ > 0 : ‖v‖V ≤ γ
(
‖K v‖W + ‖S v‖U

)
∀v ∈ V , (4.2)

then

(i) dim Ker(S) <∞ ,

(ii) ∃γ′ > 0 : inf
p∈Ker(S)

‖v − p‖V ≤ γ′ ‖S v‖U ∀v ∈ V .

Proof. (i): On N := Ker(S) we have

‖v‖V ≤ γ ‖K v‖W ∀v ∈ N ,

that is, K|N : N 7→ K(N) is an isomorphism. On the other hand, K|N ∈ K(N,K(N)),
which, by Thm. 4.4, can only be satisfied, if dimN <∞.

(ii): Assume that the assertion was false. Then there would exist a sequence {v ′l}∞l=1 ⊂
V/N such that

‖v′l‖V/N ≥ l ‖S v′l‖U ∀l ∈ N .

By rescaling we conclude the existence of a sequence {v ′l}∞l=1 ⊂ V/N — for convenience
notations have not been changed — such that

‖v′l‖V/N = 1 and lim
l→∞

S v′l = 0 .

We have

‖v‖V/N = inf
p∈N
‖v + p‖V ,

and since dimN <∞ the infimum is attained. This means that we can find a sequence
{vl}∞l=1 ⊂ V such that

‖vl‖V = 1 and lim
l→∞
‖S vl‖U = 0 .
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Therefore, we can extract a subsequence {vk}∞k=1 such that {K vk}∞k=1 converges in W .
By (4.2) this will be a Cauchy sequence in V . As a consequence

u := lim
k→∞

vk ∈ V and u ∈ N ⇒ ‖u‖V/N = 0 .

This is a contradiction, because we assumed ‖vk‖V/N = 1. �
This sophisticated theorem is extremely useful for Sobolev spaces, because their imbed-

dings offer a wealth of compact operators.

Theorem 4.6 (Rellich’s theorem). Let Ω ⊂ Rd a bounded domain with Lipschitz-
continuous boundary. If m,m′ ∈ N, m > m′, then the continuous embedding Hm(Ω) ⊂
Hm′(Ω) is also compact.

One consequence of this is that under the assumptions on Ω made in the theorem,
any bounded sequence in H1(Ω) has a sub-sequence that converges in L2(Ω). We have
used this in the proof of Lemma 2.64.

The combination of Thm. 4.5 and Thm. 4.6 yields an extremely useful tool for finite
element analysis. Given a bounded Lipshitz-domain Ω ,we apply Thm. 4.5 with

• V = Hm(Ω), m ∈ N, U = (L2(Ω))l, l =
(
m+d
d

)
, W = Hm−1(Ω),

• K = the embedding Hm(Ω) 7→ Hm−1(Ω), which is compact according to Thm. 4.6,

• and S := (∂
�

)| � |=m : V 7→ U ,

Then, the concrete form of (4.2) is straightforward

‖v‖Hm(Ω) =
(
‖v‖2

Hm−1(Ω) + ‖S v‖2L2(Ω)

)1/2

≤
(
‖v‖Hm−1(Ω) + ‖S v‖L2(Ω)

)
∀v ∈ Hm(Ω) .

The assertion (i) is clear because

Ker(S) = Pm−1(Ω) .

In this setting Thm. 4.5 has the following consequence:

Lemma 4.7 (Bramble-Hilbert lemma). If Ω ⊂ Rd is a bounded Lipshitz-domain
and m ∈ N, then

∃γ = γ(m,Ω) > 0 : inf
p∈Pm−1(Ω)

‖v − p‖Hm(Ω) ≤ γ |v|Hm(Ω) ∀v ∈ Hm(Ω) .

In other words, the norm on the quotient space Hm(Ω)/Pm−1(Ω) is equivalent to the
seminorm |·|Hm(Ω).

Exercise 4.1. Demonstrate how Lemma 2.64 can be obtained by a straightforward
application of Lemma 4.7.
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There is also a version of the Bramble-Hilbert lemma for polynomials of total degree
< m. It is based on the estimate

∃γ = γ(m,Ω) > 0 : ‖v‖Hm(Ω) ≤ γ


‖v‖Hm−1(Ω) +

(
d∑

i=1

∥∥∥∥
∂mv

∂ξmi

∥∥∥∥
2

L2(Ω)

)1/2

 ,

which can be found in [38]. Thus, we can apply Thm. 4.5 with

• V = Hm(Ω), U = (L2(Ω))d, W = Hm−1(Ω),

• K as the embedding Hm(Ω) 7→ Hm−1(Ω), which is compact according to Thm. 4.6,

• and S = (∂(m,0,...,0),, ∂(0,m,0,...,0), · · · , ∂(0,...,0,m))T .

Obviously, we now have

Ker(S) = Qm−1(Ω) ,

which makes Thm. 4.5 yield the following result:

Lemma 4.8. If Ω ⊂ Rd is a bounded Lipshitz-domain and m ∈ N, then

∃γ = γ(m,Ω) > 0 : inf
p∈Qm−1(Ω)

‖v − p‖Hm(Ω) ≤ γ

(
d∑

i=1

∥∥∥∥
∂mv

∂ξmi

∥∥∥∥
2

L2(Ω)

)1/2

∀v ∈ Hm(Ω) .

Remark 4.9. The above reasonings can immediately be adopted for Sobolev spaces
based on Lp(Ω), p ≥ 1, that are no longer Hilbert spaces. For instance, as an analogue
to Lemma 4.7 we get that on a bounded Lipschitz domain Ω ⊂ Rd

∃γ = γ(m,Ω) > 0 : inf
p∈Pm−1(Ω)

‖v − p‖Wm,∞(Ω) ≤ γ |v|Wm,∞(Ω) ∀v ∈ Wm,∞(Ω) ,

where

‖v‖Wm,∞(Ω) := max
| � |≤m ‖∂

�
v‖L∞(Ω) ,

|v|Wm,∞(Ω) := max
| � |=m ‖∂

�
v‖L∞(Ω) .

For Wm,∞(Ω) a version of Lemma 4.8 exists, too.
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4.2 Transformation techniques

The transformation approach has already proved useful for the construction of finite
elements, see Sect. 3.7, and for the evaluation of element stiffness matrices, see Exam-
ple 3.101. It will also play a pivotal role in finite element theory for parametric families
of finite elements.

Our goal is to prove asymptotic estimates for localized (quasi-)interpolation operators
in the h-version of finite elements. These are estimates of the following form

‖u− Iu‖X ≤ γ ε(h) ‖u‖Y , (4.3)

where ‖·‖X , ‖·‖Y are suitable norms, γ > 0 is a constant that may only depend on
the (continuous) boundary value problem and controllable properties of the underlying
mesh, ε is a “simple” function tending to zero as its argument → 0, and h stands for
the meshwidth, see below. For the sake of simplicity we will assume that all cells of the
underlying finite element mesh arise from a single reference cell K̂.

Usually, transformation techniques aiming at (4.3) involve the following steps:

(I) Localization: express ‖u− Iu‖X by means of contributions of cells K ∈ M or, at
least, neighborhoods of cells.

(II) Perform natural pullback XTΦK
of u− I u|K, K ∈ M, to the reference cell K̂, K =

ΦK(K̂), and establish a relationship between ‖XTΦK
(u− Iu)‖X, �K and ‖u− Iu‖X,K .

(III) Derive an estimate of the form

∃γ̂ > 0 :
∥∥∥û− Îû

∥∥∥
X,
�
K
≤ γ̂ ‖û‖Y, �K ∀u ,

where Î := XTΦK
◦ I|K.

(IV) Determine the impact of the transformation on the Y -norm.

These steps can be summarized by the chain of estimates

‖u− Iu‖2X
(I)
=
∑

K∈M

∥∥∥(u− Iu)|K

∥∥∥
2

X,K

(II)

≤
∑

K∈M
γK ‖XTΦK

(u− Iu)‖2
X,
�
K

(III)

≤ γ̂
∑

K∈M
γK ‖XTΦK

(u)‖2Y, �K
(IV)

≤ γ̂
∑

K∈M
γKγ

′
K ‖u‖2

Y,K .
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Here the “constants” γK, γ
′
K will depend on the norms and the shape of K.

First we investigate the behavior of standard Sobolev seminorms |·|Hm(K), m ∈ N0,

under the standard pullback FTΦ, where, for the sake of simplicity, Φ : K̂ 7→ K is an
affine mapping Rd 7→ Rd, Φ(ξ̂) := Fξ̂ + τ according to (AFF).

Lemma 4.10. If Φ : K̂ 7→ K is an affine mapping ξ̂ 7→ Fξ̂+τ , then, for all m ∈ N0,

|û|Hm(
�
K) ≤

(
m+ d

d

)
dm ‖F‖m | det(F)|−1/2 |u|Hm(K) ∀u ∈ Hm(K) ,

|u|Hm(K) ≤
(
m+ d

d

)
dm ‖F−1‖m | det(F)|1/2 |û|Hm(

�
K) ∀u ∈ Hm(K̂) .

with ‖F‖ denoting the matrix norm of F associated with the Euclidean vector norm.

Proof. Without loss of generality we can assume that u ∈ C∞(K). Let α ∈ Nd with
|α| = m, m ∈ N0. Then, the m-th Gateaux-derivative Dm : Rd × · · · × Rd 7→ R allows
to express

∂
�
û = Dmû(ξ̂)(δ1, . . . , δm) ,

with δ1 = · · · = δα1 = ε1, δα1+1 = · · · = δα1+α2 = ε2, etc. Remember that εk designates
the k-th unit vector in Rd. We deduce that

|∂ � û(ξ̂)| ≤ ‖Dmû(ξ̂)‖ := sup{Dmû(ξ̂)(δ1, . . . , δm), δk ∈ Rd,
∣∣δk
∣∣ = 1} ,

which implies

|û|2Hm(
�
K) =

∑

| � |=m

∫
�
K

∣∣∣∂ � û(ξ̂)
∣∣∣
2

dξ̂ ≤
(
m + d

m

)∫
�
K

∥∥∥Dmû(ξ̂)
∥∥∥

2

dξ̂ . (4.4)

The chain rule gives

Dmû(ξ̂)(δ1, . . . , δm) = Dmu(Φ(ξ̂))(Fδ1, . . . ,Fδm) . (4.5)

This means that

‖Dmû(ξ̂)‖ ≤ ‖F‖m ‖Dmu(Φ(ξ̂))‖ .

Next, we use the transformation formula for multidimensional integrals and apply it to
(4.4):

|û|2Hm(
�
K) ≤

(
m + d

m

) ∫

K

‖F‖2m‖Dmu(ξ)‖2 | det(F)|−1 dξ . (4.6)
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Finally, observe that

‖Dmu(ξ)‖ = sup{Dmu(ξ)(δ1, . . . , δm), δk ∈ Rd,
∣∣δk
∣∣ = 1}

≤ sup{
d∑

α1=1

· · ·
d∑

αm=1

|Dmu(δ1
α1
εα1 , . . . , δ

m
αmεαm)|, δk ∈ Rd,

∣∣δk
∣∣ = 1}

≤
d∑

α1=1

· · ·
d∑

αm=1

|Dmu(εα1 , . . . , εαm)|

≤ dm max{|∂ � u(ξ)|, |α| = m} .

�

Remark 4.11. If Φ is a general C∞-diffeomorphism K̂ 7→ K, then the analogue of
(4.5) will involve derivatives of u from Du up to Dmu and derivatives DΦ up to DmΦ.
Thus, in order to estimate the Sobolev-seminorm |û|Hm(

�
K), we have to resort to the full

Sobolev norm ‖u‖Hm(K) and vice versa.

Let us consider an affine equivalent simplicial triangulation M, see Def. 3.3. We fix
a reference simplex K̂ and find affine mappings ΦK : K̂ 7→ K, ΦK(ξ̂) := FK ξ̂ + τK
for each K ∈ M. In light of the general strategy outlined above, we have to establish
bounds for ‖F‖, ‖F−1‖, | det(F)|, and | det(F)|−1 that depend on controllable geometric
features of M.

Definition 4.12. Given a cell K of a mesh M we define its diameter

hK := sup{|ξ − η| , ξ,η ∈ K} ,

and the maximum radius of an inscribed ball

rK := sup{r > 0 : ∃ξ ∈ K : |ξ − η| < r ⇒ η ∈ K} .

The ratio hK/rK is called the shape regularity measure ρK of K.

Lemma 4.13. If K̂,K ⊂ Rd, d = 2, 3, are a generic non-degenerate simplices and
ΦK : K̂ 7→ K, ΦK(ξ̂) := Fξ̂ + τ , the associated bijective affine mapping, then

(
hK
h �K

)d
ρ1−d
K =

hKr
d−1
K

hd�
K

≤ | det(F)| = |K|
|K̂|
≤ hdK
h �Krd−1�

K

=

(
hK
h �K

)d
ρd−1�
K

, (4.7)

‖F‖ ≤ hK
2r �K

= 1
2
ρ �K

hK
h �K

,
∥∥F−1

∥∥ ≤ h �K
2rK

= 1
2
ρK

h �K
hK

. (4.8)
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hK

rK

Figure 4.1: Diameter hK and rK for a triangular cell

Proof. The inequalities (4.7) can be concluded from the volume formula for simplices
by elementary geometric considerations.

Write ζ̂ ∈ K̂ for the center of the largest inscribed ball of K̂. Then estimates (4.8)
follow from

‖F‖ = sup{|Fξ̂|, |ξ̂| = 1} = 1
2
r−1�
K

sup{|Φ(ξ̂)−Φ(ζ̂)|, |ξ̂ − ζ̂| = 2r �K} ≤ hK/2r
�
K ,

because both Φ(ξ̂) and Φ(ζ̂) lie inside K. A role reversal of K̂ and K establishes the
other estimate. �

The shape regularity measure of a simplex can be calculated from bounds for the
smallest and largest angles enclosed by edge/face normals. We give the result for two
dimensions:

Lemma 4.14. If the smallest angle of a triangle K is bounded from below by α > 0,
then

sin(α/2)−1 ≤ ρK ≤ 2 sin(α/2)−1 .

rK
α

l

Figure 4.2: Angle condition for shape regularity of a triangle

Proof. It is immediate from Fig. 4.2 that

1/2hK sin(α/2) ≤ l sin(α/2) = rK ≤ hK sin(α/2) .
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�
Lemma 4.13 clearly shows that uniform shape-regularity of the cells is key to achiev-

ing a uniform behavior of the Sobolev seminorms under transformation to a reference
element.

Definition 4.15. Given a mesh M its meshwidth can be computed by

hM := max{hK , K ∈ M} ,

whereas its shape regularity measure is defined as

ρM := max{ρK , K ∈ M} .

Here, the notations from Def. 4.12 have been used. Moreover, the quasi-uniformity
measure of M is the quantity

µM := max{hK/hK′, K,K ′ ∈ M} .

Remark 4.16. Usually software for simplicial mesh generation employs elaborate
algorithms to ensure that the angles of the triangles/tetrahedra do not become very
small or close to π. Hence, it is not unreasonable to assume good shape regularity of
simplicial meshes that are used for finite element computations.

The choice of reference simplices is arbitrary. So we may just opt for

K̂ := convex

{(
0

0

)
,

(
1

0

)
,

(
0

1

)}
for d = 2 , (4.9)

K̂ := convex








0
0
0


 ,




1
0
0


 ,




0
1
0


 ,




0
0
1





 for d = 3 . (4.10)

Corollary 4.17. LetM be a simplicial triangulation and choose the reference simplex
according to (4.9) and (4.10), respectively. Then the affine mappings ΦK : K̂ 7→ K,

ΦK(ξ̂) := FK ξ̂ + τK, K ∈ M, satisfy

ρ1−d
M
µdM

hdM ≤ | det(FK)| ≤ hdM , ‖FK‖ ≤ hM ,
∥∥F−1

K

∥∥ ≤ ρMµM h−1
M .

Lemma 4.18. The number of cells of a conforming simplicial triangulation M that
share a vertex can be bounded by means of the shape-regularity measure of M.

Proof. For d = 2 the assertion is immediate from Lemma 4.14. Similar elementary
geometric considerations settle the case d = 3. �
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4.3 Fundamental estimates

In this section we consider H1-conforming Lagrangian finite elements of fixed degree
m ∈ N on simplicial meshes, cf. Sect. 3.8.1 and, in particular, 3.54. We recall that they
form affine equivalent families of finite elements in the sense of Def. 3.44. This makes
them amenable to the application of transformation techniques.

Besides the Bramble-Hilbert lemma 4.7 the following result will be used frequently.

Lemma 4.19. If ‖·‖1 and ‖·‖2 are two norms on a finite dimensional vector space
X, then they are equivalent in the sense that

∃0 < γ ≤ γ : γ ‖v‖1 ≤ ‖v‖2 ≤ γ ‖v‖1 ∀v ∈ X .

It is the main idea behind the proof of L2-stability of the bases provided by the
global shape functions.

Lemma 4.20. Let M be a simplicial mesh of the computational domain Ω ⊂ Rd,
d = 1, 2, 3, and Sm(M) ⊂ H1(Ω) the Lagrangian finite element space on M of uniform
polynomial degree m ∈ N equipped with the basis B := {b1, . . . , bN}, N := dimSm(M),
of global shape functions. This basis is L2-stable in the sense that

γ
∥∥∥
∑N

l=1
µlb

l
∥∥∥

2

L2(Ω)
≤
∑N

l=1
µ2
l

∥∥bl
∥∥2

L2(Ω)
≤ γ

∥∥∥
∑N

l=1
µlb

l
∥∥∥

2

L2(Ω)
,

with constants 0 < γ ≤ γ that only depend on d.

Proof. We start with localization: consider vn ∈ Sm(M) and its restriction vK := vn|K
to a cell K ∈ M. We can rely on a representation in terms of local shape functions

vK =
∑NK

l=1
µlbl .

Let K̂ denote the single reference element forM and v̂K the affine pullback of vK to K̂.
We note that v̂K belongs to the fixed finite dimensional space Pm(K̂) and that

v̂K =
∑NK

l=1
µlb̂l ,

where b̂l are the local shape functions on K̂. Obviously,

v̂K 7→
∑NK

l=1
µ2
l

∥∥∥b̂l
∥∥∥

2

L2(
�
K)

is the square of a norm on Pm(K̂). Thus, combining twice Lemma 4.10 (for m = 0) and
Lemma 4.19 we obtain

‖vK‖2
L2(K) = |K|/|K̂| ‖v̂K‖2

L2(
�
K) ≈ |K|/|K̂|

∑NK

l=1
µ2
l

∥∥∥b̂l
∥∥∥

2

L2(
�
K)

=
∑NK

l=1
µ2
l ‖bl‖2

L2(K) ,
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where ≈ stands for a two-sided estimate involving constants that merely depend on d.
Summing over all cells finishes the proof. �

The assertion of the lemma is not affected by a rescaling of the global shape functions.
Hence, we may assume

∥∥bl
∥∥
L2(Ω)

= 1, l = 1, . . . , N . The coefficient isomorphism Cn :

RN 7→ Sm(M) related to the resulting basis will satisfy

‖Cn‖2� N 7→L2(Ω) ≤ γ−1 ,
∥∥C−1

n

∥∥2

L2(Ω) 7→� N ≤ γ , (4.11)

where the constants γ, γ are those from Lemma 4.20. It is not difficult to derive (4.11)
from Def. 1.8 of the operator norm.

Assume that the rescaled global shape functions are used in the context of a Galerkin
finite element discretization of the L2(Ω) inner product

b(u, v) :=

∫

Ω

u · v dξ , u, v ∈ L2(Ω) .

This will give us the mass matrix M ∈ RN,N , cf. Exercise 3.20. Now, we can use (4.11)
and apply Lemma 1.46:

κ(M) ≤ γ−1γ .

We conclude that

The spectral condition number of the diagonally scaled mass matrix arising
from Lagrangian finite elements of fixed polynomial degree does not depend on
the finite element mesh.

The Lagrangian finite element space Sm(M) has finite dimension, which, by Lemma 4.19,
implies the equivalence of all norms, in particular of all Sobolev norms. However, such
an equivalence cannot hold true for the infinite-dimensional function spaces. We expect
that the constants in the norm equivalence will blow up or tend to zero when we choose
larger and larger finite element spaces. The next lemma gives a quantitative estimate, a
so-called inverse estimate.

Lemma 4.21 (Inverse estimate). If M is a simplicial mesh of Ω ⊂ Rd, then for
0 ≤ k < l, m ∈ N,

∃γ = γ(d, l, k,m, ρM, µM) > 0 : |vn|Hl(Ω) ≤ γ hl−kM |vn|Hk(Ω) ∀vn ∈ Sm(M) .

Proof. Using the transformation technique, Lemma 4.10, Corollary 4.17, and Lemma 4.19
the proof can be accomplished easily. �
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Example 4.22. The second-order elliptic boundary value problem

−∆u+ u = f in Ω ⊂ Rd , 〈grad u,n〉 = 0 on Γ (4.12)

is discretized by means of linear Lagrangian finite elements on a simplicial mesh M.
The bilinear form associated with (4.12) is

b(u, v) :=

∫

Ω

〈grad u, grad v〉+ uv dξ , u, v ∈ H1(Ω) , (4.13)

which agrees with the H1(Ω)-inner product.
We use (4.9) as reference triangle and invoke Lemma 4.10 for m = 0, 1:

|vn|2H1(K) ≈ hd−2
M |v̂n|2H1(

�
K) ,

‖vn‖2
L2(K) ≈ hdM ‖v̂n‖2

L2(
�
K)

∀vn ∈ S1(M) , (4.14)

where ≈ designates a two-sided estimate with constants depending on ρM and µM. On
P1(K̂) all norms are equivalent (Lemma 4.19) so that

‖v̂‖H1(
�
K) ≈

(
d+1∑

j=1

v(ν̂j)
2

)1/2

‖v̂‖L2(
�
K) ≈

(
d+1∑

j=1

v(ν̂j)
2

)1/2

∀v ∈ P1(K̂) . (4.15)

Here, ≈ stands for equivalence involving only universal constants, and ν̂1, . . . , ν̂d+1 are
the vertices of K̂. Merging (4.14) and (4.15) yields

‖vn‖2
H1(K) ≤ γ hd−2

M ‖v̂n‖2
H1(
�
K) ≤ γ hd−2

M

d+1∑

j=1

v̂n(ν̂j)
2 ,

‖vn‖2
H1(K) ≥ γ hdM ‖v̂n‖2

L2(
�
K) ≥ γ hdM

d+1∑

j=1

v̂n(ν̂j)
2

∀vn ∈ S1(M), K ∈ M .

Here, γ > 0 are generic constants that only depend on ρM and µM. Moreover, we have
tacitly assumed hdM � hd−2

M , which makes sense for reasonable fine meshes. Hence, in
the first estimate only the H1-seminorm has been taken into account, whereas in the
second estimate the L2-norm was supposed to be dominant.

Summing up and appealing to Lemma 4.18, we end up with

γ hdM
∑ 


∈N (M)
vn(ξ)2 ≤ ‖vn‖2

H1(Ω) ≤ γ hd−2
M
∑ 


∈N (M)
vn(ξ)2 , (4.16)

with other constants 0 < γ = γ(ρM, µM), 0 < γ = γ(ρM, µM). Repeating the analysis
for the mass matrix, from Lemma 1.46 we get the bound

κ(B) ≤ γh−2
M

for the spectral condition number of the stiffness matrix B arising from S1(M) and the
bilinear form (4.13). The constant γ will only depend on ρM and µM. This demonstrates
that the spectral condition number of B may deteriorate like O(h−2

M) for a sequence of
meshes that are uniformly shape-regular and quasi-uniform.
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Exercise 4.2. Show that the estimate (4.16) is sharp by plugging in suitable functions
vn ∈ S1(M).

4.4 Interpolation error estimates

In Sect. 1.4 we have learned that it takes knowledge about the best approximation
error of the exact solution in the trial space in order to gauge the discretization error of
a Galerkin scheme for a linear variational problem, see Thm. 1.30.

Usually, in the case of finite elements the best approximation error remains elusive,
but thanks to the locality statement of Thm. 3.42 the interpolation errors for the finite
element interpolation operators (see Def. 3.39) can be estimated by means of transfor-
mation techniques. At least, this gives us an upper bound for the best approximation
error.

Here, we focus on H1-conforming Lagrangian finite elements of uniform polynomial
degree m ∈ N on a simplicial triangualation M of a computational domain Ω ⊂ Rd,
d = 1, 2, 3. Eventually we want to examine the dependence of the interpolation error on
the meshwidth hM of M. Thus, the results will be relevant for the h-version of finite
elements.

Remark 4.23. The considerations of this section carry over to the other affine equiv-
alent families of finite elements presented in Sect. 3.8.2.

Theorem 4.24. Let I stand for the finite element interpolation operator belonging
to the Lagrangian finite element space Sm(M) on a simplicial mesh M. Then, for
2 ≤ t ≤ m+ 1, 0 ≤ r ≤ t

∃γ = γ(t, r,m, ρM) : ‖u− Iu‖Hr(Ω) ≤ γ ht−rM |u|Ht(Ω) ∀u ∈ H t(Ω) .

Proof. Single out K ∈ M and write K̂ for the assocoiated reference element according
to (4.9) or (4.10), respectively. They are linked by the affine mapping ΦK : K̂ 7→ K.

The crucial observation is that the local finite element interpolation operators com-
mute with the pullback FTΦK

:

FTΦK
(IK u) = Î(FTΦK

u) ∀u ∈ H t(K) .

This is an immediate consequence of the parametric (affine) equivalence of the finite

elements on K and K̂, cf. Def. 3.44.
Next, we appeal to Lemma 4.10 and Cor. 4.17 and estimate

‖u− IK u‖Hr(K) ≤ γ h
d/2−r
K

∥∥∥û− Îû
∥∥∥
Hr(
�
K)
≤ γ h

d/2−r
K inf

p∈Pm(
�
K)

∥∥∥(û− p)− Î(û− p)
∥∥∥
Hr(
�
K)

,

because, by Lemma 3.41, Î preserves polynomials in Π �K = Pm(K̂). Note that, thanks

to Thm. 2.46, functions in H t(K̂) are uniformly bounded and continuous for t ≥ 2 so
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that Î : H t(K̂) 7→ Pm(K̂) is continuous. This enables us to apply the Bramble Hilbert
Lemma

‖u− IK u‖Hr(K) ≤ γ h
d/2−r
K inf

p∈Pm(
�
K)
‖û− p‖Ht(

�
K) ≤ γ h

d/2−r
K |û|Ht(

�
K) ≤ γ ht−rK |u|Ht(K) .

All the constants only depend on the norms and ρK . Morover, in the final step Lemma 4.10
was invoked once more. Summing over all elements yields the result. �

Remark 4.25. The proof essentially hinges on the continuity of the local finite ele-
ment interpolation operator in H t(K). Of course, we cannot expect any interpolation
error estimate in Sobolev norms for which the finite element interpolation is not bounded.

Remark 4.26. The statement of Thm. 4.24 remains true for tensor product La-
grangian finite elements according to Def. 3.56 on affine equivalent meshes.

Exercise 4.3. Consider the following coordinate transformation Φ : K̂ → K which
matches the unit square ]0; 1[2 to an arbitrary quadrangle with vertices P1, P2, P3 and
P4

Φ(ξ̂1, ξ̂2) = P1ξ̂1ξ̂2 + P2ξ̂1(1− ξ̂2) + P3(1− ξ̂1)ξ̂2 + P4(1− ξ̂1)(1− ξ̂2)

and the inverse transformation Ψ := Φ−1.

PSfrag replacements

K̂

ξ̂1

ξ̂2

K

ξ1

ξ2

Φ

Ψ

(0, 0) (1, 0)

(1, 1)(0, 1)

P1

P2

P3

P4

(i) Compute the Jacobi matrix DΦ(ξ) and show that for an arbitrary matrix A ∈
RN,N , N ∈ N there holds

‖A‖ ≤ ‖A‖F
where ‖.‖F denotes the Frobenius norm on RN,N which is defined by

‖A‖F =

(
N∑

i,j=1

a2
ij

)1/2

, A = (aij)
N
i,j=1 .
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(ii) Compute the determinant |detDΦ (ξ)|.

(iii) Show that for an arbitrary u ∈ H1(K̂) there holds

|u|H1(K) ≤ max

∈K
‖DΨ(ξ)‖F | detDΨ(ξ)|−1/2|û|H1(

�
K).

where û ∈ H1(K̂) is defined by û(ξ̂) := u(Φ(ξ̂)).

(iv) Show that for an arbitrary u ∈ H2(K̂) there holds




2∑

k=1

∥∥∥∥∥
∂2û

∂ξ̂2
k

∥∥∥∥∥

2

L2(
�
K)




1/2

≤ max� 

∈
�
K
‖DΦ(ξ̂)‖2

F | detDΦ(ξ̂)|−1/2‖û‖H2(
�
K)

where û ∈ H2(K̂) is defined by û(ξ̂) := u(Φ(ξ̂)).

(v) Show that

|u− Iu|H1(K) ≤ γmax

∈K
‖DΨ(ξ)‖F | detDΨ(ξ)|−1/2 max� 


∈
�
K
‖DΦ(ξ̂)‖2

F | detDΦ(ξ̂)|−1/2‖u‖H2(K)

holds for all u ∈ H2(K), where γ is a constant.

Bibliographical notes. Basic interpolation estimates for Lagrangian finite elements
are elaborated in [8, §6] and [12, Sect. 3.1].

4.5 A priori error estimates for Lagrangian finite
elements

We consider a second order elliptic boundary value problem on a polygon/polyhedron
Ω ⊂ Rd, d = 2, 3, with homogeneous Dirichlet boundary conditions

− div(A gradu) = f in Ω , u = 0 on Γ , (4.17)

whose variational formulation reads (see Sect. 2.8 and (4.1)): seek u ∈ H1
0 (Ω) such that

b(u, v) :=

∫

Ω

〈A grad u, grad v〉 dξ =

∫

Ω

fv dξ ∀v ∈ H1
0 (Ω) . (4.18)

To discretize (4.18) we can employ Lagrangian finite elements of fixed polynomial degree
m ∈ N on an affine equivalent meshM. This will give us a discrete solution un ∈ Sm(M).

According to the results of Sect. 1.4 and 2.8, a Galerkin finite element discretization of
(4.18) will be quasi-optimal. Hence bounds for the H1-norm of the discretization error
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can be derived from the interpolation error estimates: if the exact solution u belongs to
H2(Ω) we obtain with γ = γ(Ω,A) > 0

‖u− un‖H1(Ω) ≤ γ inf
vn∈Sm(M)

‖u− vn‖H1(Ω) ≤ γ ‖u− Iu‖H1(Ω) ,

where I is the finite element interpolation operator onto Sm(M). We continue by apply-
ing Thm. 4.24 and end up with

‖u− un‖H1(Ω) ≤ γ ht−1
M |u|Ht(Ω) for 2 ≤ t ≤ m + 1 and u ∈ H t(Ω) , (4.19)

where γ = γ(Ω,A, ρM, µM). Let us discuss this a priori finite element discretization
error estimate:

1. The estimate (4.19) hinges on the fact that the exact solution u is “smoother” (in
terms of Sobolev norms) than merely belonging to H1(Ω). For general f ∈ H−1(Ω)
this must never be taken for granted. However, for a restricted class of problems
(4.18) with extra smoothness of the right hand side, e.g. f ∈ H r(Ω), elliptic shift
theorems may guarantee that u ∈ H t(Ω) for t > r. For instance, for smooth Ω
we can expect u ∈ Hr+2(Ω).

Example 4.27. For d = 1 we have u ∈ Hr+2(Ω), if f ∈ Hr(Ω).

2. The bound from (4.19) can be converted into an asymptotic a priori error
estimate by considering a sequence Mn, n ∈ N, of simplicial meshes of Ω. They
are assumed to be uniformly shape-regular, that is,

∃γ > 0 : ρMn < γ ∀n ∈ N .

Moreover, the meshes are to become infinitely fine

hMn → 0 as n→∞ .

Then the statement of (4.19) can be expressed by

‖u− un‖H1(Ω) = O(ht−1
Mn

) for n→∞ . (4.20)

If (4.20) holds, common parlance says that the h-version finite element solutions
enjoy convergence of the order t− 1 as the meshwidth tends to zero.

Remark 4.28. With considerable extra effort, more sophisticated best approximation
estimates can be derived: for m, t ≥ 1 we have

inf
vn∈Sm(M)

‖u− vn‖H1(Ω) ≤ γ(ρM, µM)

(
hM
m

)min{m+1,t}−1

‖u‖Ht(Ω) . (4.21)

This paves the way for a-priori error estimates for the p-version of H 1-conforming ele-
ments.
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4.6 Duality techniques

We still deal with the variational problem (4.1) and its Galerkin discretization based
on the Lagrangian finite element space Sm(M) on a simplicial mesh M. Now, we aim
to establish an estimate of the discretization error in the L2(Ω)-norm.

This is beyond the scope of the theory presented in Ch. 1 and will rely on particular
techniques for elliptic boundary value problems.

Assumption 4.29. We assume that (4.17) is 2-regular, that is, all u ∈ H1
0 (Ω) with

− div(A grad u) ∈ L2(Ω) satisfy

u ∈ H2(Ω) and ‖u‖H2(Ω) ≤ γ ‖div(A gradu)‖L2(Ω) ,

with a constant γ = γ(A,Ω) > 0 independent of u.

We write un for the unique solution of the discrete variational problem

un ∈ Sm(M) ∩H1
0 (Ω) : b(un, vn) =

∫

Ω

fvn dξ ∀vn ∈ Sm(M) .

Write u ∈ H1
0 (Ω) for the exact solution of (4.18) and e := u − un ∈ H1

0 (Ω) for the
discretization error. From Sect. 1.4 we recall the Galerkin orthogonality (1.16)

b(e, vn) = 0 ∀vn ∈ Sm(M) .

The solution w ∈ H1
0 (Ω) of the dual linear variational problem

w ∈ H1
0 (Ω) : b(w, v) =

∫

Ω

ev dξ ∀v ∈ H1
0 (Ω) , (4.22)

will be a solution of the the elliptic boundary value problem

− div(A gradw) = e in Ω , w = 0 on Γ .

Since e ∈ L2(Ω), by Assumption 4.29 we know

w ∈ H2(Ω) , ‖w‖H2(Ω) ≤ γ ‖e‖L2(Ω) , (4.23)

with γ = γ(Ω,A) > 0.
Next, we plug v = e into (4.22) and arrive at

‖e‖2
L2(Ω) = b(w, e) = inf

vn∈Sm(M)
b(w − vn, e) ,

where Galerkin orthogonality came into play. We may now plug in vn := Iw, where I is
the finite element interpolation operator for Sm(M). Then we can use the the continuity
of b in H1(Ω) and the interpolation error estimate of Thm. 4.24 for r = 1 and t = 2:

‖e‖2
L2(Ω) ≤ b(w − Iw, e) ≤ γ ‖w − Iw‖H1(Ω) · ‖e‖H1(Ω) ≤ γ hM |w|H2(Ω) · ‖e‖H1(Ω) .
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Here, the final constant γ will depend on A, m, ρM, and µM, but not on u or un.
Eventually, we resort to the 2-regularity in the form of estimate (4.23) and cancel one
power of ‖e‖L2(Ω).

This technique is known as duality technique, because it relies on the dual varia-
tional problem (4.22). Sometimes the term “Aubin-Nitsche trick” can be found. Sum-
ming up we have proved the following result:

Theorem 4.30. Assuming 2-regularity according to Assumption 4.29, we obtain

‖u− un‖L2(Ω) ≤ γ hM ‖u− un‖H1(Ω) ,

where the constant γ > 0 depends on Ω,A, m, ρM, µM.

Remark 4.31. Thm. 4.30 tells us that under suitable assumptions in the h-version
of finite elements we can gain another power of hM when measuring the discretization
error in the L2(Ω)-norm. More generally, often we can expect that, sloppily speaking,

the weaker the norm of the discretization error that we consider the faster it
will converge to zero as hM → 0.

What remains to be settled is whether Assumption 4.29 is reasonable. This is part of
elliptic regularity theory. In particular, we have the following result [19]

Theorem 4.32. If the computational domain Ω ⊂ Rd is convex or has C1-boundary
and A ∈ C1(Ω), then the elliptic boundary value problem (4.17) is 2-regular.

4.7 Estimates for quadrature errors

As explained in Sect. 3.9.3, usually the finite element discretization of (4.18) will rely
on local numerical quadrature for the computation of the stiffness matrix and of the load
vector.

The use of numerical quadrature will inevitably perturb the finite element Galerkin so-
lution and introduce another contribution to the total discretization error, which is called
consistency error. We have already stressed that the choice of the local quadrature
rule is guided by the principle that

the error due to numerical quadrature must not dominate the total discretiza-
tion error (in the relevant norms).

As far as the h-version of finite elements in concerned this guideline can be rephrased
as follows:

the impact of numerical quadrature must not affect the order of convergence in
terms of the meshwidth.
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4.7.1 Abstract estimates

We consider a linear variational problem (LVP) on a Banach space V

u ∈ V : b(u, v) = 〈f, v〉V ∗×V ∀v ∈ V ,

with V -elliptic bilinear form b ∈ L(V × V,R) (Def. 1.20) and f ∈ V ∗, see Sect. 1.2.
Existence and uniqueness of a solution u ∈ V are guaranteed by Thm. 1.17.

Based on Vn ⊂ V , dim(Vn) <∞, we arrive at the discrete variational problem (DVP),
see Sect. 1.4,

un ∈ Vn : b(un, vn) = 〈f, vn〉V ∗×V ∀vn ∈ Vn .

>From an abstract point of view the application of numerical quadrature in a finite
element context means that the discrete variational problem will suffer a perturbation

un ∈ Vn : b̃(un, vn) =
〈
f̃ , vn

〉
V ∗×V

∀vn ∈ Vn , (4.24)

with a bilinear form b̃ ∈ L(Vn× Vn,R) and f̃ ∈ V ∗n . The perturbation destroys Galerkin
orthogonality and leads to extra terms in the discretization error estimate of Cor. 1.38.

Theorem 4.33. Beside the assumptions on b and b̃ stated above we demand that

∃γ1 > 0 : b̃(vn, vn) ≥ γ1 ‖vn‖2
V ∀vn ∈ Vn . (4.25)

Then (4.24) will have a unique solution un ∈ Vn, which satisfies the a-priori error
estimate

‖u− un‖V ≤ γ
(

inf
vn∈Vn

(
‖u− vn‖V + sup

wn∈Vn

|b(vn, wn)− b̃(vn, wn)|
‖wn‖V

)

+ sup
wn∈Vn

| 〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

|
‖wn‖V

)
,

with γ = γ(‖b‖, γe, γ1) > 0

Proof. The assumption (4.25) means that for any vn ∈ Vn

γ1 ‖un − vn‖2
V ≤ b̃(un − vn, un − vn)

= b(u− vn, un − vn) +
(

b(vn, un − vn)− b̃(vn, un − vn)
)

+
(
b̃(un, un − vn)− b(u, un − vn)

)

= b(u− vn, un − vn) +
(

b(vn, un − vn)− b̃(vn, un − vn)
)

− 〈f, un − vn〉V×V ∗ +
〈
f̃ , un − vn

〉
V×V ∗
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Next, we exploit the continuity of b and divide by ‖un − vn‖V :

γ1 ‖un − vn‖V ≤ ‖b‖ ‖u− vn‖V +
|b(vn, un − vn)− b̃(vn, un − vn)|

‖un − vn‖V

+
| 〈f, un − vn〉V×V ∗ −

〈
f̃ , un − vn

〉
V×V ∗

|
‖un − vn‖V

≤ ‖b‖ ‖u− vn‖V + sup
wn∈Vn

|b(vn, wn)− b̃(vn, wn)|
‖wn‖V

+ sup
wn∈Vn

| 〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

|
‖wn‖V

As vn ∈ Vn has been arbitrary, the triangle inequality

‖u− un‖V ≤ ‖u− vn‖V + ‖un − vn‖V
finishes the proof. �

The assumption (4.25) is called h-ellipticity. In the h-version of finite elements we
want γ1 to be indepedent of the meshwidth (“uniform h-ellipticity”). The two terms

sup
wn∈Vn

|b(vn, wn)− b̃(vn, wn)|
‖wn‖V

,

sup
wn∈Vn

| 〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

|
‖wn‖V

,

are called consistency (error) terms. They have to be tackled, when we aim to gauge
the impact of numerical quadrature quantitatively.

4.7.2 Uniform h-ellipticity

In the sequel, our investigations will focus on (4.18) discretized by means of Lagrangian
finite elements of uniform polynomial degree m on a simplicial triangulation M of a
polygonal/polyhedral computational domain Ω.

Applying local quadrature rules of the form (NUQ), the perturbed bilinear form reads

b̃(un, vn) :=
∑

K∈M
|K|

PK∑

l=1

ωKl
〈
A(πKl ) gradun(πKl ), grad vn(πKl )

〉
un, vn ∈ Sm(M) .

(4.26)

For the analysis we must rely on a certain smoothness of the coefficient function A:
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Assumption 4.34. The restriction of the coefficient function A : Ω 7→ Rd,d to any
cell K ∈ M belongs to Cm(K)d,d and can be extended to a function ∈ Cm(K)d,d.

Lemma 4.35. Let A satisfy (UPD) and Assumption 4.34, and the local quadrature
weights ωKl be positive. If the local quadrature rules are exact for polynomials up to
degree 2m− 2, then

b̃(vn, vn) ≥ γ |vn|2H1(Ω) ∀vn ∈ Sm(M) .

where the constant γ is that from (UPD).

Proof. Since A is uniformly positive definite and the quadrature weights are positive

b̃(vn, vn) ≥
∑

K∈M
|K|

PK∑

l=1

ωKl γ| grad vn(πKl )|2 ≥ γ
∑

K∈M
|K|

PK∑

l=1

ωKl | grad vn(πKl )|2

= γ |vn|2H1(Ω) ,

because on each K ∈ M we know grad vn ∈ Pm−1(K)d so that the numerical quadrature
of | grad vn|2 is exact. �

4.7.3 Consistency

We first examine the consistency error term arising from numerical quadrature applied
to the right hand side. The analysis hinges on the smoothness of the source function f :

Assumption 4.36. The restriction of the source function f : Ω 7→ R to any cell
K ∈ M belongs to Cm(K) and can be extended to a function ∈ Cm(K).

The analysis of the consistency errors for the h-version of finite elements is based on
transformation techniques, see Sect. 4.2. They can be applied, if the local quadrature
rules stem from a single quadrature formula on the reference simplex, cf. Sect. 3.9.3.

Assumption 4.37. We assume that the local quadrature formulas arise from a single
quadrature formula on the reference simplex K̂.

In particular, this means that on each cell the same number of quadrature nodes and
the same quadrature weights are used, which amounts to

〈
f̃ , wn

〉
V×V ∗

=
∑

K∈M
|K|

P∑

l=1

ωl · (fwn)(πKl ) .

Let us zero in on the case m = 1, i.e. linear Lagrangian finite elements, and assume
that the quadrature rule is exact for polynomials of degree 0 (constants). As usual,
localization will be the first crucial step

〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

=
∑

K∈M

∫

K

fwn dξ − |K|
P∑

l=1

ωl · (fwn)(πKl ) .
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Let us single out a K ∈ M. Then, we use the transformation formula and carry out
transformation to the reference element

∫

K

fwn dξ − |K|
P∑

l=1

ωl(fwn)(πKl ) = | det FK | ÊQ(f̂ ŵn) , (4.27)

where ξ̂ 7→ FK ξ̂ + τK is the affine mapping taking K̂ to K and

ÊQ(f̂ ŵn) :=

∫
�
K

f̂ ŵn dξ̂ − |K|
P∑

l=1

ωl · (f̂ ŵn)(π̂l) . (4.28)

The linear continuous quadrature error functional ÊQ : L∞(K̂) 7→ R satisfies

ÊQ(p) = 0 ∀p ∈ P0(K̂) .

Hence, we can appeal to the generalization of the Bramble-Hilbert lemma presented in
Remark 4.9.

|ÊQ(w)| = inf
p∈P0(

�
K)
|ÊQ(w − p)| ≤ γ inf

p∈P0(
�
K)
‖w − p‖W 1,∞(

�
K) ≤ γ |w|W 1,∞(

�
K) , (4.29)

with universal constants γ > 0. We want to apply this estimate to w = f̂ ŵn. The
product rule gives

∣∣∣f̂ ŵn
∣∣∣
W 1,∞(

�
K)
≤
∣∣∣f̂
∣∣∣
W 1,∞(

�
K)
‖ŵn‖L∞(

�
K) + |ŵn|W 1,∞(

�
K)

∥∥∥f̂
∥∥∥
L∞(
�
K)

. (4.30)

In light of the fact that ŵn ∈ P1(K̂) we can use Lemma 4.19 and conclude

∣∣∣f̂ ŵn
∣∣∣
W 1,∞(

�
K)
≤
∣∣∣f̂
∣∣∣
W 1,∞(

�
K)
‖ŵn‖L2(

�
K) + |ŵn|H1(

�
K)

∥∥∥f̂
∥∥∥
L∞(
�
K)

. (4.31)

Now, recall from Lemma 4.10 that

‖ŵn‖L2(
�
K) ≤ γh

−d/2
M ‖wn‖L2(K) , |ŵn|H1(

�
K) ≤ γh

1−d/2
M |wn|H1(K) . (4.32)

Further, a simple application of the chain rule reveals
∣∣∣f̂
∣∣∣
W 1,∞(

�
K)
≤ γhM |f |W 1,∞(K) , ‖f̂‖L∞(

�
K) = ‖f‖L∞(K) . (4.33)

In all these estimates the constants only depend on ρM and µM. Combining (4.29),
(4.31), (4.32), and (4.33) we get

|ÊQ(f̂ ŵn)| ≤ γh
1−d/2
M

(
|f |W 1,∞(K) ‖vn‖L2(K) + ‖f‖L∞(K) |vn|H1(K)

)
.
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By Cor. 4.17 | det FK | ≤ hdM, which, when combined with (4.27) leads to

∫

K

fwn dξ − |K|
P∑

l=1

ωl(fwn)(πKl ) ≤ γh
1+d/2
M ‖f‖W 1,∞(K) ‖wn‖H1(K) ,

with γ = γ(ρMesh, µM). Summation over all cells yields

〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

≤ γh
1+d/2
M ‖f‖W 1,∞(Ω)

∑

K∈M
‖wn‖H1(K) . (4.34)

As a consequence of the Cauchy-Schwarz inequality

∑

K∈M
‖wn‖H1(K) ≤ (]M)

1/2 · ‖wn‖H1(Ω) , (4.35)

whereas, with a constant γ > 0 depending on ρM and µM,

]M≤ γ |Ω| h−dM . (4.36)

Merging (4.34), (4.35), and (4.36) we obtain

〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

≤ γhM ‖f‖W 1,∞(Ω) ‖wn‖H1(Ω) .

This implies a behavior like O(hM) of the consistency error term due to numerical
quadrature for the load vector. This estimate matches the a-priori error estimate (4.19)
of the H1-norm of the discretization error. In sense, using a quadrature rule that is
exact merely for constants complies with the fundamental guideline about proper use of
numerical quadrature.

In [12, Ch. 4, §4.1] a more general theorem is proved:

Theorem 4.38. If simplicial Lagrangian finite elements of uniform degree m ∈ N
are used to discretize (4.18) and the load vector is computed by a numerical quadrature
scheme that complies with Assumption 4.37 and is exact for polynomials up to degree
2m− 2, then

〈f, wn〉V×V ∗ −
〈
f̃ , wn

〉
V×V ∗

≤ γhmM ‖f‖Wm,∞(Ω) ‖wn‖H1(Ω) ∀wn ∈ Sm(M) ,

where γ = γ(m, ρM, µM) > 0.

We still have to bound the consistency error term introduced by numerical quadrature
applied to the bilinear form b of (4.18). Assumptions 4.34 and 4.37 will remain in effect.
Again, we only study the case of linear Lagrangian finite elements m = 1. In addition,
we will only consider the case of scalar coefficient A(ξ) = a(ξ)Id.
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>From (4.26) we get for vn, wn ∈ S1(M), whose gradients are locally constant,

b(vn, wn)− b̃(vn, wn)

=
∑

K∈M

∫

K

〈A grad vn, gradwn〉 dξ − |K|
P∑

l=1

ωl(〈A grad vn, gradwn〉)(πKl )

=
∑

K∈M
〈grad vn, gradwn〉|K

(∫

K

a(ξ) dξ − |K|
P∑

l=1

ωla(πKl )

)

=
∑

K∈M
〈grad vn, gradwn〉|K | det(FK)| ÊQ(â) ,

where we used the quadrature error term (4.28) on the reference simplex. Note that
â = FTΦK

a is a pullback that depends on K. We single out a cell K ∈ M. Then we
can reuse (4.29), (4.33) and get

ÊQ(â) ≤ γ |â|W 1,∞(
�
K) ≤ γhM |a|W 1,∞(K) ,

where γ = γ(ρM, µM) > 0. Eventually,

b(vn, wn)− b̃(vn, wn) ≤ γhM
∑

K∈M
| det(FK)| 〈grad vn, gradwn〉|K |a|W 1,∞(K)

≤ γhM |a|W 1,∞(Ω) (vn, wn)H1(Ω)

≤ γhM |a|W 1,∞(Ω) ‖vn‖H1(Ω) ‖wn‖H1(Ω) .

This means that the corresponding consistency error term displays a dependence like
O(hM) (with constants depending on shape-regularity and quasi-uniformity). Again,
the weakest quadrature rule turns out to be sufficient to preserve first order convergence
in the meshwidth.

A more general result is proved in [12, Ch. 4,§4.1]:

Theorem 4.39. Assume that the exact solution u of (4.18) belongs to Hm+1(Ω),
m ∈ N. If simplicial Lagrangian finite elements of uniform degree m are used to discretize
(4.18) and b̃ arises from a numerical quadrature scheme that fits Assumption 4.37 and
is exact for polynomials up to degree 2m− 2, then

b(Iu, wn)− b̃(Iu, wn) ≤ γhmM ‖A‖Wm,∞(Ω) ‖u‖Hm+1(Ω) ‖wn‖H1(Ω) ∀wn ∈ Sm(M) ,

where γ = γ(A, m, ρM, µM) > 0.
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5 Special Finite Element Methods

In this chapter we discuss the theoretical aspect of finite element methods that do not
belong to the standard finite element schemes introduced in Ch. 3 and analyzed in the
previous chapter.

5.1 Non-conforming finite element schemes

Definition 5.1. A finite element method is called non-conforming, if the finite
element trial or test space is not a subspace of the function spaces that occur in the
definition of the continuous variational problem.

A rationale for using such a peculiar approach will be given in Sect. 5.3.4.

Remark 5.2. Another rationale for using non-conforming finite elements is that con-
forming elements might be dismissed as too complicated. This has been the main rea-
son for using non-conforming schemes for variational problems posed on H2(Ω), see
Sect. 3.8.3.

5.1.1 Abstract theory

We consider the linear variational problem (LVP)

u ∈ V : b(u, v) = 〈f, v〉V ∗×V ∀v ∈ V ,

where b ∈ L(V × V,R) is a V -elliptic bilinear form, and f ∈ V ∗.
In the case of a non-conforming Galerkin discretization based on the vector space Vn

the discrete variational problem reads

un ∈ Vn : b̃(un, vn) =
〈
f̃ , vn

〉
V ∗n×Vn

∀vn ∈ Vn . (5.1)

Since Vn 6⊂ V is admitted, the original bilinear form b might not make sense for elements
of Vn. Therefore it has to be replaced by b̃ : Vn× Vn 7→ R. The same is true of the right
hand side functional.

Strictly speaking, (5.1) has nothing to do with (LVP), we cannot even compare the
respective solutions u ∈ V and un ∈ Vn in the V -norm. In order to state discretization
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5 Special Finite Element Methods

error estimates we have to introduce a special norm ‖·‖h,V for functions in Vn ∪ V that
agrees with ‖·‖V on V .

Remark 5.3. In most practical cases ‖·‖h,V will be a split norm, adding contribu-
tions from mesh cells. In a sense, it is a mesh dependent norm.

We make the following assumptions on b̃:

∃γC > 0 : b̃(v, wn) ≤ γC ‖vn‖h,V ‖wn‖h,V ∀v ∈ V ∪ Vn, wn ∈ Vn , (5.2)

∃γ1 > 0 : b̃(vn, vn) ≥ γ1 ‖vn‖2
h,V ∀vn ∈ Vn (5.3)

Here, (5.2) asserts the continuity of b̃, and (5.3) is known as h-ellipticity. Under these
assumptions, Thm. 1.17 ensures existence and uniqueness of a solution un ∈ Vn of (5.1).
Its relationship to the solution u ∈ V of (LVP) is disclosed by the next theorem.

Theorem 5.4 (Strang’s second lemma). If b ∈ L(V ×V,R) is V -elliptic according

to Def. 1.20 and b̃ satisfies (5.2) and (5.3), then

‖u− un‖h,V ≤ γ


 inf
vn∈Vn

‖u− vn‖h,V + sup
wn∈Vn

∣∣∣∣b̃(u, wn)−
〈
f̃ , wn

〉
V ∗n×Vn

∣∣∣∣
‖wn‖h,V


 ,

with γ = γ(γC , γ1).

Proof. We pick an arbitrary vn ∈ Vn and get from (5.3) and (5.2)

γ1 ‖un − vn‖2
h,V ≤ b̃(un − vn, un − vn)

= b̃(u− vn, un − vn) +

(〈
f̃ , un − vn

〉
V ∗n×Vn

− b̃(u, un − vn)

)

≤ γC ‖u− vn‖h,V ‖un − vn‖h,V + sup
wn∈Vn




∣∣∣∣b̃(u, wn)−
〈
f̃ , wn

〉
V ∗n×Vn

∣∣∣∣
‖wn‖h,V




As vn ∈ Vn was arbitrary, the assertion of the theorem follows from the triangle inequality
as in the proof of Thm. 4.33. �

The extra term in the a-priori error estimate is another consistency error term.

5.1.2 The Crouzeix-Raviart element

Definition 5.5. For a triangle K ∈ R2 the Crouzeix-Raviart finite element is
defined by
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(i) ΠK = P1(K) ,

(ii) ΣK = {v 7→ |Fi|−1

∫

Fi

v(ξ) dS(ξ), i = 1, 2, 3}, where Fi is the edge opposite to

vertex i, i = 1, 2, 3.

Exercise 5.1. Compute the local shape functions for the Crouzeix-Raviart element
in terms of barycentric coordinate functions.

Remark 5.6. On ΠK indentical local degrees of freedom can be defined by ΣK =
{v 7→ v(µi), i = 1, 2, 3}, where µi is the midpoint of the edge opposite to vertex i.
However, when evaluated for more general functions, these d.o.f. are clearly different.

Corollary 5.7. The Crouzeix-Raviart element is affine equivalent.

Obviously, this finite element is not H1-conforming, because there is only one local
degree of freedom associated with an edge, which must fail to fix the restriction of a
local trial function onto that edge, cf. Example 3.27.

The global degrees of freedom of the Crouzeix-Raviart finite element coincide with
averages over the edges of a simplicial triangulation. For a functions that are linear on
an edge the same average means that they coincide at the midpoint of the edge. Hence,
the Crouzeix-Raviart finite element space reads

CR(M) := { v ∈ L2(Ω) : v|K ∈ P1(K) ∀K ∈ M,

v continuous at midpoints of interior edges of M} .

A global shape function is sketched in Fig. 5.1.

Figure 5.1: Global shape function for Crouzeix-Raviart element
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Lemma 5.8. If ICR denotes the finite element interpolation operator associated with
CR(M) on a two-dimensional simplicial triangulation M of Ω ⊂ R2, then for 0 ≤ r ≤
t ≤ 2, t ≥ 1,

∑

K∈M
‖u− ICR u‖2

Hr(K) ≤ γh
2(t−r)
M |u|2Ht(Ω) ∀u ∈ H t(Ω) ,

with γ = γ(t, r, ρM) > 0.

Proof. Local transformation techniques in conjunction with the Bramble-Hilbert
Lemma 4.7 and Lemma 4.10 accomplish the proof as in the case of Thm. 4.24. �

In contrast to the finite element interpolation operators for Lagrangian finite elements,
ICR is bounded on H1(Ω):

Lemma 5.9. ∃γ = γ(ρM) :
∑

K∈M
|ICR v|H1(K) ≤ γ |v|H1(Ω) ∀v ∈ H1(Ω)

Proof. Pick any triangle K ∈ M and remember that the Crouzeix-Raviart element is
affine equivalent. Thus, by the transformation formulas of Lemma 4.10, the equivalence
of norms on finite dimensional spaces (Lemma 4.19), and the trace theorem Thm. 2.49,

|ICR v|H1(K) ≤ γ
∣∣∣̂ICRv̂

∣∣∣
H1(
�
K)
≤ γ

3∑

j=1

|F̂j|−1

∣∣∣∣∣

∫
�
Fj

v dS

∣∣∣∣∣ ≤γ |v̂|H1(
�
K) ≤ γ |v|H1(K) ,

where all constants only depend on ρK . �
The Crouzeix-Raviart finite element on a triangulation of a polygonal computational

domain Ω ⊂ R2 shall be used to solve

−∆u = f ∈ L2(Ω) in Ω , u = 0 on Γ ,

which amounts to the variational problem

u ∈ H1
0 (Ω) : b(u, v) :=

∫

Ω

〈grad u, grad v〉 dξ =

∫

Ω

fv dξ ∀v ∈ H1
0 (Ω) . (5.4)

The usual way to impose the essential homogeneous Dirichlet boundary condition is to
set global degrees of freedom located on Γ to zero. We also do this for the Crouzeix-
Raviart element, so that we get the trial/test space

Vn := {v ∈ CR(M) : v = 0 at midpoints of edges ∈ E(M) ∩ Γ} .

In this setting the natural candidate for the mesh-dependent norm is

‖v‖h,V :=
(∑

K∈M
|v|2H1(K)

)1/2

.
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For v ∈ H1(Ω) this agrees with |·|H1(Ω), which, by the Poincaré-Friedrichs inequality

Lemma 2.61, is a norm on H1
0 (Ω). That ‖·‖h,V is a norm on Vn as well can be seen

by the following argument: if ‖vn‖h,V = 0 the function vn must be locally constant.
Continuity at midpoints of edges then means that vn ∈ Vn is constant on Ω. As it
vanishes in some points on Γ, we conclude vn = 0.

The modified bilinear form will read

b̃(u, v) :=
∑

K∈M

∫

K

〈grad u, grad v〉 dξ .

For u, v ∈ H1(Ω) is agrees with b. We observe that (5.2) and (5.3) are trivially satisfied
with γC = γ1 = 1. Besides, we notice that the right hand side functional need not be
altered.

In order to estimate the consistency error term, we have to assume that the solution u
of (5.4) belongs to H2(Ω). Then we can use local integration by parts in order to bound
the consistency error term:

b̃(u, wn)− 〈f, wn〉H−1(Ω)×H1
0 (Ω) =

∑

K∈M

∫

K

〈grad u, gradwn〉 − fwn dξ

=
∑

K∈M

∫

∂K

〈grad u,n∂K〉 wn dS −
∫

K

(∆u+ f)wn dξ

=
∑

K∈M

∫

∂K

〈grad u,n∂K〉 wn dS ,

because −∆u = f .

=
∑

K∈M

3∑

j=1

∫

Fj

〈grad u,n∂K〉 (wn − wn(Fj)) dS ,

where wn(Fj) ∈ R is the unique value of wn ∈ Vn at the midpoint of the edge Fj. We
can subtract it, because if

1. Fj is an interior edge, it will occur twice in the sum, with opposite sign, however,
due to the different directions of the unit normal vectors, and if

2. Fj ⊂ Γ, then, by virtue of the definition of Vn, wn(Fj) = 0.

Now, wn − wn(Fj) has average zero on Fj:

∫

F

wn − wn(Fj) dS = 0 ∀F ∈ E(M) .
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Since 〈grad Iu,n∂K〉|F ∈ P0(F ), F an edge ofK, it is now possible to replace 〈grad u,n∂K〉Fj
with 〈grad(u− Iu),n∂K〉Fj , where I is the finite element interpolation operator for the

Lagrangian finite element space S1(M). Eventually, we get by the Cauchy-Schwarz
inequality

b̃(u, wn)− 〈f, wn〉H−1(Ω)×H1
0 (Ω) =

∑

K∈M

3∑

j=1

∫

Fj

〈grad(u− Iu),n∂K〉 (wn − wn(Fj)) dS

≤
∑

K∈M

3∑

j=1

|u− Iu|H1(Fj)
‖wn − wn(Fj)‖L2(Fj)

.

(5.5)

On the reference element K̂ the multiplicative trace theorem Thm. 2.49 and the Bramble-
Hilbert lemma Lemma 4.7 permit us to estimate

∣∣∣û− Îû
∣∣∣
2

H1(∂
�
K)
≤ γ

∣∣∣û− Îû
∣∣∣
H1(
�
K)

(∣∣∣û− Îû
∣∣∣
H1(
�
K)

+ |û|H2(
�
K)

)
≤ γ |û|2H2(

�
K) û ∈ H2(K̂) .

By means of transformation techniques we infer

|u− Iu|2H1(∂K) ≤ γhK |u|2H2(K) . (5.6)

The constant will depend on ρK. Moreover, elementary computations show

‖wn − wn(Fj)‖2L2(Fj)
≤ γ(ρK)hK |wn|2H1(K) . (5.7)

We plug (5.6) and (5.6) into (5.5) and get

b̃(u, wn)− 〈f, wn〉H−1(Ω)×H1
0 (Ω) ≤ γ

∑

K∈M
hK |u|H2(K) |wn|H1(K)

≤ γ hM |u|H2(Ω) ‖wn‖h,V ,

where γ = γ(ρM). This demonstrates that the consistency error term is of order O(hM)
as hM → 0 for a uniformly shape-regular sequence of simplicial meshes.

The best approximation error for Vn can be estimated easily, because S1(M) ⊂
CR(M): from Thm. 4.24 we get

inf
vn∈Vn

‖u− vn‖h,V ≤ inf
wn∈S1(M)

|u− wn|H1(Ω) ≤ γhM |u|H2(Ω) ,

with γ = γ(ρM, µM). The final result for the discretization of (5.4) by means of non-
conforming Crouzeix-Raviart elements is

‖u− un‖h,V ≤ γ(ρM, µM) hM |u|H2(Ω) .
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Exercise 5.2. The elliptic boundary value problem

−∆u + τu = f in Ω , 〈grad u,n〉 = 0 on Γ , (5.8)

τ > 0 shall be discretized by means of Crouzeiz-Raviart elements on a simplicial trian-
gulation in two dimensions.

(i) Compute the element matrix for an arbitrary triangle with vertices ν1,ν2,ν3 ∈ R2.

(ii) Let the triangular grid of Fig. 3.5 have M , M ∈ N, cells in each coordinate
directions. How many unknowns will we encounter in the case of the Crouzeix-
Raviart finite element scheme for (5.8)? How many will arise when using piecewise
linear H1-conforming Lagrangian finite elements? How many non-zero entries will
the stiffness matrix have in either case?

(iii)

Compute the stiffness matrix that arises
on the triangular mesh sketched beside.
Use the numbering of the global degrees
of freedom, which are associated with
the edges of the mesh, given in the fig-
ure.

10

9 8
7

5
4

3
21

6

PSfrag replacements

h

h

h

Exercise 5.3. The Crouzeix-Raviart element can be generalized to quadrilaterals: the
Rannacher-Turek finite element on a straight-sided quadrilateral K ⊂ R2 is defined
by

• ΠK = span {1, ξ1, ξ2, ξ
2
1 − ξ2

2}, and

• ΣK = {v 7→ |Fi|−1

∫

Fi

v(ξ) dS(ξ), i = 1, 2, 3, 4}, where F1, . . . , F4 are the edges of

K.

(i) Verify that (K,ΠK,ΣK) is a finite element according to Def. 3.25, if K is an
axiparallel rectangle.

(ii) Show that this finite element is H1-nonconforming.

(iii) Describe the local shape functions for the Rannacher-Turek element on an axipar-
allel rectangle K.
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5.2 Mixed finite elements for second-order elliptic
boundary value problems

5.2.1 Dual variational problem

In Sect. 2.5 we derived the dual variational formulation of the second-order elliptic
boundary value problem

A−1j = grad u in Ω , (5.9)

div j = f in Ω , (5.10)

u = g ∈ H1/2(Γ) on Γ .

by multiplying both equations with test functions and using integration by parts for
(5.9). This results in the linear variational problem: seek u ∈ L2(Ω), j ∈ H(div; Ω), such
that

∫
Ω
〈A−1j,q〉 dξ +

∫
Ω

div q · u dξ =
∫

Γ
g 〈q,n〉 dS ∀q ∈ H(div; Ω) ,∫

Ω
div j · v dξ =

∫
Ω
fv dξ ∀v ∈ L2(Ω) .

(5.11)

Following the guideline stated in Sect. 2.7 we picked Sobolev spaces that barely render
the bilinear forms continuous.

5.2.2 Abstract variational saddle point problems

Let V and Q represent two Hilbert spaces. Given two bilinear forms a ∈ L(V × V,R)
and b ∈ L(V × Q,R) and linear forms g ∈ V ∗, f ∈ Q∗, the abstract saddle point
problem reads: seek j ∈ V , u ∈ Q such that

a(j,v) + b(v, u) = 〈g,v〉V ∗×V ∀v ∈ V ,

b(j, q) = 〈f, q〉Q∗×Q ∀q ∈ Q .
(SPP)

The meaning of a, b, f , and g for the concrete saddle point problem (5.11) should be
clear.

Similar to the approach in Sect. 1.2, cf. (1.13), an operator notation of (SPP) can
promote understanding: introduce the continuous operators A : V 7→ V ∗ and B : V 7→ Q∗

associated with the bilinear forms a, b, respectively. Then, (SPP) can be converted into

(
A B∗

B 0

)(
j
u

)
=

(
g
f

)
. (5.12)

Existence and uniqueness of solutions of (5.12) for any (g, f) ∈ V ∗×Q∗ is guaranteed
if
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(A) B : V 7→ Q∗ is surjective and B∗ : Q 7→ V ∗ is injective.

(B) A : N (B) 7→ N (B)∗ is bijective, where

N (B) := {v ∈ V : b(v, q) = 0 ∀q ∈ Q} ⊂ V .

is the null space of B.

A sufficient condition for (A) is given in the next lemma. It is closely related to
Thm. 1.17.

Lemma 5.10. If and only if b ∈ L(V ×Q,R) satisfies the inf-sup condition

∃β > 0 : sup
v∈V \{0}

b(v, q)

‖v‖V
≥ β ‖q‖Q ∀q ∈ Q , (5.13)

then B : V 7→ Q∗ is surjective and B∗ : Q 7→ V ∗ is injective.

Proof. “⇒”: Assume that (5.13) holds and consider the restriction B⊥ of B to the
orthogonal complement N (B)⊥ of N (B) in V . This is a Hilbert space, too, and B⊥

meets all assumptions of Thm. 1.17. Hence,

(
B⊥
)∗

: Q 7→
(
N (B)⊥

)∗

is an isomorphism, which makes

B⊥ : N (B)⊥ 7→ Q∗

an isomorphism as well as in Exercise 1.2.
“⇒”: As above, apply Thm. 1.17 to B⊥ : N (B)⊥ 7→ Q∗. �
A sufficient condition for (B) is the V -ellipticity of a on N (B):

∃α > 0 : a(v,v) ≥ α ‖v‖2
V ∀v ∈ V . (5.14)

Theorem 5.11. If (5.13) and (5.14) hold, then (SPP) has a unique solution (j, u) ∈
V ×Q for all (g, f) ∈ V ∗ ×Q∗, which satisfies

‖j‖V ≤
1

α
‖g‖V ∗ +

1

β

(
1 +
‖a‖
α

)
‖f‖Q∗ ,

‖u‖Q ≤
1

β
(‖g‖V ∗ + ‖a‖ ‖j‖V )

Proof. Existence and uniqueness of solution of (SPP) is an immediate consequence of
Lemma 5.10: thanks to this lemma we can find w ∈ V such that

B w = f and ‖w‖V ≤ β−1 ‖f‖Q∗ .
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Testing the first equation of (SPP) with v0 ∈ N (B) we get

a(j−w,v0) = g(v0)− a(w,v0) .

This gives the solution component j. From (5.14) and the triangle inequality we conclude
the estimate for ‖j‖V . Then u can be defined by

u ∈ Q : b(v, u) = g(v)− a(j,v) ∀v ∈ V .

The estimate for ‖u‖Q follows straight from (5.13). �
Let us verify the assumptions (5.13) and (5.14) for the dual variational problem (5.11).

Here we have

V = H(div; Ω) , Q = L2(Ω) ,

a(j,v) :=

∫

Ω

〈
A−1j,v

〉
dξ , b(v, q) :=

∫

Ω

div v · q dξ .

It is clear that in this case N (B) := H(div 0; Ω) and (5.14) is immediate from the
property (UPD) of the coefficient function A and the definition of the H(div)-norm.

In order to show (5.13) we pick q ∈ L2(Ω) and define ṽ := − gradw, where

w ∈ H1
0 (Ω) :

∫

Ω

〈gradw, grad v〉 dξ =

∫

Ω

qv dξ ∀v ∈ H1
0 (Ω) . (5.15)

Obviously, by the Poincaré-Friedrichs inequality Lemma 2.61,

‖ṽ‖L2(Ω) ≤ γ(Ω) ‖q‖L2(Ω) . (5.16)

Then, since by definition of w in 5.15

−∆w = q ⇒ div ṽ = q ,

(5.13) is readily established with β = (1 + γ(Ω)2)−1/2:

sup
v∈H1

0 (Ω)\{0}

b(v, q)

‖v‖V
≥ b(ṽ, q)

‖ṽ‖H(div;Ω)

=
‖q‖2

L2(Ω)√
‖q‖2

L2(Ω) + ‖ṽ‖2
L2(Ω)

≥ 1√
1 + γ(Ω)2

‖q‖L2(Ω) .

Exercise 5.4. Show that the abstract variational saddle point problem (SPP) is
equivalent to the linear variational problem

u ∈ X : c(u, v) = 〈h, v〉X∗×X ∀v ∈ X ,

where X = V ×Q, u = (uV , uQ), v = (vV , vQ),

c(u, v) = (uV , vV ) + b(uV , vQ) + b(vV , uQ) ,

〈h, v〉X∗×X = 〈g, vV 〉V ∗×V + 〈g, vQ〉Q∗×Q .
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5.2.3 Discrete variational saddle point problems

The canonical Galerkin discretization of (SPP) relies on finite dimensional trial and
test spaces Vn ⊂ V , Qn ⊂ Q: seek (jn, un) ∈ Vn ×Qn such that

a(jn,vn) + b(vn, un) = 〈g,vn〉V ∗×V ∀vn ∈ Vn ,
b(jn, qn) = 〈f, qn〉Q∗×Q ∀qn ∈ Qn .

(DSPP)

According to the theory developed in the previous subsection, the variational problem
(DSPP) has a uniqe solution (jn, un), if the Babuška-Brezzi conditions (sometimes
called the Ladyshenskaya-Babuška-Brezzi conditions, hence LBB-conditions)

∃βn > 0 : sup
vn∈Vn

b(vn, qn)

‖vn‖V
≥ βn ‖qn‖Q ∀qn ∈ Qn , (LBB1)

∃αn > 0 : a(vn,vn) ≥ αn ‖vn‖2
V ∀vn ∈ N (Bn) , (LBB2)

are satisfied, where

N (Bn) := {vn ∈ Vn : b(vn, qn) = 0 ∀qn ∈ Qn} . (5.17)

Remark 5.12. Of course, the relation

dimVn ≥ dimQn (5.18)

is necessary for (LBB1).

The following result is the basis for a-priori error estimates of the Galerkin discretiza-
tion error.

Theorem 5.13. Assume (5.13), (5.14), and the Babuška-Brezzi conditions (LBB1)
and (LBB2). Let (j, u) ∈ V × Q and (jn, un) ∈ Vn × Qn stand for the unique solutions
of (SPP) and (DSPP), respectively. Then

‖j− jn‖V ≤ γ1 inf
vn∈Vn

‖j− vn‖V +
‖b‖
αn

inf
qn∈Qn

‖u− qn‖Q ,

‖u− un‖Q ≤
(

1 +
‖b‖
βn

)
inf

qn∈Qn
‖u− qn‖Q +

‖a‖
βn
‖j− jn‖V ,

with

γ1 :=

(
1 +
‖a‖
αn

)(
1 +
‖b‖
βn

)
.

Moreover, if N (Bn) ⊂ N (B), then

‖j− jn‖V ≤ γ1 inf
vn∈Vn

‖j− vn‖V . (5.19)
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Proof. Subtracting the first equations of (SPP) and (DSPP), we obtain

a(j− jn,vn) + b(vn, u− qn) = 0 ∀vn ∈ Vn , (5.20)

so that for qn ∈ Qn we find

b(vn, qn − un) = −a(j− jn,vn)− b(vn, u− qn) .

Using this and (LBB1) we have

βn ‖qn − un‖Q ≤ sup
vn∈V \{0}

b(vn, qn − un)

‖vn‖V
= sup

vn∈V \{0}

a(j− jn,vn) + b(vn, u− un)

‖vn‖V
.

By the continuity of the bilinear forms, this leads to

βn ‖qn − un‖Q ≤ ‖b‖ ‖u− qn‖Q + ‖a‖ ‖j− jn‖V ,

which implies the estimate for ‖u− un‖Q by the triangle-inquality.
Let wn ∈ Vn satisfy jn −wn ∈ N (Bn). By (LBB2) this implies

α ‖jn −wn‖V ≤ sup
vn∈N (Bn)\{0}

a(jn −wn,vn)

‖vn‖V
= sup

vn∈N (Bn)\{0}

a(jn − j,vn) + a(j−wn,vn)

‖vn‖V
(5.20)
= sup

vn∈N (Bn)\{0}

a(j−wn,vn)− b(vn, u− un)

‖vn‖V
If N (Bn) ⊂ N (B), condition vn ∈ N (Bn) involves vn ∈ N (B) and the continuity of a
gives

α ‖jn −wn‖V ≤ sup
vn∈N (Bn)\{0}

a(wn − j,vn)

‖vn‖V
≤ ‖a‖ ‖j−wn‖V . (5.21)

Next, we aim to estimate ‖j−wn‖V . To that end, for some vn ∈ Vn seek the minimum
norm solution rn ∈ Vn of

b(rn, qn) = b(j− vn, qn) ∀qn ∈ Qn .

Since, V is a Hilbert space and reflexive, it can be estimated by

‖rn‖V ≤ β−1
n ‖b‖ ‖j− vn‖V

Observe that j− vn − rn ∈ N (Bn) and use the triangle inequality:

‖j− vn − rn‖V ≤
(

1 +
‖b‖
βn

)
‖j− vn‖V . (5.22)
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Then use wn := vn + rn in (5.21) and (5.19) follows from the triangle-inequality.
In the general case N (Bn) 6⊂ N (B) we still have vn ∈ N (Bn) and for any qn ∈ Qn

b(vn, u− un) = b(vn, u− qn) ≤ ‖b‖ ‖vn‖V ‖u− qn‖Q .

Comnbining this with the above estimate yields

α ‖jn −wn‖V ≤ ‖a‖ ‖j−wn‖V + ‖b‖ ‖u− qn‖Q ,

and, again, (5.22) along with the triangle inequality finishes the proof. �
Anologuous to Thm. 1.30, we conclude that the Galerkin solutions are quasi-optimal.

Of course, the main task will be to investigate the dependence of αn and βn on dis-
cretization parameters.

There is a standard way to prove (LBB1). Again, consider the variational saddle point
problem (SPP) and its discretized version DSPP.

Definition 5.14. An operator Fn ∈ L(V, Vn) is called a Fortin projector, if

b(v − Fn v, qn) = 0 ∀v ∈ V, qn ∈ Qn . (5.23)

Lemma 5.15. Provided that the inf-sup condition (5.13) is satisfied, the existence
of a Fortin projector Fn ensures that first Babuška-Brezzi condition (LBB1) holds with
βn = β ‖Fn‖−1

V 7→V .

Proof. For an arbitrary qn ∈ Qn we have

β ‖q‖Q ≤ sup
v∈V \{0}

b(v, qn)

‖v‖V
(5.23)
= sup

v∈V \{0}

b(Fn v, qn)

‖v‖V
≤ sup

v∈V \{0}
‖Fn‖V 7→V

b(Fn v, qn)

‖Fn v‖V
≤ ‖Fn‖V 7→V sup

vn∈Vn\{0}

b(vn, qn)

‖vn‖V
.

�
Exercise 5.5. Consider the discrete variational saddle point problem (SPP) and as-

sume that the first Babuška-Brezzi condition (LBB1) is satisfied. Show by means of
an auxiliary saddle point problem that this implies the existence of a Fortin projector
whose norm can be bounded in terms of βn and ‖b‖.

Exercise 5.6. Let a ∈ L(V ×V,R) and d ∈ L(Q×Q,R) be continuous bilinear forms
that are V -elliptic and Q-elliptic, respectively. We examine the variational problem:
seek j ∈ V , u ∈ Q such that

a(j,v) + b(v, u) = 〈g,v〉V ∗×V ∀v ∈ V ,
b(j, q) − d(u, q) = 〈f, q〉Q∗×Q ∀q ∈ Q .

(5.24)

(i) Show that (5.24) is related to an elliptic linear variational problem, see Exercise 5.4.

(ii) Prove the quasi-optimality of any conforming finite element Galerkin solution of
(5.24).
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5.2.4 A priori error analysis of lowest order finite element scheme

The finite element Galerkin discretization of the variational saddle point problem
(5.11) can rely on the finite element spaces introduced in Sect. 3.8.2. On a conforming
triangulationM we approximate functions in

• H(div; Ω) by face elements according to Def. 3.63, 3.67 (space WF (M)),

• L2(Ω) by piecewise constant functions (space Q0(M)).

In the sequel, we will retrict ourselves to conforming simplicial meshes in two di-
mensions. The focus will be on establishing the Babuška-Brezzi conditions for the pair
WF (M) × Q0(M) of trial/test spaces with constants that may depend on the shape
regularity measure ρM and quasi-uniformity µM, but are independent of the meshwidth
hM.

To begin with, we recall that Thm. 3.78 also means divWF (M) ⊂ Q0(M). Thus, it
is immediate that

N (Bn) = {vh ∈ WF (M) : div vh = 0} ⊂ N (B) = H(div 0; Ω) .

Hence, owing to the property (UPD) of A the “ellipticity on the kernel” (LBB2) with
αn = γ, γ from (UPD), is obvious

a(vn,vn) ≥ γ ‖vn‖2
L2(Ω) = γ ‖vn‖2H(div;Ω) ∀vn ∈ N (Bn) .

It remains to prove (LBB1) in the form

sup
vn∈WF (M)\{0}

∫
Ω

div vn · qn dξ

‖vn‖H(div;Ω)

≥ βn ‖qn‖L2(Ω) ∀qn ∈ Q0(M) ,

with βn = βn(Ω,A, ρM, µM) > 0.
We will make use of the finite element interpolation operator IF belonging toWF (M).

From Thm. 3.78 we learn that it satisfies

div ◦ IF = Q0 ◦ div ,

where Q0 : L2(Ω) 7→ Q0(M) is the L2(Ω)-orhtogonal projection. Alas, IF does not
qualify as a Fortin projector from Def. 5.14, because

the finite element interpolation operator IF is not bounded on H(div; Ω).

Thus, we cannot simply invoke Lemma 5.15 in order to prove (5.2.4), but a profound
result from functional analysis comes to our rescue [18, Ch. 1]:
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Theorem 5.16. There is a constant γ = γ(Ω) > 0 such that

∀q ∈ L2(Ω),

∫

Ω

q dξ = 0 : ∃v ∈ (H1
0 (Ω))d : div v = q and ‖v‖H1(Ω) ≤ γ ‖q‖L2(Ω) .

This theorem is very useful, because, because IF , which relies on the evaluation of
edge integrals, is certainly continuous on (H1(Ω))2, see Thm. 2.49.

Lemma 5.17. ∃γ = γ(ρM) : ‖IF v‖H(div;Ω) ≤ γ |v|H1(Ω) ∀v ∈ (H1(Ω))2.

Proof. For the proof we use a scaling argument: Pick an arbitrary K ∈ M. By the
trace theorem Thm 2.49 we conclude

∃γ > 0 : ‖IF v‖H1(∂K) ≤ γ ‖v‖H1(K) ∀v ∈ (H1(K))2 . (5.25)

Now, let us consider a scaled cell K ′ = Φ(K), Φξ = αξ, α > 0. Simple transformations
show, that (5.25) will also hold on K ′ with exactly the same constant γ. In short, the
estimate (5.25) is independent of the size of K.

However, the constant γ in (5.25) will depend on the shape, say the angles, of K,
but it does so continuously. By Lemma 4.14 the angles can be bounded by the shape
regularity parameter independently of hK , which involves γ = γ(ρK). �

Given any qn ∈ Q0(M), by Thm. 5.16 we find v0 ∈ (H1
0 (Ω))2 such that

div v0 = q0 := qn − |Ω|−1

∫

Ω

qn dξ , ‖v0‖H1(Ω) ≤ γ(Ω) ‖q0‖L2(Ω) .

Then set

v(ξ) := v0(ξ) + 1/2ξ · |Ω|−1

∫

Ω

qn dξ , ξ ∈ Ω ,

which means, with γ1 = γ1(Ω),

div v = qn and ‖v‖H1(Ω) ≤ γ1 ‖qn‖L2(Ω) . (5.26)

‖qn‖L2(Ω) =

∫
Ω

div v · qn dξ

‖qn‖L2(Ω)

Thm. 3.78
=

∫
Ω

div(IF v) · qn dξ

‖qn‖L2(Ω)

(5.26)
≤ γ1

∫
Ω

div(IF v) · qn dξ

‖v‖H1(Ω)

IF cont.

≤ ‖IF‖H1(Ω) 7→WF (M) γ1

∫
Ω

div(IF v) · qn dξ

‖IF v‖H1(Ω)

≤ ‖IF‖H1(Ω) 7→WF (M) γ1 sup
vn∈WF (M)\{0}

∫
Ω

div vn · qn dξ

‖vn‖H(div;Ω)

.
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This shows βn = (‖IF‖H1(Ω) 7→WF (M) γ1)−1. As is the case for ‖IF‖H1(Ω) 7→WF (M) and γ1,
the constant βn will only depend on Ω and ρM.

We have confirmed (LBB1) for the variational problem (5.11) and the pairWF (M)×
Q0(M) of finite element spaces. Thus, Thm. 5.13 teaches the quasi-optimality of the
Galerkin solutions and we conclude convergence O(hM) for hM → 0 and uniform shape-
regularity.

Exercise 5.7. The second order elliptic boundary value problem (5.9), (5.10) with
homogeneous Dirichlet boundary conditions can also be cast into a saddle point problem
by applying integration by parts to (5.10). This leads to the primal variational saddle
point problem: seek j ∈ (L2(Ω))d, u ∈ H1

0 (Ω) such that

∫
Ω
〈A−1j,v〉 dξ −

∫
Ω
〈v, grad u〉 dξ = 0 ∀v ∈ (L2(Ω))d ,

−
∫

Ω
〈j, grad q〉 dξ =

∫
Ω
fq dξ ∀q ∈ H1

0 (Ω) .
(5.27)

This is called the mixed hybrid variational formulation of the second-order elliptic
boundary value problem.

(i) Show existence and uniqueness of solutions of (5.27) by applying the theory of
abstract saddle point problems.

On a simplicial triangulation M of Ω the saddle point problem (5.27) is discretized
by approximating

• (L2(Ω))d by M-piecewise constant vectorfields ∈ (Q0(M))d,and

• H1
0 (Ω) by piecewise linear Lagrangian finite element functions ∈ S1(M) ∩H1

0 (Ω).

(ii) Prove existence and uniqueness of solutions of the discretized saddle point problem.

(iii) Determine the aymptotic order of convergence of the h-version of finite elements, if
the above finite element discretization is used and sufficient regularity of the exact
solution is assumed.

5.3 Finite elements for the Stokes problem

5.3.1 The Stokes problem

Let Ω ⊂ Rd, d = 2, 3, be a computational domain. The Stokes problem describes the
slow motion of a viscous, incompressible fluid in Ω. We assume the domain Ω to be
bounded and connected. The stationary flow in Ω is described by the velocity field u
and the pressure p.

u : Ω→ Rd and p : Ω→ R.
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They are governed by following elliptic boundary value problems for a system of partial
differential equations (∆ applied to components of u):

−ν∆u − grad p = f in Ω, (5.28)

div u = 0 in Ω, (5.29)

u = 0 on ∂Ω. (5.30)

Here, ν > 0 is the kinematic viscosity, f are body forces per unit mass and u0 is a given
fluid velocity at the boundary. The equation (5.29) describes the incompressibility of
the fluid, whereas (5.28) is related to a balance of forces.

Remark 5.18. The stationary problem (5.28)–(5.30) is a special case of the time-
dependent Stokes problem

∂u

∂t
− ν∆u− grad p = f in Ω, (5.31)

div u = 0 in Ω, (5.32)

u = u0 on ∂Ω. (5.33)

(5.28) follows from the assumption that ∂u
∂t

= 0. If we discretise (5.31) with respect to
the time t, e. g. with the implicit Euler scheme

∂u

∂t
∼= 1

∆t
(u(n+1) − u(n)),

we get a sequence
{
u(n), p(n)

}∞
n=0

of approximations

−ν∆u(n+1) +
1

∆t
u(n+1) + grad p(n+1) = f(x, (n + 1)∆t) +

1

∆t
u(n) in Ω, (5.34)

div u(n+1) = 0 in Ω, (5.35)

u(n+1) = u0(x, (n+ 1)∆t) on ∂Ω. (5.36)

5.3.2 Mixed variational formulation

We follow the usual path for the derviation of variational formulations, similar to
the manipulations that yielded the dual variational formulation (2.9) in Sect. 2.5. The
boundary conditions on u will be treated as essential boundary conditions. Thus, the first
equation (5.28) is multiplied by a compactly supported smooth vectorfield v, integrated
over Ω and integration by parts is performed on both ∆u and grad p. The second
equation is multiplied with a test function v : Ω 7→ R and integrated over Ω. We end up
with the variational problem: seek u ∈ (H1

0 (Ω)d, p ∈ L2
0(Ω) such that

∫
Ω
〈ν∇u,∇v〉 dξ +

∫
Ω

div v · p dξ =
∫

Ω
〈f ,v〉 dξ ∀v ∈ (H1

0 (Ω))d ,
∫

Ω
div u · q dξ = 0 ∀q ∈ L2

0(Ω) .
(5.37)
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This is called the mixed variational formulation of the Dirichlet problem for the
Stokes equations. Here ∇ refers to the Jacobi matrix, that is, the gradient operator
applied to the components of the vectorfield.

As in the case of (5.11), the choice of Sobolev spaces is suggested by the bilinear forms
occurring in (5.37). Moreover, in order to eliminate the freedom of adding any constant
to p we resorted to the space

L2
0(Ω) := {v ∈ L2(Ω) :

∫

Ω

v dξ = 0} .

Obviously, (5.37) is a variational saddle point problem and fits the structure (SPP) with

V = (H1
0 (Ω))d , Q = L2

0(Ω) ,

a(u,v) =

∫

Ω

〈ν∇u,∇v〉 dξ , b(v, p) =

∫

Ω

div v · p dξ ,

〈g,v〉V ∗×V =

∫

Ω

〈f ,v〉 dξ , f = 0 .

The bilinear forms are continuous (due to the choice of Sobolev spaces), and a is V -
elliptic by the Poincaré-Friedrichs inequality Lemma 2.61. It remains to show (5.13) in
order to establish existence and uniqueness of solutions of (5.37).

Fix q ∈ L2
0(Ω) and appeal to Thm. 5.16 to conclude the existence of v ∈ (H1

0 (Ω))d

with div v = q and ‖v‖H1(Ω) ≤ γ ‖q‖L2(Ω), γ = γ(Ω) > 0. Hence,

‖q‖L2(Ω) =

∫
div v · q dξ

‖q‖L2(Ω)

≤ γ
b(v, q)

‖v‖H1(Ω)

≤ γ sup
v∈V

b(v, q)

‖v‖V
. (5.38)

Now, the following result is immediate from Thm. (5.11).

Theorem 5.19. The mixed variational formulation (5.37) of the Dirichlet problem
for the Stokes equations has a unique solution (u, p) ∈ (H 1

0 (Ω))d × L2
0(Ω).

Remark 5.20. The incompressibility condition (5.29) can also be built into the func-
tion space. Therefore we define

J0 :=
{
u ∈ H1

0 (Ω)d : div u = 0 in L2(Ω)
}
.

J0 is a closed linear subspace of (H1
0 (Ω))d and we get the variational problem: seek

u ∈ J0 such that
∫

Ω

〈ν∇u,∇v〉 dξ =

∫

Ω

〈f ,v〉 dξ ∀v ∈ J0 . (5.39)

Existence and uniqueness of solutions of (5.39) are clear from Thm. 1.17.
The variational problems (5.37) and (5.39) yield the same solution for the velocity u.

However, (5.39) poses difficulties in terms of a conforming finite element discretization,
because no finite element subspace of J0 is known.
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Remark 5.21. The kinematic pressure p is often a subject of interest in practical
computations; therefore, one tries to deduce an equation for p from (5.28) by formally
applying the divergence (div) to (5.28):

−ν div ∆u + div grad p = div f in Ω

⇒ −ν∆(div u) + ∆p = div f in Ω (5.40)

(5.29)⇒ ∆p = div f in Ω.

This is the so-called pressure Poisson equation. Its application to numerical simula-
tion has two disadvantages:

1. The deduction was formal and is only valid under strong assumptions on the
smoothness of u and p: ∆u ∈ L2(Ω)d and grad p ∈ L2(Ω)d, and u ∈ H2(Ω)d

and p ∈ H1(Ω), respectively.

2. Neither from the physical nor from the mathematical point of view it is possible
to find any sensible boundary conditions for (5.40) from (5.28)–(5.30). Often, one
uses n · (5.28)|∂Ω (e. g. the transport of the momentum over the boundary):

〈grad p,n〉 (5.28)
= 〈f + ν∆u,n〉 , (5.41)

i. e. we get (again formally) a Neumann problem for p. As explained in Sect. 2.8,
the variational formulation looks as follows: find p ∈ H̃1(Ω) such that

〈grad p, grad q〉 = l(q) ∀q ∈ H̃1(Ω), (5.42)

where

l(q) := −
∫

Ω

q div f dξ +

∫

∂Ω

q 〈f + ν∆u,n〉 dS.

Because of

l(1) = −
∫

Ω

div f dξ +

∫

∂Ω

〈f + ν∆u,n〉 dS

= −
∫

∂Ω

〈f ,n〉 dS +

∫

∂Ω

〈f + ν∆u,n〉 dS

= ν

∫

∂Ω

〈∆u,n〉 dS = ν

∫

Ω

div(∆u) dξ

= ν

∫

Ω

∆(div u) dξ
(5.29)
= 0.

the compatibility condition (NCC) holds true. However, the smoothness of u must
again be assumed—only in this case, we have 〈∆u,n〉 ∈ L2(∂Ω) and |l(q)| ≤ C ‖q‖1

(referring to the trace Theorem 2.49, u ∈ (H3(Ω))d must be assumed in order to
get 〈∆u,n〉 ∈ L2(∂Ω)).

(5.42) is only true if p ∈ H1(Ω); but generally, this is not the case. (5.42) holds also
true in convex domains; however (5.42) is not anymore valid in domains with reentrant
corners.
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5.3.3 Unstable finite element pairs

Definition 5.22. A pair of spaces Vn × Qn to be used in the Galerkin discretization
of (SPP) is said to be unstable, if the first LBB-condition (LBB1) does not hold.

A family of spaces {Vn ×Qn}∞n=1 with dimVn, dimQn → ∞ for n → ∞ is called
asymptotically unstable, if (LBB1) holds for each n, but βn → 0 for n → ∞ is
inevitable.

Remark 5.23. Asymptotic instability means that the constants in the estimates of
Thm. 5.13 blow up for n → ∞. However, this can be offset by a decrease of the best
approximation error, so that we may get overall convergence in the V ×Q-norm, albeit
worse than the best approximation error of the trial spaces.

Remark 5.24. If one is not interested in the solution for u of (SPP), f = 0, and
N (Bn) ⊂ N (B) the estimate (5.19) of Thm. 5.13 shows that jn can be a good approxi-
mation for j, nevertheless.

Some apparently natural choices of Vn ⊂ (H1(Ω))d and Qn ⊂ L2
0(Ω) for the mixed

variational formulation (5.37) of the Dirichlet problem for the Stokes equations will turn
out to be unstable.

Example 5.25. Consider a triangular mesh
of ]0, 1[2 of the structure sketched beside.
We opt for

Vn := (S1(M) ∩ (H1
0 (Ω))2 ,

Qn := Q0(M) .
(5.43)

If we have M ∈ N mesh cells in one coordi-
nate direction, we find

dim Vn = 2(M − 1)2 , dimQn = 2M2 .

Clearly, dimQn > dimVn, which, according
to Remark 5.12, rules out stability of the
pair Vn ×Qn.

Example 5.26. Let M be a tensor product mesh of ]0, 1[2 with M mesh cells in
each coordinate direction. On it the choice (5.43) of finite element spaces for the Stokes
problem (5.37) satisfies the dimension condition

2(M − 1)2 = dimVn > dimQn = M2 .

Yet, Nevertheless, also in this case

N(B∗) := {qn ∈ Qn : b(vn, qn) = 0 ∀vn ∈ Vn} 6= {0} .
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+ - + - +

- + - + -

+ - + - +

Figure 5.2: Checkerboard instability on
quadrilateral meshes.

PSfrag replacements 2h

Figure 5.3: Part of a quadrilateral mesh
on which (S1(M))2 ×Q0(M)
is uniformly stable for h→ 0.

More precisely,

N(B∗) = span {q̃n} ,

where the piecewise constant function q̃n ∈ Qn assumes the values±1 in the checkerboard
fashion depicted in Fig. 5.2. Therefore, this function in the kernel of B∗ is called a
checkerboard mode. In three dimensions the situation is similar, but there are several
checkerboard modes.

There are meshes on which the pair of finite element spaces from (5.43) is uniformly
stable, see Fig 5.3, but they are mere oddities.

Remark 5.27. If one was only interested in the solution for the velocity u one might
recall Remark 5.24 and wonder, whether one has to worry about the instability at all
(apart from the resulting consistent algebraic system being singular). However, in the
case of (5.37) we never have N (Bn) ⊂ N (B) so that instability in the pressur will
invariably affect the solution for the velocity. To see this examine the constants in the
estimates of Thm. 5.13.

5.3.4 A stable non-conforming finite element pair

In order to be able to use finite element spaces with piecewise linear velocity and
piecewise constant pressure, we have to switch to a non-conforming approximation of
(H1

0 (Ω))d. We discuss this for simplicial triangulations M in two dimensions.
In particular, we chose

• the (H1
0 (Ω))2-non-conforming finite element space

Vn = {vn ∈ (CR(M))2 : vn = 0 in midpoints of edges ⊂ Γ} ,

see Sect. 5.1.2, and

• Qn = Q0(M).
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As explained in Sect. 5.1.1, the use of non-conforming finite element spaces entails
a modification of the bilinear forms to render them well definite for arguments in Vn.
Similar to the approach in Sect. 5.1.2 we employ the split bilinear forms

ã(u,v) :=
∑

K∈M

∫

K

〈grad u, grad v〉 dξ , b̃(v, p) :=
∑

K∈M

∫

K

div v · p dξ .

In addition, we have to rely on the split H1-seminorm:

|u|1,n :=
(∑

K∈M
|u|2H1(K)

)1/2

.

It will be this split norm that the modified first Babuška-Brezzi condition (LBB1) has
to be formulated with: we have to show

∃βn > 0 : sup
vn∈Vn\{0}

|b̃(v, q)|
|vn|1,n

≥ βn ‖q‖L2(Ω) ∀qn ∈ Qn . (5.44)

To prove this we want to rely on a Fortin projector, see Def. 5.14: define IV : (H1
0 (Ω)) 7→

Vn through the application of the finite element interpolation operator ICR associated
with CR(M) to the Cartesian components of the argument.

Lemma 5.28. The interpolation operator IV satisfies

b̃(IV v, qn) = b̃(v, qn) ∀v ∈ (H1
0 (Ω))2, qn ∈ Q0(M) .

Proof. Pick an arbitrary triangle K and denote by IKV the local finite element interpo-
lation operator for the space Vn. Recall that for any edge F ∈ E(M) the finite element
interpolation operator ICR satisfies

∫

F

ICR v dS =

∫

F

v dS ∀v ∈ H1(Ω) .

Thus,

∫

K

div IV v dξ =

∫

∂K

〈IV v,n〉 dS =

∫

∂K

〈v,n〉 dS =

∫

K

div v dξ ,

which means gives the assertion of the lemma. �
Moreover, as stated in Lemma 5.9 IV : (H1

0 (Ω)) 7→ Vn is continuous:

|IV v|1,n ≤ γ |v|H1(Ω) ∀v ∈ (H1
0 (Ω))2 , (5.45)

with γ = γ(ρM). Summing up, IV is a Fortin projector for the saddle point problem
(5.37) discretized on Vn × Qn. >From Lemma 5.15 and (5.38) we conclude that βn =
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βn(Ω, ρM) > 0. In other words, the βn is bounded away from zero independently of the
meshwidth.

Hence, Thm. 5.13 gives us quasi-optimal accuracy of the Galerkin solutions and,
asymptotically, we have

|u− un|1,n + ‖p− pn‖L2(Ω) = O(hM) for hM → 0 ,

once uniform shape-regularity is guaranteed.

Remark 5.29. Of course, the Babuška-Brezzi condition (5.38) can readily be satisfied
by using piecewise constant pressures in conjunction with a very “large” finite element
space for u, for instance, (S3(M))2. However, Thm 5.13 sends the message that in
the case N (Bn) 6⊂ N (B) a very accurate approximation of the velocity does not gain
anything, because ‖u− un‖H1(Ω) will also depend on the best approximation error for
the pressure space.

Hence, for the sake of efficiency, it is highly desirable to have balanced velocity and
pressure finite element spaces that have similar power to approximate u and p. In the
case of the h-version of finite elements we should strive for the same asymptotic decay
of the best approximation error in terms of hM.

In the case of the pair Vn×Qn discussed in this section, this criterion is met, because,
assuming smooth u and p,

inf
vn∈Vn

|u− vn|1,n = O(hM) ,

∫

qn∈Qn

‖p− qn‖L2(Ω) = O(hM) .

5.3.5 A stabilized conforming finite element pair

In Sect 5.3.3 we saw that piecewise linear/bilinear velocities are“too small ”when com-
bined with piecewise constant pressure. A remedy for this instability is the augmentation
of the finite element space for the velocity. The augmentation can be so strong that even
a piecewise linear continuous approximation of the pressure unknown is feasible. The
discussion will be restricted to simplicial triangulations in two dimensions.

Definition 5.30. For a triangle K ⊂ R2 we define the bubble augmented linear
Lagrangian finite element (“MINI-element”) (K,ΠK,ΣK) by

• ΠK = P1(K)+span{λ1λ2λ3}, where λi, i = 1, 2, 3, is the i-th barycentric coordinate
function for K, and

• ΣK := {v 7→ v(ν i), v 7→ v(γK)}, where ν1,ν2,ν3 are the vertices of K, and γK

is its center of gravity.

Remark 5.31. The function λ1λ2λ3 is called a bubble function on K, because it is
positive everywhere in K and vanishes on ∂K.
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Notation: The global finite element space arising from the finite element of Def. 5.30
on a simplicial triangulationM will be denoted by BS1(M).

As S1(M) ⊂ BS1(M), the approximation properties of BS1(M) are at least as good
as that of the linear Lagrangian finite elements: with γ = γ(ρM) > 0

inf
vn∈BS1(M)

‖u− vn‖H1(Ω) ≤ γhM |u|H2(Ω) ∀u ∈ (H2(Ω))2 . (5.46)

The Galerkin discretization of (5.37) will employ the conforming finite element spaces

• Vn := (BS1(M) ∩H1
0 (Ω))2 ⊂ (H1

0 (Ω))2, and

• Qn := S1(M).

Again, the core task is to verify that the Babuška-Brezzi condition (LBB1) holds
with βn = βn(Ω, ρM) > 0. This is done via the construction of a Fortin projector, see
Def. 5.14, and Lemma 5.15.

A suitable Fortin projector is built in several stages: the first involves a special pro-
jector, a so-called quasi-interpolation operator Qn : H1(Ω) 7→ S1(M). Let M be a
simplicial meshM of Ω ⊂ R2. To each node p ∈ N (M) we associated an adjacent edge
Fp ∈ E(M). If p ∈ Γ, we demand that Fp ⊂ Γ.

On Fp (with endpoints p,q) we introduce a linear function

κp ∈ P1(Fp) : κp(p) = 4|Fp|−1 , κp(q) = −2|Fp|−1 .

By elementary computations

∫

Fp

λ(ξ) κp(ξ) dS(ξ) = λ(p) ∀λ ∈ P1(Fp) . (5.47)

Then we define Qn : H1(Ω) 7→ S1(M) by

Qn(v) :=
∑

p∈N (M)

∫

Fp

v(ξ) κp(ξ) dS(ξ) · bp , (5.48)

where bp is the global shape function of S1(M) associated with node p.

Lemma 5.32. The operator Qn defined by (5.48) is a continuous projector H1
0 (Ω) 7→

S1(M) ∩H1
0 (Ω), and satisfies

|Qn v|H1(Ω) ≤ γ |v|H1(Ω) ∀v ∈ H1(Ω) , (5.49)

‖v − Qn v‖H1(Ω) ≤ hM |v|H1(Ω) ∀v ∈ H1(Ω) . (5.50)
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Proof. The property Qn vn = vn for vn ∈ S1(M) is clear from (5.47). If v ∈ H1
0 (Ω) it

vanishes on all edges in Γ, so that no global shape function associated with a node in Γ
will contribute to Qn v.

In order to prove (5.49) and (5.50) we use a scaling technique. Pick a triangle K ∈ M
and denote

U :=
⋃
{K ′ : K ′ ∈ M, K ∩K ′ 6= ∅} .

Scale U (ie. use an affine mapping Φ : ξ 7→ αξ, α > 0) such that, after scaling h �K = 1

(K is mapped to K̂ by scaling). If F̂ is an edge in Û , then Thm. 2.49 teaches us that

∃γ = γ(F̂ ) :

∫
�
F

v̂(ξ)κ̂p(ξ) dS(ξ) ≤ γ ‖v̂‖H1(
�
U) ∀v̂ ∈ H1(Û) .

By the definition of Qn in (5.48) we conclude that with γ1 = γ1(Û) > 0

∣∣∣Q̂nv̂
∣∣∣
H1(
�
K)
≤ γ1 |v̂|H1(

�
U) ∀v̂ ∈ H1(Û) . (5.51)

We can use the semi-norms, because Q̂n preserves constants on Û .
This constant preserving property together with (5.51) enables us to apply the Bramle-

Hilbert lemma Lemma 4.7, which gives

∃γ2 = γ2(Û) > 0 :
∥∥∥Q̂nv̂

∥∥∥
L2(
�
K)
≤ γ2 |v̂|H1(

�
U) ∀v̂ ∈ H1(Û) . (5.52)

The constants in (5.52) and (5.51) depend on the shape of all the triangles in Û .
Next comes the crucial scaling argument: switching back to K/U and using simple

transformation formulas for the norms, we obtain

|Qnv|H1(K) ≤ γ1 |v|H1(U) ∀v ∈ H1(U) ,

‖Qnv‖L2(K) ≤ hKγ2 |v|H1(U) ∀v ∈ H1(U) .

The constants γ1 and γ2 are continuous functions of all the angles of the triangles in U .
These angles lie in a compact hypercube determined by ρM, see Lemma 4.14. On it γ1

and γ2 are bounded so that they can be chosen independently of K.
The proof is finished by the observation that the maximum number of other cell

neighborhoods whose interiors intersect U can be bounded in terms of ρM. �
>From Qn we construct Q

n
: (H1

0(Ω))2 7→ Vn by componentwise application.
The second ingredient to the desired Fortin projector will be a projection onto the

space spanned by local bubble functions. For K ∈ M set

βK ∈ span {λK1 λK2 λK3 } ,

∫

K

βK dξ = 1 .
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Define

Bn := {v ∈ H1(Ω) : v|K ∈ span {λK1 λK2 λK3 } ∀K ∈ M} ,

and Bn : L2(Ω) 7→ Bn by

Bn v|K :=

∫

K

v dξ · βK , K ∈ M .

It is immediate that
∫

Ω

(v − Bn v) dξ = 0 ∀v ∈ L2(Ω) . (5.53)

Lemma 5.33. With a constant γ = γ(ρM, µM)

|Bn v|H1(Ω) ≤ γh−1
M ‖v‖L2(Ω) ∀v ∈ H1(Ω) .

Proof. By an elementary scaling argument we find

∃γ = γ(ρM) : |βK|H1(K) ≤ γh−2
K . (5.54)

Using this, the estimate of the lemma can be accomplished by the Cauchy-Schwarz
inequality:

|Bn v|2H1(Ω) =
∑

K∈M
|Bn v|2H1(K) =

∑

K∈M

(∫

K

v dξ

)2

|βK|2H1(K)

≤ γh−4
M
∑

K∈M
|K|

∫

K

v2 dξ ≤ γh−2
M ‖v‖2

L2(Ω) .

�

Remark 5.34. Hidden in the estimate of Lemma 5.33 is an inverse estimate, cf.
Lemma 4.21. Therefore, the quasi-uniformity measure of M will come into play.

Componentwise application of Bn yields Bn : (H1
0 (Ω))2 7→ (Bn)2 ⊂ Vn, which is

obviously continuous.

Lemma 5.35. The operator Bn satisfies

b(v − Bnv, qn) = 0 ∀qn ∈ Qn .

Proof. First, we use integration by parts according to (FGF), and observe that v,Bnv
vanish on Γ, and that grad qn is M-piecewise constant

b(v − Bnv, qn) =

∫

Ω

div(v − Bnv) · qn dξ = −
∫

Ω

〈v − Bnv, grad qn〉 dξ = 0 ,

where the last equality is clear from (5.53). �
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Remark 5.36. The previous lemma tells us that the operator Bn : H1
0 (Ω) 7→ H1

0 (Ω) is
not uniformly continuous in the meshwidth hM. Therefore, it cannot be used as Fortin-
projector to show that the constant βn in (LBB1) is uniformly bounded away from zero,
even when hM → 0.

However, the operator Bn is a key building block for the the desired hM-uniformly
continuous Fortin projector

Fn := Qn + Bn(Id− Qn) . (5.55)

This operator is readily seen to be a Fortin projector according to Def. 5.14: by Lemma 5.35
we conclude for any qn ∈ Qn

b(Fn v, qn) = b(Qn v) + b(Bn(Id− Qn)v)
Lemma 5.35

= b(v − Qn v, qn) + b(Qn v) = b(v, qn) ,

and continuity follows from Lemma 5.32 and Lemma 5.33:

|Fn v|H1(Ω) ≤ |Qn v|H1(Ω) + |Bn(Id− Qn)v|H1(Ω)

(5.49)

≤ |v|H1(Ω) + ‖Bn‖L2(Ω)7→H1(Ω) ‖(Id− Qn)v‖L2(Ω)

(5.50)

≤ |v|H1(Ω) + γh−1
M hM |v|H1(Ω) ≤ |v|H1(Ω) ,

with γ = γ(ρM, µM). Appealing to Lemma 5.15 the first Babuška-Brezzi condition is
straightforward. The uniform stability of the pair Vn × Qn of finite element spaces for
the mixed variational formulation of the Stokes problem is established.
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6 Adaptive Finite Elements

In this chapter we only consider the primal variational formulation of a second order
elliptic boundary value problem

−∆u = f in Ω , u = 0 or 〈grad u,n〉 = 0 on Γ . (6.1)

in a bounded polygon Ω ⊂ R2 with Lipschitz boundary Γ.

Definition 6.1. A Galerkin discretization of a variational problem is called adap-
tive, if it employs a trial space Vn that is based on non-uniform meshes or non-uniform
polynomial degree of the finite elements. We distinguish

• a priori adapted finite element spaces, which aim to take into account known
features of the exact solution.

• a posteriori adapted finite element spaces, whose construction relies on the data
of the problem.

The next example shows that a posteriori adaptivity can dramatically enhance accu-
racy:

Example 6.2. If we knew the continuous solution u ∈ V of the linear varitional
problem (LVP), we could just choose Vn := span{u} and would end up with a perfect
Galerkin discretization.

Three basic policies can be employed to achieve a good fit of the finite element space
and the continuous solution:

• adjusting of the meshM while keeping the type of finite elements (h-adaptivity).

• adjusting the local trial spaces (usually by raising/lowering the local polynomial
degree) while retaining a single mesh (p-adaptivity).

• combining both of the above approaches (hp-adaptivity).
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Figure 6.1: Polygon Ω and notation for the corners.

6.1 Regularity of solutions of second-order elliptic
boundary value problems

If the geometry does not interfere, the solution of (6.1) is as smooth as the data f
permit:

Theorem 6.3. If ∂Ω is smooth (i. e. ∂Ω has a parameter representation with C∞

functions), then for the solution u of (6.1) it holds

f ∈ Hk(Ω) =⇒ u ∈ Hk+2(Ω) for k ∈ N0 ,

and

∀k ∈ N0, ∃γ = γ(Ω, k) : ‖u‖Hk+2(Ω) ≤ γ(Ω, k) ‖f‖Hk(Ω) ∀f ∈ Hk(Ω) .

Similar results hold for Neumann boundary conditions on the whole of ∂Ω.

If ∂Ω has corners (as in the case of a polygonal domain), the results from the previous
section do not hold any longer.

Theorem 6.4. Let Ω ⊂ R2 be a polygon with J corners πj. Denote the polar coor-
dinates in the corner πj by (rj, θj) and the inner angle at the corner πj by wj as in
Figure 6.1. Additionally, let f ∈ H−1+s(Ω) with s ≥ 1 integer1 and s 6= λjk, where the

1The result holds for s > 0 non-integer as well. Since we only defined the spaces Hk(Ω) for k integer,
we do not go into the details here.
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λjk are given by the singular exponents

λjk =
kπ

ωj
for k ∈ N . (6.2)

Then, we have the following decomposition of the solution u ∈ H 1
0 (Ω) of the Dirich-

let problem (6.1) into a regular part (i. e. with the regularity one would expect from
a smooth boundary according to Thm. 6.3) and finitely many so-called singular func-
tions sjk(r, θ):

u = u0 +

J∑

j=1

ψ(rj)
∑

λjk<s

αjksjk(rj, θj). (6.3)

Here, u0 ∈ H1+s(Ω) and ψ is a C∞ cut off function (ψ ≡ 1 in a neighborhood of 0). The
singular functions sjk are explicitly given by

λjk non-integer: sjk(r, θ) = rλjk sin(λjkθ),

λjk ∈ N : sjk(r, θ) = rλjk(ln r)(sin(λjkθ) + θ cos(λjkθ)).

Figure 6.2: Singular functions s1, s2, and s3 at a corner with ω = 3π/4

For the homogeneous Neumann problem in (6.1), sin has to be replaced by cos and
vice-versa.
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Figure 6.3: Corner πj with changing boundary conditions and the infinite sector Sω.

Remark 6.5. The coefficients αjk in (6.3) depend only on f and are called (gener-
alised) stress intensity factors.

Remark 6.6. At first glance, the decomposition (6.3) appears to be very special and
restricted to the problem (6.1). Yet, similar decompositions with suitable sjk(r, θ) hold
for all elliptic boundary value problems of the form

− div(A gradu) = f in Ω , u = 0 on ΓD , 〈A gradu,n〉 = 0 on ΓN .

Generally, sjk(r, θ) = rλjk Θjk(θ) is a non-trivial solution of the homogeneous differential
equation in an infinite sector S with a tip at the singular point: Two examples should
clarify this:

Example 6.7. Consider −∆u = f in Ω with mixed boundary conditions at πj. Let
πj ∈ ∂Ω be a boundary point where the type of the boundary conditions changes from
Dirichlet to Neumann (cf. Figure 6.3).

In the infinite sector

Sω = {(r, θ) : 0 < r <∞, 0 < θ < ω} ,

we are looking for non-trivial solutions of the homogeneous problem

∆s = 0 in Sω,
∂s

∂n

∣∣∣
θ=0

= 0, s
∣∣∣
θ=ω

= 0

of the form s(r, θ) = rλ Θ(θ). Using s = rλ Θ(θ), it follows in Sω:

0 = ∆s = rλ−2(Θ′′ + λ2Θ) for r > 0,

i. e. the pairs (λ,Θ(θ)) are eigenpairs of a Sturm-Liouville problem

LΘ = Θ′′ + λ2Θ = 0 in (0, ω) , Θ′(0) = 0 , Θ(ω) = 0.
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One recalculates that the eigenpairs are explicitly given by

λk = (k − 1/2)
π

ω
, Θk(θ) = cos(λkθ), k = 1, 2, 3, . . . .

Note: even if ω = π, i. e. for changing boundary conditions on a straight edge, there
exists a singularity r1/2 cos(θ/2) for changing boundary conditions.

Example 6.8. Now, let us assume that A is piecewise constant with respect to a
polygonal sub-division of Ω: let Ω ⊂ R2 be a polygon and u|∂Ω = 0. Let πj be a corner,
where several “materials” connect, i. e. Ω = Ω1 ∪ Ω2 with A|Ωi = Ai = const, i = 1, 2,
see Fig. 6.4. Then, s(r, θ) solves

Ls = div(A grad s) = 0 in S and s = 0 on ∂S

in the sector S, if (λ,Θ) is a solution of the eigenvalue problem

LΘ := r2−λ L(rλ Θ) = 0 in S, Θ(0) = Θ(ωj) = 0.

By homogeneity, L(∂θ) does not depend on r but has piecewise constant coefficients
in (0, ωj). As before, there are eigenpairs (λk,Θk), k = 1, . . . ,∞. However, the eigen-
functions Θk(θ) are only piecewise smooth. They have a kink at θ = ω∗j < ωj. As before,
on the other hand, the eigenvalues are real and 0 < λ1 ≤ λ2 . . . .

Example 6.9. Consider the pure Neumann problem for −∆u = f on a domain with
a crack (tip of the crack at the origin as in Figure 6.5). Here ω = 2π and therefore
λk = kπ

2π
= k

2
and

u ≡ u0 +
∞∑

k=1

αkr
k/2 cos

(
kθ

2

)
.
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Remark 6.10. Note that the singular functions sjk(r, θ) in (6.3) have a singularity
at r = 0 whereas they are smooth for r > 0. Therefore, the solution u of the Poisson
problem (6.1) with a smooth right hand side f is smooth in the interior of Ω. The
singular behaviour of u is restricted to the corners πj.

Remark 6.11. The decomposition of the solution in Theorem 6.4 shows that for ωj >
π the following holds: λj1 = π/ωj < 1. Additionally, it follows from (∂

�
sj1)(rj, θj) ∼

r
λj1−| � |
j for rj → 0 that the derivative ∂

�
of the singular functions sjk for |α| = 2 is not

square integrable since λj1 − |α| < −1, i. e. for |α| = 2 we have

|(∂ � sj1)(rj, θj)|2 ∼ r−2−ε
j /∈ L1(Ω).

The shift theorem Thm. 6.3 does no longer hold.

Bibliographical notes. Corner and edge singularities for solutions of elliptic problems
are discussed in [20, 30, 36].

6.2 Convergence of finite element solutions

Let un ∈ Sm(Mn) stand for the Galerkin solution of (6.1) obtained by means of
Lagrangian finite elements of uniform polynomial degree m ∈ N on the mesh Mn, see
Sect. 3.8.1. Temporarily, we will allow d ∈ {1, 2, 3}.

Let {Mn}∞n=1 denote a uniformly shape-regular and quasi-uniform family of triangu-
lations of the polygon Ω such that hn := hMn → 0 as n →∞. From Sect. 4.5 we know
that, if the continuous solution u satisfies u ∈ H t(Ω), t ≥ 2, we have, as n → ∞, the
asymptotic error estimate

‖u− un‖H1(Ω) ≤ γhmin(m+1,t)−1
n |u|Ht(Ω) , (6.4)

with γ > 0 independent of n and u.
For a unified analysis of the h-version and p-version of finite elements and, in partic-

ular, on non-uniform meshes it is no longer meaningful state a-priori error estimates in
terms of the meshwidth.

Hence, let us measure the “costs” involved in a finite element scheme by the dimen-
sion of the finite element space, whereas the “gain” is gauged by the accuracy of the
finite element solution in the H1-norm. For the h-version we first assume a uniformly
shape-regular and quasi-uniform family {Mn}∞n=1 of simplicial meshes. In the case of
Lagrangian finite elements of polynomial degree m we have the crude estimates

Nn := dim(Sm(Mn)) ≤
(
d+m

d

)
· ]Mn ⇒ ]Mn ≈ h−dMn

,
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with constants depending on shape-regtularity and m. Thus, if t ≥ m + 1 we get
asymptotically

‖u− un‖H1(Ω) ≤ γN−
m/d

n . (6.5)

The constant γ depends on Ω,A and the bounds for ρMn , µMn . This reveals an alge-
braic asymptotic convergence rate of the h-version of Lagrangian finite elements
for second order elliptic problems.

However, even for small m the regularity u ∈ Hm+1(Ω) cannot be taken for granted.
Consider d = 2 and remember that from Sect. 6.1 it is merely known that for f ∈
Hk−2(Ω):

u = u0 + using (6.6)

with a smooth part u0 ∈ Hk(Ω), k ≥ 2, and with a singular part using, which is a (finite!)
sum of singular functions s(ri, θi), which have the explicit form

s(r, θ) = rλ Θ(θ) , (6.7)

with piecewise smooth Θ, where 0 < λ < k − 1 (we assume here that log r terms
are absent). The singular functions (6.7) are only poorly approximated by Lagrangian
finite element functions on sequences of quasi-uniform meshes. For the singular functions
s(r, θ) as in (6.7) and with (r, θ) denoting polar coordinates at a vertex of Ω the (optimal)
error estimate

min
vn∈Sm(Mn)

‖s− vn‖H1(Ω) ≤ γhmin(m,λ)
n ≤ γN−min(m,λ)/2

n

holds, where again Nn := dimSm(Mn) = O(h−2
n ) denotes the number of degrees of

freedom.
For a sequence {Mn}∞n=1 of quasi uniform meshes one therefore observes only the

suboptimal convergence rate

‖u− un‖H1(Ω) ≤ γhmin(m,λ∗)
n ≤ γN−min(m,λ∗)/2

n , (6.8)

where λ∗ = min{λjk : j = 1, . . . , J, k = 1, 2, . . . }, as hn → 0 (or for Nn → ∞), instead
of the optimal asymptotic convergence rate (6.5) supported by the polynomial degree of
the finite element space.

Since often λ∗ < 1, one observes even for the simple piecewise linear (m = 1) elements
a reduced convergence rate, and for m > 1 we hardly ever get the optimal asymptotic
rate O(N

−m/d
n ).

Remark 6.12. If the exact solution u is very smooth, that is, t � 1, raising the
polynomial degree m is preferable (p-version), because asymptotically for m ≥ t we
have Nn ≈ mdh−d and, thus the estimate (see Remark 4.28)

inf
vn∈Sm(M)

‖u− vn‖H1(Ω) ≤ γ(ρM, µM)

(
hM
m

)min{m+1,t}−1

‖u‖Ht(Ω) . (4.21)
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Figure 6.6: Polygon Ω with corner πj, subdomain conv(πj,κ1,κ2) adjacent to it and its
affine map F to the standard vertex K0.

gives

‖u− un‖H1(Ω) ≤ γN
(t−1)/d
n . (6.9)

For large t this is clearly superior to (6.5).
The bottom line is that low Sobolev regularity of the exact solution suggests the use

of the h-version of finite elements, whereas in the case of very smooth solutions the
p-version is more efficient (w.r.t. the dimension of the finite element space).

Remark 6.13. If the exact solution is analytic in Ω, that is, it is C∞ and can be
expanded into a locally convergent power series in each point of Ω, then the p-version
yields an exponential asymptotic convergence rate

‖u− un‖H1(Ω) ≤ γ exp(−γ′Nβ
n ) , (6.10)

with γ, γ′, β > 0 only depending on problem parameters and the fixed triangulation, but
independent of the polynomial degree m of the Lagrangian finite elements.

6.3 A priori adaptivity

The developments of Sect. 6.1 give plenty of information about the structure of the
solutions of (6.3) for smooth data f . It is the gist of a priori adaptive schemes to take
into account this information when picking the finite element space.

This can overcome the poor performance of Lagrangian finite elements on quasi-
uniform meshes pointed out in Sect. 6.2.

6.3.1 A priori graded meshes

One option is judicious mesh refinement towards the vertices of the polygon.
Consider the polygon Ω shown in Fig. 6.6. In Ω, consider any vertex πj (In Fig. 6.6
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Figure 6.7: Mapping for a re-entrant corner at πj+1

we chose a convex corner, the approach to a re-entrant corner at πj+1 is indicated in
Fig. 6.7). We denote again by (r, θ) polar coordinates at vertex πj, and by s(r, θ) a
singular function as in (6.7)

s(r, θ) = rλ Θ(θ)

with a smooth Θ(θ). The triangle K = conv(πj,κ1,κ2) denotes a neighbourhood of
vertex πj in Ω (shown shaded in Fig. 6.6). By means of an affine map Φ the triangle

K is mapped onto the reference triangle K0 with polar coordinates (r̂, θ̂). The singular
function s(r, θ) in Ω is transformed by Φ into

ŝ(r̂, θ̂) = r̂λ Θ̂(θ̂) in K0 ,

with the same exponent λ but with another C∞-function Θ̂(θ̂):

Example 6.14. Let πj = (0, 0), (x1, x2) stand for the coordinates in Ω,

x1 = r cos θ , x2 = r sin θ
(
x1

x2

)
= F

(
x̂1

x̂2

)
= r̂

(
cos θ̂

sin θ̂

)

and

s(r, θ) = rλ Θ(cos θ, sin θ)

denote the singular function in (6.7). To prove that s(r, θ) is, in the coordinates x̂1, x̂2,
once again of the form (6.7) let F = (fij)1≤i,j≤2. Then

r2 = x2
1 + x2

2 = (f11 x̂1 + f12 x̂2)2 + (f21 x̂1 + f22 x̂2)2

= r̂2 {(f11 cos θ̂ + f12 sin θ̂)2 + (f21 cos θ̂ + f22 sin θ̂)2} ,

195



6 Adaptive Finite Elements

PSfrag replacements

M1
n

β > 1

1
1
1

M1
n

M1
n

1

1 1

1

Mβ
n

Mβ
nMβ

n

β < 1

Figure 6.8: Graded meshes Mβ
n in Ω =]0, 1[, cases β > 1 and β < 1.

and

rλ = r̂λ {(f11 cos θ̂ + f12 sin θ̂)2 + (f21 cos θ̂ + f22 sin θ̂)2}λ2 = r̂λ Θ1(θ̂) ,

with a smooth (analytic) function Θ1(θ̂). Analogously, we have that Θ(θ) = Φ̂2(θ̂) with

a smooth function Θ̂2(θ̂).

Due to the transformation theorem it is therefore sufficient to investigate the finite ele-
ment approximation of s(r, θ) in (6.7) in the reference domain K0 as shown in Figure 6.9.
In the case of a re-entrant corner, the reference domain consists of three triangles, see
Fig. 6.7, and the ensuing considerations can be applied to each of them.

In what follows we show that by using so-called algebraically graded meshesMβ
n at

the vertices of Ω the optimal asymptotic behavior O(N−m/2) of the best approximation
error of Lagrangian finite elements of uniform global degree m can be retained for singular
functions as well.

Definition 6.15. A family {Mβ
n}
∞
n=1 of meshes of a computational domain Ω ⊂ R2

is called algebraically graded with respect to π ∈ Ω and grading factor β ≥ 1 if

(i) the meshes are uniformly shape-regular, and

(ii) with constants independent of n and hn := hMβ
n
,

∀K ∈ Mβ
n, π 6∈ K : hK ≈ n−1 dist(π, K)1−1/β .

We will describe the concrete construction of algebraically graded meshes Mβ
n,n ∈ N,

with grading factor β ≥ 1 n ∈ N on the reference domain K0 with respect to the vertex(
0
0

)
, see Fig. 6.9:

Construction 6.16 (Graded mesh on reference triangle). On K0 = convex{
(

0
0

)
,
(

1
0

)
,
(

0
1

)
}

we proceed as follows:
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Figure 6.9: Graded mesh for grading factor β = 3/2 on reference domain K0 that is
τ 5
j = (j/5)β.
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1. Construct a partition 0 = τn0 < τn1 < · · · < τnn = 1 of ]0; 1[ by setting τnj := (j/n)β,
j = 1, . . . , n.

2. Use this partition to define the layers

Lj = {ξ̂ ∈ K0 : τnj−1 < ξ1 + ξ2 < τnj } , j = 1, . . . , n .

3. Equip each layer Lj, j = 1, . . . , n with a simplicial triangulation Mβ
n|Lj such that

a) their union yields a simplicial triangulation of K0,

b) the shape regularity measure of Mβ
n|Lj (see Def. 4.15) is uniformly bounded

idependently of j and n,

c) for each K ∈ Mβ
n|L1

we have hK ≈ τj − τj−1 with constants idependent of j
and n, and

d) Mβ
n|L1

consists of a single triangle K∗ adjacent to
(

0
0

)

Exercise 6.1. Write a small program that creates an algebraically graded meshMβ
n,

β ≥ 1, n ∈ N, of the reference triangle from (4.9) and stores it in a file in the format
described in Remark 3.14.

Remark 6.17. For β = 1 the meshes Mβ
n are quasi-uniform with meshwidth 1/n.

Lemma 6.18. Fix β > 1. Then, with constants only depending on the bounds on the
shape-regularity measure ρ(Mβ

n|Lj) and quasi-uniformity measure µ(Mβ
n|Lj) we find

hK ≈
β

n

(
j

n

)β−1

∀K ∈ Mβ
n|L1

, (6.11)

and

]Mβ
n|L1
≈ j . (6.12)

Proof. Pick n ∈ N and j ∈ {2, . . . , n}. By the mean value theorem we find

β

n

(
j − 1

n

)β−1

≤ τj − τj−1 ≤
β

n

(
j

n

)β−1

.

Together with hK∗ = n−β we conclude the first assertion of the lemma.
To confirm the second, we start with the volume formula

2|Lj| =
(
j

n

)2β

−
(
j − 1

n

)2β

≈ 2β

n

(
j

n

)2β−1

. (6.13)

As a consequence of (6.11), the area of a triangle ⊂ Lj is

2|K| ≈ h2
K ≈

β2

n2

(
j

n

)2β−2

∀K ∈ Mβ
n|Lj (6.14)

None of the constants depends on n and j. Dividing (6.13) by (6.14) yields (6.12). �
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Corollary 6.19. The family {Mβ
n}, n ∈ N, β ≥ 1, of meshes emerging from con-

struction 6.16 is algebraically graded with respect to
(

0
0

)
and grading factor β.

Corollary 6.20. The algebraically graded meshes Mβ
n, n ∈ N, of K0 constructed as

above for β ≥ 1 satisfy

hn := hMβ
n
≈ β/n , ]Mβ

n ≈ n−2 ,

with constants independent of n.

As a consequence, h(Mβ
n) → 0 for n → ∞, if β ≥ 1. Moreover, for fixed m ∈ N, we

get from Cor. 6.20 that

Nn = dimSm(Mβ
n) ≤ γ]Mβ

n ≤ γn2

holds with a constant independent of n. As, again by Cor. 6.20, n−1 ≤ γN
− 1

2
n , we deduce

from Thm. 4.24 that for the regular part u0 ∈ Hm+1(K0) of the decomposition (6.6) of
the solution u ∈ H1

0 (Ω) of −∆u = f holds

min
vn∈Sm(Mβ

n)

∥∥u0 − vn
∥∥
H1(K0)

≤
∥∥u0 − I u0

∥∥
H1(K0)

≤ γhmn ≤ γN−
m/2

n , (6.15)

with γ = γ(m, ρMβ
n
). Here I is the finite element interpolation operator for Sm(Mβ

n), cf.
Sect. 3.6.

This implies that the regular part u0 of the solution u can also be approximated on
algebraically β-graded meshes at the optimal rate (6.4), independently of the size of
β ≥ 1 (the size of the constant γ in the error estimates (6.15) depends of course on β
and possibly grows strongly with β > 1; for fixed β and n → ∞ the convergence rate
(6.15) is optimal, however).

Let us now consider the singular part of u in the decomposition (6.6). According to
(6.3) the solution using is a finite sum of terms of the form (6.7) (the treatment of terms
of the form rλ| log r|Θ(θ) is left to the reader as an exercise), where Θ(θ) ∈ C∞([0, ω])
is assumed without loss of generality, and where λ > 0.

Theorem 6.21. Let s(r, θ) = rλ Θ(θ) with λ > 0 and Θ ∈ C∞([0, π/2]) for (r, θ) ∈ K0

as in Fig. 6.9. Let further
β > max{m/λ, 1}.

Then there holds, as Nn = dimSm(Mβ
n)→∞

min
vn∈Sm(Mβ

n)

|s− vn|H1(K0) ≤ γ(m, λ, β)N
−m

2
n ,

i. e. for β > m/λ the optimal asymptotic convergence rate (6.4) for smooth solutions u
is recovered.
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Proof. The proof relies on local estimates for the interpolation error s−I s For the sake
of simplicity we restrict the discussion to the case of m = 1 and leave the generalization
to arbitrary polynomial degree to the reader. Hence, I designates linear interpolation on
Mβ

n.
Let K∗ ∈ Mβ

n denote the triangle which contains the origin
(

0
0

)
in its closure. We are

going to demonstrate that the contribution of this triangle to the interpolation error is
negligible.

First, using polar coordinates, observe that

|s|2H1(K∗) ≤
τ1∫

0

π/2∫

0

((
∂s

∂r

)2

+

(
1

r

∂s

∂θ

)2
)
r dθ dr =

τ1∫

0

π/2∫

0

(
(
λrλ−1Θ(θ)

)2
+

(
1

r
rλΘ′(θ)

)2
)
r dθ dr

≤ γ(Θ)

τ1∫

0

λ2r2λ−1 + r2λ−1 dr = γ(Θ) (1 + λ2)

(
1

n

)2βλ

.

Since I(s) is linear on K∗, we find

|I s|2H1(K∗) = |K∗|τ−2
1

(
s(τ1, 0)2 + s(0, τ1)2

)
= 1/2τ 2λ

1 (Θ(0)2 + Θ(π/2)2)

= γ(Θ) τ 2λ
1 = γ(Θ)

(
1

n

)2βλ

.

Thus, a simple application of the triangle inequality yields

|s− I s|2H1(K∗) ≤ γ(Θ)

(
1

n

)2βλ

≤ γN−βλn .

Next, consider K0 \K∗. For x ∈ K0 define the piecewise constant function h(x) by

h(x)|K = hK ∀K ∈ Mβ
n .

Then, the local interpolation error estimate of Thm. 4.24 (with r = 1, m = 1, t = 2)
yields

|s− I s|2H1(K0\K∗) =
∑

K∈Mβ
n

K 6=K∗

|s− I s|2H1(K)

≤ γ
∑

K∈Mβ
n

K 6=K∗

h2
K |s|2H2(T ) = γ

∫

K0\K∗
h2 |D2s|2 dξ .

The construction of the graded mesh implies that at the point ξ ∈ K0 \K∗ holds

r = |ξ| > γn−β with γ > 0 independent of n,

|h(ξ)| ≤ γn−1 r1−1/β , |D2s| ≤ γrλ−2 .
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Hence, for n� 1,

∫

K0\T0

(h(ξ))2 |D2s|2 dξ ≤ γ

∫ 1

1/2
√

2n−β
n−2 r2(1−1/β)+2λ−4 r dr

≤
[
γn−2 r2λ−2/β

]1
1/2
√

2n−β ≤ γn−2 ≤ γN−1
n ,

which implies the assertion. Here, λ > β−1 was used. i. e. , either λ > p and β = 1 or
λ < p and β > p/λ. �

Exercise 6.2. Examine what happens for m = 1 and λ = m/β in the setting of the
previous theorem.

Remark 6.22. From Thm. 6.21 we learn that either λ > m and β = 1 or λ < m and
β > m/λ will ensure the optimal rate of convergence of the finite element solution in
terms of the dimension of the finite element space.

Corollary 6.23. For K0 as shown in Fig. 6.9 and kmax such that λkmax = {maxλk :
λk < p}, we have u = u0 + using with u0 ∈ Hp+1(K0) and

using =

kmax∑

k=1

αk r
λk Φk(θ) ,

where we assume that α1 6= 0, and 0 < λ1 ≤ λ2 ≤ . . . , and Φk ∈ C∞([0, ω]). Then for
m ≥ 1, β > max{1, m/λ1} it holds

min
v∈Sm(Mβ

n)

|using − v|H1(K0) ≤ γN−m/2n with γ = γ(p, αk, β) . (6.16)

Remark 6.24.

1. If m/λ1 > 1 we achieve with the grading factor

β > p/λ1 (6.17)

the same convergence rate as for smooth solutions u with a quasi uniform trian-
gulation.

2. For fixed N we have to increase β (i. e. the grading must be more pronounced) if
a) m is raised and b) if the singular exponent λ1 is reduced.

3. Usually the singular exponent λ1 > 0 is unknown. Thm. 6.21 shows, however, that
β > 1 must only be chosen sufficiently large in order to compensate for the effect
of the corner singularity on the convergence rate of the FEM. The precise value of
λ1 is not necessary.
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4. No refinement is required, if λ1 ≥ m. This is the case e. g. for m = 1 and the
Laplace equation in convex polygons Ω, where λj := π/ωj > 1. For m > 1 mesh
refinement near vertices is also required in convex domains, in general.

Exercise 6.3. Let m > 1. Discuss the estimate |s− Ims|H1(K0) in detail, in particular
the treatment on K0 of the error (Im− I1)s, where Im is the finite element interpolation
operator for Sm(Mβ

n).

The preceding analysis at a single vertex can be transferred to the general polygon:
let Ω ⊂ R2 denote a polygon with straight sides and

f ∈ Hk−2(Ω), k ≥ 2 .

Let further u ∈ H1
0 (Ω) denote the solution of the homogeneous Dirichlet problem for

−∆u = f . Then, for every m ≥ 1 there exists a β > 1 such that for k ≥ m + 1 it holds

inf
vn∈Sm(Mβ

n)

|u− vn|H1(Ω) ≤ γN−m/2 ,

for N = dimSm(Mβ
n)→∞.

Bibliographical notes. More details on approximation on graded meshes are given in
[36, Sect. 4.3].

6.4 A posteriori error estimation

The error estimates (6.5) and also those of (6.23) are a-priori, ie. the error bound
already holds before calculating un and without detailed knowledge of un. Two main
drawbacks of these estimates are that

1. unless restrictive assumptions on the data are made, the regularity of the exact
solution is unknown,

2. the constants in the estimates are either unknown or only given by very pessimistic
upper bounds.

Therefore, a-priori error estimates allow only to estimate the ratio accuracy vs. num-
ber of degrees of freedom asymptotically under some regularity assumptions on the
(unknown) exact solution, but they are not suitable for a stopping criterion indicating
that a prescribed accuracy has been reached.

In practice, once the finite element solution un is given, the following questions arise:

1. Is it possible to use un for computing a bound for a suitable norm of the error
u− un?

2. Can the program itself refine the mesh M (h-refinement) and increase the poly-
nomial degree m (p-refinement) respectively, in an optimal fashion?
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3. When should this process stop? (stopping criterion)

We will investigate these questions for the model problem (6.1) in two dimensions, the
case of the h-version of lowest order Lagrangian finite elements on triangular meshes,
and for the H1-norm.

In this setting these questions can be answered by “yes”: the so-called local a-
posteriori error estimators use the finite element solution un ∈ Sm(M) for computing
bounds for ‖u− uN‖H1(Ω). The basic idea behind every a-posteriori error estimate is the
following: Because the exact solution u is unknown, we can only use the differential
equation. Therefore, an error estimate always quantifies how well the finite element
solution un solves the differential equation.

Definition 6.25. Given a mesh M and an associated finite element solution un of
boundary value problem with exact solution u, a local a-posteriori error estimator
is a mapping η : M 7→ R+. Individual numbers ηK := η(K), K ∈ M, are known as
elemental error indicators and the sum

EST :=
(∑

K∈M
(ηK)2

)1/2

is the global error estimate.
The local a posteriori error estimator η is called reliable, if, with a constant γ > 0

only depending on the parameters of the continuous problem and the shape-regularity
measure of M (and independent of the data of the problem, hM and µM),

‖u− un‖ ≤ γ EST

The local a-posteriori error estimator η qualifies as efficient, if, with a constant γ > 0
as above

ηK ≤ γ ‖u− un‖ωK ∀K ∈ M .

Here ωK is a local M-neighborhood of K.

Remark 6.26. The norm ‖·‖ that occurs in the above definition will often be the
energy norm arising from an s.p.d. linear variational problem. In the concrete case of
problem (6.1) it is the H1-norm.

Remark 6.27. Efficiency of a local a posteriori error estimator implies

EST2 =
∑

K∈M
(ηK)2 ≤ γ

∑
K∈M

‖u− un‖2
ωK
≤ γ ‖u− un‖2 ,

if the norm ‖·‖ arises from local contributions and the M-neighborhoods ωK enjoy a
finite overlap property.
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6.4.1 Residual error estimators

Consider a linear variational problem (LVP) with bilinear form b and its Galerkin
discretization based on Vn ⊂ V , see Sect. 1.4. The functional r ∈ V ∗ defined by

r(v) = 〈r, v〉V ∗×V := 〈f, v〉V ∗×V − b(un, v) v ∈ V

is called the weak residual. It is connected with the discretization error

e := u− un ∈ V

by the error equation

b(e, v) = 〈r, v〉V ∗×V ∀v ∈ V . (6.18)

Let the assumptions of Thms. 1.17 and 1.30 be satisfied. Then, the V -norm discretization
error can be estimated by

γs ‖e‖V ≤ sup
v∈V \{0}

|b(e, v)|
‖v‖V

= ‖r‖V ∗ ≤ ‖b‖ ‖e‖V . (6.19)

Thus, the dual norm of the weak residual functional provides an upper and lower bound
for the V -norm of the Galerkin discretization error.

In turns,

1. to get an upper bound for ‖r‖V ∗ exploit Galerkin orthogonality, (1.16)

b(u− un, vn) = 0 ∀vn ∈ Vn , (1.16)

which means that

r(v) = r(v − vn) ∀v ∈ V, vn ∈ Vn ,

and plug in a suitable “interpolant” vn for v.

2. to estimate ‖r‖V ∗ from below use an appropriate “candidate function” v in the
definition

‖r‖V ∗ = sup
v∈v\{0}

r(v)

‖v‖V
.

For the model problem we have

b(u, v) =

∫

Ω

〈grad v, gradu〉 dξ , V = H1
0 (Ω) , Vn := S1(M) ∩H1

0 (Ω) .
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Given the finite element solution un ∈ Vn, the weak residual will be

r(v) =
∑

K∈M

∫

K

fv − 〈grad un, grad v〉 dξ .

Next, we apply integration by parts on each element K ∈ M:

r(v) =
∑

K∈M

∫

K

fv dξ −
∫

∂K

〈grad un,n∂K〉 v dS

=
∑

K∈M

∫

K

fv dξ −
∑

F∈E(M)
F 6⊂Γ

[〈grad un,nF 〉]F v dS ,

where [·]F stands for the jump of a globally discontinuous functions across the edge F ,
and ∆un = 0 on K was used.

Now, recall the quasi-interpolation operator Qn : H1(Ω) 7→ S1(M) introduced in
Sect 5.3.5, see (5.48). According to Lemma 5.32, it is continuous on H1(Ω) and a
projection H1

0 (Ω) 7→ Vn. Unfortunately, Qn is not perfectly local, which forces us to rule
out meshes, for which the size of cells varies strongly over small distances:

Definition 6.28. Given a mesh M its local shape regularity measure µloc
M is

defined by

µloc
M := max{hK/hK′ : K,K ′ ∈ M, K ∩K ′ 6= ∅} .

To begin with, checking the details of the proof of Lemma 5.32, we find that, with
γ = γ(ρM, µ

loc
M) > 0,

‖v − Qn v‖L2(K) ≤ γhK |v|H1(ωK) ∀v ∈ H1(Ω), K ∈ M , (6.20)

where

ωK :=
⋃
{K ′ : K ∈ M, K ′ ∩K 6= ∅} , K ∈ M .

We need a similar result for edges:

Lemma 6.29. Let F be an edge of the triangular meshM of Ω. The quasi-interpolation
operator Qn from (5.48) allows the estimate

‖v − Qn v‖L2(F ) ≤ γ|F |1/2 |v|H1(ωF ) ∀v ∈ H1(Ω) ,

with γ = γ(ρM, µ
loc
M) > 0 independent of F , and

ωF :=
⋃
{K : K ∈ M, K ∩ F 6= ∅} .
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Proof. The proof is based on a scaling argument similar to that of Lemma 5.32. �
Use the representation derived above combined with Galerkin orthogonality

r(v) =
∑

K∈M

∫

K

f(v − Qn v) dξ −
∑

F∈E(M)
F 6⊂Γ

[〈grad un,nF 〉]F (v − Qn v) dS

≤
∑

K∈M
‖f‖L2(K) ‖v − Qn v‖L2(K) +

∑

F∈E(M)
F 6⊂Γ

‖[〈grad un,nF 〉]F‖L2(F ) ‖v − Qn v‖L2(F ) ,

the estimates (6.20) and of Lemma 6.29

≤ γ
(∑

K∈M
hK ‖f‖L2(K) |v|H1(ωK) +

∑

F∈E(M)
F 6⊂Γ

|F |1/2 ‖[〈grad un,nF 〉]F‖L2(F ) |v|H1(ωF )

)
,

and the Cauchy-Schwarz inequality

≤ γ

{(∑
K∈M

h2
K ‖f‖2

L2(K)

)1/2(∑
K∈M

|v|2H1(ωK)

)1/2

+
( ∑

F∈E(M)
F 6⊂Γ

|F | ‖[〈grad un,nF 〉]F‖2L2(F )

)1/2( ∑

F∈E(M)
F 6⊂Γ

|v|2H1(ωK)

)1/2
}

= γ

{(∑
K∈M

h2
K ‖f‖2L2(K)

)1/2(∑
K∈M

∑
K′∈ωK

|v|2H1(K′)

)1/2

+
( ∑

F∈E(M)
F 6⊂Γ

|F | ‖[〈grad un,nF 〉]F‖
2
L2(F )

)1/2( ∑

F∈E(M)
F 6⊂Γ

∑
K′∈ωF

|v|2H1(K′)

)1/2
}

≤ γ

{(∑
K∈M

h2
K ‖f‖2

L2(K)

)1/2

+
( ∑

F∈E(M)
F 6⊂Γ

|F | ‖[〈grad un,nF 〉]F‖2
L2(F )

)1/2 }
|v|H1(Ω) .

For the final step we resorted to the finite overlap property of the neighborhoods ωK
and ωF that results from Lemma 4.18. Summing up, we have

‖r‖H−1(Ω) = ‖r‖V ∗ ≤ γ

{ (∑
K∈M

h2
K ‖f‖2L2(K)

)1/2

+

( ∑

F∈E(M)
F 6⊂Γ

|F | ‖[〈grad un,nF 〉]F‖2
L2(F )

)1/2 }
.

(6.21)

This motivates the following choice of the elemental error indicators

(
ηK
)2

:=
∑

K∈M
η2
K +

1

2

∑

F∈E(K)
F 6⊂Γ

η2
F , (6.22)

206



6 Adaptive Finite Elements

where

η2
K := h2

K ‖f‖2
L2(K) , η2

F := hF ‖[〈grad un,nF 〉]F‖
2
L2(F ) (6.23)

The resulting residual a posteriori error estimator will be reliable:

Theorem 6.30. With a constant γ = γ(ρM, µloc
M) > 0 the local a posteriori error

estimator defined in (6.22) and (6.23) satisfies

|e|2H1(Ω) = |u− un|2H1(Ω) = ‖r‖2
H−1(Ω) ≤ γ

∑
K∈M

(ηK)2 .

Proof. Straightforward from (6.21). �

Remark 6.31. For the residual error estimator the exact value of the “reliability
constant” γ is unknown. Only a crude (often very pessimistic) estimate is avialable.
Therefore, EST < τ cannot guarantee that the discretisation error (in H 1-norm) is
really smaller than τ .

Theorem 6.30 only guarantees that a smaller tolerance τ implies a smaller discreti-
sation error. Furthermore, the dependence of γ on the shape regularity of M entails
preserving the shape-regularity measure of the triangles ∈ M has to be controlled during
any adaptive refinement.

The next theorem asserts that the a posteriori error estimator constructed above is
also efficient:

Theorem 6.32. For all K ∈ M, F ∈ E(M), F ⊂ Ω, we have for the local error
constributions from (6.23)

ηK ≤ γ
(
|e|H1(ωK) + hK

∥∥f − fK
∥∥
L2(K)

)
, (6.24)

ηF ≤ γ
(
|e|H1(ωF ) + hF

∥∥f − fK
∥∥
L2(ωF )

)
, (6.25)

with constants γ = γ(ρM, µloc
M) > 0, and

fK := |K|−1

∫

K

f dξ .

Proof. The main idea is to plug particular “locally supported test functions” into the
weak residual. These particular test functions will be bubble functions, cf. Sect. 5.3.5.

• Element bubble functions βK = λ1λ2λ3, where λi, i = 1, 2, 3, are the barycentric
coordinate functions for triangle K.

• Edge buble functions βF = bpbq, F ∈ E(M), where p,q ∈ N (M) are the endpoints
of the edge F = [p,q] and bp stands for “hat function” associated with node p.
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Note that βK ∈ P3(K) and βF |K ∈ P2(K) for each triangle K adjacent to the edge F .
Moreover,

supp βK = K , supp βF =
⋃
{K : K ∈ M, F ⊂ K} .

First, we tackle (6.24) and take a close look at βK . Simple scaling arguments confirm
that with constants only depending on ρK

‖βK‖L2(K) ≈ hK , |βK |H1(K) ≈ 1 ∀K ∈ M .

Alternatively, these estimates can be obtained by applying the formulas of Sect. 3.9.2. By
the Bramble-Hilbert Lemma lemma 4.7 and the transformation techniques of Sect. 4.2,
we also get

∃γ = γ(ρK) > 0 :
∥∥β − βK

∥∥
L2(K)

≤ γhK ∀K ∈ M , (6.26)

with the mean value

βK := |K|−1

∫

K

βK dξ .

We pick some K ∈ M and continue by observing that

∆un = 0 ,

∫

K

(f − fK) dξ = 0 .

This means

η2
K = h2

K ‖f‖2
L2(K) = h2

K

(∥∥f − fK
∥∥2

L2(K)
+
∥∥fK

∥∥2

L2(K)

)
. (6.27)

Then integration by parts introduces the residual

h2
K

∥∥fK
∥∥2

L2(K)
= h2

Kf
2

K

1

βK

∫

K

βK dξ = h2
KfK

1

βK

∫

K

fKβK dξ

=
h2
KfK
βK

(∫

K

(f + ∆un)βK dξ +

∫

K

(fK − f)βK dξ

)

=
h2
KfK
βK

(∫

K

fβK − 〈grad un, grad βK〉 dξ +

∫

K

(fK − f)βK dξ

)

and using the error equation b(e, v) = r(v) yields

=
h2
KfK
βK

(∫

K

〈grad e, grad βK〉 dξ +

∫

K

(fK − f)βK dξ

)

≤ h2
KfK
βK

(
|e|H1(K) · |βK |H1(K) +

∥∥f − fK
∥∥
L2(K)

‖βK‖L2(K)

)

(6.26)

≤ γ
h2
KfK
βK

(
|e|H1(K) + hK

∥∥f − fK
∥∥
L2(K)

)
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For fK 6= 0 this implies

fK ≤ γ
1

|K|βK

(
|e|H1(K) + hK

∥∥f − fK
∥∥
L2(K)

)
,

which can be plugged into (6.27).:

η2
K ≤ h2

K

∥∥f − fK
∥∥2

L2(K)
+ γ

(
|e|H1(K) + hK

∥∥f − fK
∥∥
L2(K)

)2

≤ γ
(
h2
K

∥∥f − fK
∥∥2

L2(K)
+ |e|2H1(K)

)
.

All the constants merely depend on ρK . This proves (6.24).
To prove (6.25), we pick an edge F ∈ E(M) and use the edge bubble function βF ∈

H1
0 (ωF ), which is piecewise quadratic in elements K ⊂ ωF with values 0 at the boundary

nodes of ωF and βF (µF ) = 1 in the midpoint µF of F . Then,

∫

F

βF dS ≤ γ1hF |βF |H1(ωF ) = γ1 ‖ grad βF‖L2(ωF ) (6.28)

with constants only depending on the shape regularity of M and the local shape regu-
larity measure. Since un ∈ S1(M), obviously

[ ∂un
∂nF

]
= constant on edge F ,

and, for ωF = K+ ∪K−, we have

[ ∂un
∂nF

]
|F

=
1

γ2 hF

∫

F

[ ∂un
∂nF

]
βF ds

=
1

γ2 hF

∫

F

βF

〈
grad un

∣∣
K+
− grad un

∣∣
K−
,nF

〉
dS,

=
1

γ2 hF

∫

F

βF

〈
grad e

∣∣
K+
− grad e

∣∣
K−
,nF

〉
dS,

with nF = nK+ = −nK−. Because βF ∈ H1
0 (ωF ), it follows by integration by parts in

K+

∫

F

βF

〈
grad e

∣∣
K+
,nF

〉
ds =

∫

K+

(βF∆e+ 〈grad βF , grad e〉) dξ

≤ ‖βF‖L2(K+)‖∆e‖L2(K+) + ‖ grad βF‖L2(K+)‖ grad e‖L2(K+)

≤ |K+|1/2‖βF‖L∞(K+)‖f‖L2(K+) + γ3‖ grad e‖L2(K+)
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since ∆e = ∆u = −f on K+. An analogous estimate is valid in K−. It implies

∣∣∣∣
[ ∂un
∂nF

]
|F

∣∣∣∣ ≤
1

γ2h2

{
|K+|1/2‖f‖L2(K+) + |K−|1/2‖f‖L2(K−) + 2γ3‖ grad e‖L2(ωF )

}

≤ γ4

γ2hF

{
hK+‖f‖L2(K+) + hK−‖f‖L2(K−) + 2γ3‖ grad e‖L2(ωF )

}

(6.23)

≤ γ4

γ2hF

{
ηK+ + ηK− + 2γ3‖ grad e‖L2(ωF )

}
.

By the definition of the edge indicators ηF , i. e.

(ηF )2 = hF ‖ [〈nF , grad un〉]F ‖2
L2(F ) = h2

F

∣∣∣∣
[ ∂un
∂nF

]
|F

∣∣∣∣
2

,

it follows that

(ηF )2 ≤ γ2
4

γ2
2

{
ηK+ + ηK− + 2γ3 ‖ grad e‖L2(ωF )

}2

and with (6.24) in K+ and K−, (6.25) follows. �
The estimates (6.24) and (6.25) mean that

∑

K∈M
η2
K +

∑

F∈E(M)
F 6⊂Γ

η2
F ≤ c

{
|e|2H1(Ω) +

∑

K∈M
h2
K ‖f − fK‖2

L2(K)

}
.

Together with the assertion of Thm. 6.30 we conclude that EST is equivalent to the H1-
norm of the discretization error up to (higher order) approximation errors of f . However,
the equivalence constants depend on the shape-regularity measure of the mesh, and will,
in general, be elusive.

Bibliographical notes. There are many books on a posteriori error estimation, e.g.
[2, 40].

6.5 Adaptive mesh refinement

The considerations in Sect. 6.3.1 demonstrate that judicious mesh refinement can
compensate the reduced convergence rate of the FEM caused by singularities of the
exact solution u at the corners of Ω. The grading exponent β in the graded mesh
depends only on the smallest singular exponent λ in (6.7), but not on the precise form
(6.7) of the corner singularities. Nevertheless, in practice it is desirable to choose the
refined meshes not a-priori, but depending on information about u that is gleaned during
the computation. Thus, for a given specific problem the mesh can precisely be tailored
to the solution u by a posteriori adaptive mesh refinement.
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Input: • Coefficients and right hand side for boundary value problem

• Initial triangulationM0 with good shape regularity measure

• Tolerance τ > 0

1. Set k := 1.

2. Compute the finite element solution uk on the triangulation M0 by assembling
and solving a sparse linear system of eqations.

3. Compute the local error indicators ηK for each K ∈ Mk.

4. IF EST < τ for EST according to (6.29), THEN STOP.

5. Mark all cells ∈ Mk for which

ηK > θ max{ηK, K ∈ Mk} for some θ ∈]0, 1[ .

6. Create a new triangulationMk+1 by refining all marked cells of Mk.

7. k := k + 1 and GOTO STEP 2.

Algorithm 6.1: Basic adaptive algorithm for the h-version of finite elements for a linear
elliptic boundary value problem

6.5.1 Adaptive strategy

The one main ingredient of of adaptive mesh refinement methods is a-posteriori error
estimation as explained Sect. 6.4. There we derived an efficient and reliable local a
posteriori residual error estimator η : M 7→ R+ (see Def. 6.25) for the model problem
(6.1) discretized by means of lowest order Lagrangian finite elements.

The local a posteriori error estimator provides elemental error indicators ηK, K ∈ M,
which will steer the adaptive construction of a sequence of meshes. Moreover, provided
that η is reliable,

EST :=
(∑

K∈M
(ηK)2)

1/2 (6.29)

will supply information about the norm of the discretization error. Hence, checking EST
against a prescribed tolerance τ can serve as a stopping criterion for the adaptation
loop, see Algorithm 6.1.

Remark 6.33. The selection factor θ in Algorithm 6.1 is usually chosen to be slightly
less than 1, e.g., θ ≈ 0.9.
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Other marking strategies are conceivable, for instance, to mark all cells for which

(ηK)2 > θ
1

]Mk

∑
K∈M

(ηK)2 , θ ≈ 0.9 .

The heuristics behind Algorithm 6.1 is that one should

strive for the equidistribution of the local errors.

The hope is that this will lead to the most economical way to compute the finite
element solution.

The adaptive algorithm is based on the fundamental premises that

locally enhancing the resolution of the finite element space can cure local errors.

This is generally true for elliptic boundary value problems that arise from a minimiza-
tion principle, see Sect. 2.6. However, whenever transport or wave propagation play a
crucial role in a mathematical model, errors in one part of the computational domain
can have causes in another part. In this case the policy of Algorithm 6.1 is pointless,
even if the ηK are closely related to a localized error norm.

6.5.2 Algorithms

Step 6 of Algorithm 6.1 still needs to be specified in detail. We will discuss it for sim-
plicial triangulations in two dimensions, the type of meshes for which we have presented
the error estimator in Sect. 6.4.

When refining a triangulation we have to take pains that

• the new triangulation remains a conforming triangulation of the computational
domain Ω, see Def. 3.8,

• iterating the procedure the shape regularity measures of the resulting triangula-
tions remain below a bound that is only slightly larger than the shape-regularity
measure of the intial triangulation,

• the local quasi-uniformity measures of the created meshes remain uniformly small.

Otherwise the performance of the local a posteriori error estimator can no longer be
guaranteed.

In the sequel we will sketch the red-blue-green refinement scheme for a two-
dimensional triangulation consisting of triangles that meets the above requirements.

Definition 6.34. Red refinement splits a triangle into four congruent triangles by
connecting the midpoints of the edges, see Fig. 6.10.
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Figure 6.10: Subdivision of triangle
K into 4 congruent sub-
triangles K ′i, i = 1, 2, 3, 4.
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Figure 6.11: Two triangles K0, K1: red
refinement of T1 alone results
in hanging node “×”.

In order to avoid hanging nodes, types of refinement other than red refinement have
to be used, cf. Fig. 6.11. Therefore, in two dimensions there are two more types of
refinement:

PSfrag replacements
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Figure 6.12: Green refinement of K0 re-
sults in K1, K2.
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Figure 6.13: Blue refinement of K0

spawns K1, K2, K3.

Definition 6.35. Green refinement (longest edge bisection) of a triangle splits it
into two by connecting the midpoint of its longest edge with the opposite vertex.

Definition 6.36. Blue refinement partitions a triangle K into three sub-triangles
by first carrying out green refinement, and thereafter halving one of the edges of T0

that has not been subdivided in the green refinement by connecting its midpoint with the
midpoint of the longest side of K (see Figure 6.13).

These local refinement patterns can be combined into a mesh refinement algorithm,
see Algorithm 6.2.

Theorem 6.37. If the angles of the triangles of the initial mesh M0 are bounded
from below by α > 0, then all angles of all triangles of all meshes arising from repeatedly
applying Algorithm 6.2 are bounded from below by α/2.

Proof. See [32]. �

Definition 6.38. Two meshesM and M′ are called nested and we write M≺M′,
if

∀K ∈ M : ∃S ⊂M′ : K =
⋃

K′∈S
K ′ .
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Input: • Conforming simplicial triangulation M of polygonal computa-
tional domain Ω ⊂ R2.

• Set R ⊂M of marked cells of M.

1. Carry out red refinement according to Def. 6.34 of all triangles in R. This will
create a new non-conforming triangulationM(0). Set j := 0.

2. Define

H := {K ∈ M(j) : K has a hanging node} .

3. Set j := j + 1. Create M(j) by red refinement of all triangles of M(j−1) that have
three hanging nodes.

4. Carry out green refinement according to Def. 6.35 of all triangles inM(j) that have
a single hanging node on their longest edge ⇒ M(j+1). Set j := j + 1.

5. Carry out blue refinement according to Def. 6.36 of all triangles in M(j) with
hanging nodes. If one of those had been located on the longest edge, then no
hanging nodes must remain. This yields M(j+1). Set j := j + 1.

6. IFM(j) is non-conforming, THEN GOTO STEP 2

Algorithm 6.2: Red-green-blue refinement of a simplicial triangulation in two dimensions
.

It is obvious that successive application of Algorithm 6.2 creates a nested sequence of
conforming simplicial triangulations of Ω.

Theorem 6.39. Let M,M′ be two conforming triangulations of a single computa-
tional domain Ω. Then, for any m ∈ N,

M≺M′ ⇒ Sm(M) ⊂ Sm(M′) .

Proof. This is a straightforward consequence of the alternative definition of the La-
grangian finite element space on simplicial meshes, e.g.,

Sm(M) = {v ∈ H1(Ω) : v|K ∈ Pm(K) ∀K ∈ M} ,

see Sect. 3.10, because, when the (closed) simplex K is the union of (closed) simplices
K1, . . . , KL, L ∈ N, then

Pm(K) ⊂ {v ∈ C0(K) : v|K ∈ Pm(K) ∀K ∈ S} ,
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where S ⊂M′ such that K =
⋃
K′∈S K

′. �
As a consequence of Thm. 6.39 and the quasi-optimality of the finite element solutions,

adaptive refinement according to Algorithm 6.2 will, eventually, lead to a more accurate
solution, see [14].

Bibliographical notes. Algorithmic details about mesh refinements in two and three
dimensions can be found in [32, 4, 29].
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216



Bibliography

[12] P. Ciarlet, The Finite Element Method for Elliptic Problems, vol. 4 of Studies in
Mathematics and its Applications, North-Holland, Amsterdam, 1978.

[13] R. Dautray and J.-L. Lions, Mathematical Analysis and Numerical Methods
for Science and Technology, vol. 4, Springer, Berlin, 1990.

[14] W. Dörfler, A convergent adatpive algorithm for poisson’s equation, SIAN J.
Numer. Anal., 33 (1996), pp. 1106–1124.

[15] O. Forster, Analysis 3. Integralrechung im Rn mit Anwendungen, Vieweg–Verlag,
Wiesbaden, 3rd ed., 1984.

[16] P. Frauenfelder and C. Lage, Concepts – An object-oriented software package
for partial differential equations, Research Report 2002-09, Seminar für Angewandte
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vol. 296 of BI Hochschultaschenbücher, Bibliographisches Institut, Mannheim, 1971.

[27] T. Kato, Estimation of iterated matrices with application to von Neumann condi-
tion, Numer. Math., 2 (1960), pp. 22–29.

217



Bibliography

[28] H. König, Ein einfacher Beweis des Integralsatzes von Gauss, Jahresber. Dtsch.
Math.-Ver., 66 (1964), pp. 119–138.

[29] P. Leinen, Data structures and concepts for adaptive finite element methods, Com-
puting, 55 (1995), pp. 325–354.

[30] S. Nazarov and B. Plamenevskii, Elliptic Problems in Domains with Piecewise
Smooth Boundaries, vol. 13 of Expositions in Mathematics, Walter de Gruyter,
Berlin, 1994.
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